
*HQHUDOL]DWLRQ RI %RRVWLQJ $OJRULWKPV DQG $SSOLFDWLRQV RI

%D\HVLDQ ,QIHUHQFH IRU 0DVVLYH 'DWDVHWV

*UHJRU\ .LUN 5LGJHZD\

$ GLVVHUWDWLRQ VXEPLWWHG LQ SDUWLDO IXOnOOPHQW

RI WKH UHTXLUHPHQWV IRU WKH GHJUHH RI

'RFWRU RI 3KLORVRSK\

8QLYHUVLW\ RI :DVKLQJWRQ

����

3URJUDP $XWKRUL]HG WR 2mHU 'HJUHH� 6WDWLVWLFV





8QLYHUVLW\ RI :DVKLQJWRQ

*UDGXDWH 6FKRRO

7KLV LV WR FHUWLI\ WKDW , KDYH H[DPLQHG WKLV FRS\ RI D GRFWRUDO GLVVHUWDWLRQ E\

*UHJRU\ .LUN 5LGJHZD\

DQG KDYH IRXQG WKDW LW LV FRPSOHWH DQG VDWLVIDFWRU\ LQ DOO UHVSHFWV�

DQG WKDW DQ\ DQG DOO UHYLVLRQV UHTXLUHG E\ WKH nQDO

H[DPLQLQJ FRPPLWWHH KDYH EHHQ PDGH�

&R�&KDLUV RI 6XSHUYLVRU\ &RPPLWWHH�

'DYLG 0DGLJDQ

7KRPDV 5LFKDUGVRQ

5HDGLQJ &RPPLWWHH�

:HUQHU 6WXHW]OH

'DWH�





,Q SUHVHQWLQJ WKLV GLVVHUWDWLRQ LQ SDUWLDO IXOnOOPHQW RI WKH UHTXLUHPHQWV IRU WKH 'RF�

WRULDO GHJUHH DW WKH 8QLYHUVLW\ RI :DVKLQJWRQ� , DJUHH WKDW WKH /LEUDU\ VKDOO PDNH LWV

FRSLHV IUHHO\ DYDLODEOH IRU LQVSHFWLRQ� , IXUWKHU DJUHH WKDW H[WHQVLYH FRS\LQJ RI WKLV

WKHVLV LV DOORZDEOH RQO\ IRU VFKRODU\ SXUSRVHV� FRQVLVWDQW ZLWK ?IDLU XVH� DV SUHVFULEHG

LQ WKH 8�6� &RS\ULJKW /DZ� 5HTXHVWV IRU FRS\LQJ RU UHSURGXFWLRQ RI WKLV GLVVHUWDWLRQ

PD\ EH UHIHUUHG WR 8QLYHUVLW\ 0LFURnOPV� ���� (LVHQKRZHU 3ODFH� 3�2� %R[ ���� $QQ

$UERU� 0, ������ WR ZKRP WKH DXWKRU KDV JUDQWHG ?WKH ULJKW WR UHSURGXFH DQG VHOO

�D� FRSLHV RI WKH PDQXVFULSW LQ PLFURIRUP DQG�RU �E� SULQWHG FRSLHV RI WKH PDQXVFULSW

PDGH IURP PLFURIRUP��

6LJQDWXUH

'DWH





8QLYHUVLW\ RI :DVKLQJWRQ

$EVWUDFW

*HQHUDOL]DWLRQ RI %RRVWLQJ $OJRULWKPV DQG $SSOLFDWLRQV RI %D\HVLDQ

,QIHUHQFH IRU 0DVVLYH 'DWDVHWV

E\ *UHJRU\ .LUN 5LGJHZD\

&R�&KDLUV RI 6XSHUYLVRU\ &RPPLWWHH

3URIHVVRU 'DYLG 0DGLJDQ
6WDWLVWLFV

3URIHVVRU 7KRPDV 5LFKDUGVRQ
6WDWLVWLFV

,Q UHFHQW \HDUV VWDWLVWLFLDQV� FRPSXWDWLRQDO OHDUQLQJ WKHRULVWV� DQG HQJLQHHUV KDYH

GHYHORSHG PRUH DGYDQFH WHFKQLTXHV WR OHDUQ FRPSOH[ QRQ�OLQHDU UHODWLRQVKLSV IURP

GDWDVHWV� +RZHYHU� QRW RQO\ KDYH PRGHOV LQFUHDVHG LQ FRPSOH[LW\� EXW DOVR GDWDVHWV

KDYH RXWJURZQ PDQ\ RI WKH FRPSXWDWLRQDO PHWKRGV IRU nWWLQJ WKH PRGHOV WKDW DUH

LQ VWDQGDUG VWDWLVWLFDO SUDFWLFH� 7KH nUVW VHYHUDO VHFWLRQV RI WKLV GLVVHUWDWLRQ VKRZ

KRZ ERRVWLQJ� D WHFKQLTXH RULJLQDWLQJ LQ FRPSXWDWLRQDO OHDUQLQJ WKHRU\� KDV ZLGH

DSSOLFDWLRQ IRU OHDUQLQJ QRQ�OLQHDU UHODWLRQVKLSV HYHQ ZKHQ WKH GDWDVHWV DUH SRWHQWLDOO\

PDVVLYH� , GHVFULEH SDUWLFXODU DSSOLFDWLRQV RI ERRVWLQJ IRU QD�rYH %D\HV FODVVLnFDWLRQ

DQG UHJUHVVLRQ� DQG H[SRQHQWLDO IDPLO\ DQG SURSRUWLRQDO KD]DUGV UHJUHVVLRQ PRGHOV�

, DOVR VKRZ KRZ WKHVH PHWKRGV PD\ HDVLO\ LQFRUSRUDWH PDQ\ GHVLUDEOH SURSHUWLHV

LQFOXGLQJ UREXVW UHJUHVVLRQ� YDULDQFH UHGXFWLRQ PHWKRGV� DQG LQWHUSUHWDELOLW\� 2Q

ERWK UHDO DQG VLPXODWHG GDWDVHWV DQG LQ D YDULHW\ RI PRGHOLQJ IUDPHZRUNV� ERRVWLQJ

FRQVLVWHQWO\ RXWSHUIRUPV VWDQGDUG PHWKRGV LQ WHUPV RI HUURU RQ YDOLGDWLRQ GDWDVHWV�





,Q VHSDUDWH EXW UHODWHG ZRUN� WKH ODVW FKDSWHU SUHVHQWV LGHDV IRU XWLOL]LQJ %D\HVLDQ

PHWKRGV IRU LQIHUHQFH LQ PDVVLYH GDWDVHWV� 0RGHUQ %D\HVLDQ DQDO\VLV UHOLHV RQ 0RQWH

&DUOR PHWKRGV IRU VDPSOLQJ IURP FRPSOH[ SRVWHULRU GLVWULEXWLRQV� D %D\HVLDQ KLHU�

DUFKLFDO PRGHO SHUKDSV� 7KHVH PHWKRGV H[SHULHQFH WUHPHQGRXV VORZGRZQ LQ FRPSX�

WDWLRQ ZKHQ WKH SRVWHULRU GLVWULEXWLRQ FRQGLWLRQV RQ D ODUJH GDWDVHW DQG WKH GDWDVHW

FDQQRW EH VXPPDUL]HG LQ WHUPV RI D VPDOO QXPEHU RI VXpFLHQW VWDWLVWLFV� , GHYHORS

DQ DGDSWLYH LPSRUWDQFH VDPSOLQJ DOJRULWKP WKDW HpFLHQWO\ VLPXODWHV GUDZV IURP D

SRVWHULRU GLVWULEXWLRQ FRQGLWLRQHG RQ D PDVVLYH GDWDVHW� 6XEVHTXHQWO\� , DOVR SURSRVH

D PHWKRG IRU DSSUR[LPDWH %D\HVLDQ LQIHUHQFH XVLQJ OLNHOLKRRG FOXVWHULQJ IRU GDWD UH�

GXFWLRQ�
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/LVW RI )LJXUHV LLL

/LVW RI 7DEOHV Y

&KDSWHU �� ,QWURGXFWLRQ �

��� %RRVWLQJ PHWKRGV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� %D\HVLDQ LQIHUHQFH LQ PDVVLYH GDWDVHWV � � � � � � � � � � � � � � � � � ��

��� &RQWULEXWLRQV RI WKLV UHVHDUFK � � � � � � � � � � � � � � � � � � � � � � ��

&KDSWHU �� %RRVWHG QD�rYH %D\HV FODVVLnFDWLRQ ��

��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 7KH QD�rYH %D\HV FODVVLnHU � � � � � � � � � � � � � � � � � � � � � � � � ��

��� %RRVWLQJ DQG WKH QD�rYH %D\HV FODVVLnHU � � � � � � � � � � � � � � � � � ��

��� 3HUIRUPDQFH RI WKH ERRVWHG QD�rYH %D\HV FODVVLnHU � � � � � � � � � � � ��

��� $SSOLFDWLRQ WR SUHGLFWLRQ RI VXUJLFDO LQWHUYHQWLRQ LQ SDWLHQWV ZLWK NQHH

FRPSODLQWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� &RQFOXVLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

&KDSWHU �� %RRVWHG QD�rYH %D\HV UHJUHVVLRQ ��

��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� %RRVWLQJ IRU FODVVLnFDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � ��

��� %RRVWLQJ UHJUHVVLRQ SUREOHPV � � � � � � � � � � � � � � � � � � � � � � ��

��� &ODVVLnFDWLRQ IRU LQnQLWH GDWDVHWV � � � � � � � � � � � � � � � � � � � � ��

L



��� 3DUDPHWHU HVWLPDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 7KH ERRVWHG QD�rYH %D\HV DOJRULWKP � � � � � � � � � � � � � � � � � � � ��

��� ([SHULPHQWDO UHVXOWV � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 3HUIRUPDQFH UHVXOWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� &RQFOXVLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

&KDSWHU �� %RRVWLQJ H[SRQHQWLDO IDPLO\ DQG SURSRUWLRQDO KD]DUGV

UHJUHVVLRQ PRGHOV ��

��� ([SRQHQWLDO IDPLO\ PRGHOV � � � � � � � � � � � � � � � � � � � � � � � � ��

��� %RRVWLQJ PHWKRGV IRU UHJUHVVLRQ SUREOHPV � � � � � � � � � � � � � � � ��

��� %RRVWLQJ PRGHOV IRU SURSRUWLRQDO KD]DUGV UHJUHVVLRQ � � � � � � � � � � ��

��� ,PSURYLQJ ERRVWLQJ PHWKRGV XVLQJ FRQWURO RI WKH OHDUQLQJ UDWH� VXE�

VDPSOLQJ� UREXVW UHJUHVVLRQ� DQG GHFRPSRVLWLRQ IRU LQWHUSUHWDWLRQ � � ���

��� 3HUIRUPDQFH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 'LVFXVVLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

&KDSWHU �� %D\HVLDQ PHWKRGV IRU PDVVLYH GDWDVHWV ���

��� 6WDWLVWLFV DQG GDWD PLQLQJ � � � � � � � � � � � � � � � � � � � � � � � � ���

��� $Q LPSRUWDQFH VDPSOLQJ DOJRULWKP IRU %D\HVLDQ LQIHUHQFH LQ PDVVLYH

GDWDVHWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� /LNHOLKRRG FOXVWHULQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 'LVFXVVLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

%LEOLRJUDSK\ ���

$SSHQGL[ $� 9DULDQFH RI WKH LPSRUWDQFH VDPSOLQJ ZHLJKWV ���
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��� 7KH 5HDO $GD%RRVW DOJRULWKP � � � � � � � � � � � � � � � � � � � � � � �

��� )ULHGPDQ
V *UDGLHQW %RRVW DOJRULWKP � � � � � � � � � � � � � � � � � � ��

��� *HRPHWU\ RI WKH *UDGLHQW %RRVWLQJ 0DFKLQH � � � � � � � � � � � � � � ��

��� ([DPSOH FDOLEUDWLRQ SORWV IRU WKH FUHGLW GDWDVHW � � � � � � � � � � � � ��

��� /HDUQLQJ FXUYH IRU SUHGLFWLQJ WKH QHFHVVLW\ RI NQHH VXUJHU\ �PHDQ PLV�

FODVVLnFDWLRQ ZLWK �VW DQG �UG TXDUWLOHV� � � � � � � � � � � � � � � � � � ��

��� 7KH ERRVWHG QD�rYH %D\HV UHJUHVVLRQ DOJRULWKP � � � � � � � � � � � � � ��

��� +\SHUSODQH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� )ULHGPDQ �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� )ULHGPDQ �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� )ULHGPDQ �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� )ULHGPDQ
V *UDGLHQW %RRVW DOJRULWKP � � � � � � � � � � � � � � � � � � ��

��� 7KH JHQHUDOL]HG ERRVWHG DOJRULWKP E\ )LVKHU VFRULQJ � � � � � � � � � � ��

��� 7KH JHQHUDOL]HG ERRVWHG DOJRULWKP E\ JUDGLHQW DVFHQW � � � � � � � � � ��

��� 'LDJUDP IRU H[DPSOH ��� � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� $ %RRVWLQJ DOJRULWKP IRU &R[
V SURSRUWLRQDO KD]DUGV UHJUHVVLRQ PRGHO ��

��� ,WHUDWLRQ �� ��� ��� DQG �� RI WKH /RJLW%RRVW DOJRULWKP � � � � � � � � � ���

��� A) �[� DIWHU ���� LWHUDWLRQV ZLWK WKH OHDUQLQJ UDWH w  ���� � � � � � � � ���

��� /RJLW%RRVW %HUQRXOOL OLNHOLKRRG ZLWK w  ���� � � � � � � � � � � � � � � ���

��� (mHFW RI OHDUQLQJ UDWH RQ H[SRQHQWLDO VXUYLYDO PRGHOV � � � � � � � � � ���

LLL



���� %RRVWLQJ
V LPSURYHPHQW RYHU *$0 IRU DQ DGGLWLYH 3RLVVRQ PRGHO � � ���

���� %RRVWLQJ
V LPSURYHPHQW RYHU *$0 IRU D QRLV\ DGGLWLYH 3RLVVRQ PRGHO ���

���� 3DUWLDO ORJ�OLNHOLKRRG IRU 3%& GDWD � � � � � � � � � � � � � � � � � � � ���

���� %RRVWHG HVWLPDWHV RI WKH PDLQ HmHFWV RI WKH 3%& GDWD � � � � � � � � ���

��� ,PSRUWDQFH VDPSOLQJ IRU PDVVLYH GDWDVHWV � � � � � � � � � � � � � � � ���

��� 0DUJLQDO SRVWHULRU GLVWULEXWLRQ IRU WKH ORJLVWLF UHJUHVVLRQ H[DPSOH � � ���

��� &RQYHUJHQFH SORWV IRU WKH ORJLVWLF UHJUHVVLRQ H[DPSOH � � � � � � � � � ���

��� 5HGXFWLRQ LQ HmHFWLYH VDPSOH VL]H � � � � � � � � � � � � � � � � � � � � ���

��� $Q H[DPSOH D[LV FODVVLnHU DQG WKH UHMHFWLRQ UHJLRQV RQ HDFK SDUDPHWHU

D[LV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� $GDSWLYH LPSRUWDQFH VDPSOLQJ IRU LQIHUHQFH LQ PDVVLYH GDWDVHWV � � � ���

��� $GDSWLYH LPSRUWDQFH VDPSOLQJ HVWLPDWHV RI WKH ORJLVWLF UHJUHVVLRQ SD�

UDPHWHUV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� (mHFWLYH VDPSOH VL]H GXULQJ DGDSWLYH LPSRUWDQFH VDPSOLQJ � � � � � � ���

��� (mHFWLYH VDPSOH VL]H GXULQJ DJJUHVVLYH DGDSWLYH LPSRUWDQFH VDPSOLQJ ���

���� $JJUHVVLYH DGDSWLYH LPSRUWDQFH VDPSOLQJ HVWLPDWHV � � � � � � � � � � ���

���� 7KH OLNHOLKRRG FOXVWHULQJ DOJRULWKP � � � � � � � � � � � � � � � � � � � ���

���� /LNHOLKRRG FOXVWHUV IRU WKH VLPSOH OLQHDU UHJUHVVLRQ H[DPSOH � � � � � � ���

���� (VWLPDWLRQ SHUIRUPDQFH RI VLPSOH UDQGRP VDPSOLQJ DQG OLNHOLKRRG

FOXVWHULQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
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��� 0LVFODVVLnFDWLRQ UDWHV RI ERRVWHG WUHHV � IURP )ULHGPDQ� HW DO ������ � ��

��� 'DWDVHWV XVHG IRU FRPSDULVRQ � � � � � � � � � � � � � � � � � � � � � � ��

��� 0LVFODVVLnFDWLRQ UDWHV �VWDQGDUG GHYLDWLRQ� � � � � � � � � � � � � � � � ��

��� 0HDQ %ULHU VFRUH �VWDQGDUG GHYLDWLRQ� � � � � � � � � � � � � � � � � � ��

��� (VWLPDWHG ZHLJKWV RI HYLGHQFH ^ � RI � � � � � � � � � � � � � � � � � � ��

��� (VWLPDWHG ZHLJKWV RI HYLGHQFH ^ � RI � � � � � � � � � � � � � � � � � � ��

��� ([DPSOH HYLGHQFH EDODQFH VKHHW � � � � � � � � � � � � � � � � � � � � � ��

��� ([DPSOH GDWDVHW ' � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 7UDQVIRUPDWLRQ RI H[DPSOH GDWDVHW ' � � � � � � � � � � � � � � � � � � ��

��� 3HUIRUPDQFH UHVXOWV � VLPXODWHG GDWDVHWV � � � � � � � � � � � � � � � � ��

��� 3HUIRUPDQFH UHVXOWV � UHDO GDWDVHWV � � � � � � � � � � � � � � � � � � � ��

��� 6RPH FDQRQLFDO H[SRQHQWLDO IDPLO\ PRGHOV � � � � � � � � � � � � � � � ��

��� 6RPH SDUDPHWULF SURSRUWLRQDO KD]DUGV PRGHOV � � � � � � � � � � � � � ��

��� 2ULJLQDO VXUYLYDO GDWDVHW � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� $X[LOLDU\ 3RLVVRQ GDWDVHW � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 0LVFODVVLnFDWLRQ UDWHV FRPSDULVRQ IRU � � � � � � � � � � � � � � � � � � ���
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, nUVW ZDQW WKDQN WKRVH LQ P\ DFDGHPLF FDUHHU ZKR KDYH EURXJKW PH WR WKLV

SRLQW� 0\ VLQFHUH DSSUHFLDWLRQ JRHV WR 3URI� 'DYLG 0DGLJDQ ZKR IURP P\ nUVW GD\

LQ WKH 'HSDUWPHQW RI 6WDWLVWLFV DFWLYHO\ PHQWRUHG PH� FRQWLQXRXVO\ SURSRVLQJ QHZ

GLUHFWLRQV HYHQ GXULQJ P\ WLPH DW 0LFURVRIW DQG WKURXJK KLV VDEEDWLFDO \HDU� 0\

DSSUHFLDWLRQ DOVR JRHV WR 3URI� 7KRPDV 5LFKDUGVRQ IRU KLV LQWHUHVW� LQYROYHPHQW� DQG

LQYHVWPHQW LQ P\ UHVHDUFK DQG D YHU\ WKRURXJK UHDG RI WKLV GLVVHUWDWLRQ� 3URI� :HUQHU

6WXHW]OH GHVHUYHV P\ JUDWLWXGH IRU KLV HQGOHVV HQIRUFHPHQW RI WKH JUDGXDWH VWXGHQW

ZRUN HWKLF� 3URI� -RKQ 2
.DQH IURP WKH 'HSDUWPHQW RI 2UWKRSDHGLFV SURSRVHG WKH

SUREOHP WKDW LQLWLDWHG P\ LQYHVWLJDWLRQ RI ERRVWLQJ DQG LWV DSSOLFDWLRQ WR DXWRPDWHG

PHGLFDO GLDJQRVLV RI NQHH LQMXULHV� 0\ WKDQNV DOVR JR WR RWKHUV LQ WKH 'HSDUWPHQW RI

6WDWLVWLFV� P\ IHOORZ JUDGXDWH VWXGHQWV� ZLWKRXW ZKRP , ZRXOG QRW KDYH FRPSOHWHG

P\ nUVW TXDUWHU� DQG .ULVWLQ 6SUDJXH ZKR DOZD\V KDG VROXWLRQV IRU DQ\ VLWXDWLRQ�

DFDGHPLF RU SHUVRQDO��� DV ZHOO DV DQRWKHU GR]HQ VWRULHV WR JR DORQJ�

'U� 6WHYHQ $OWVFKXOHU DW 0LFURVRIW 5HVHDUFK LQVSLUHG PH WR ZRUN RQ SUREOHPV

ZLWK SUDFWLFDO LPSOLFDWLRQV� UHIRUPHG P\ VKRGG\ VFLHQWLnF SURJUDPPLQJ VW\OH� IXQGHG

P\ UHVHDUFK IRU ��
�
\HDUV� DQG KDV EHHQ D JRRG IULHQG� , FHUWDLQO\ QHYHU ZRXOG KDYH

FRQVLGHUHG JUDGXDWH VFKRRO ZLWKRXW WKH VXSSRUW RI WKH IDFXOW\ DW &DOLIRUQLD 3RO\WHFK�

QLF 6WDWH 8QLYHUVLW\ LQ 6DQ /XLV 2ELVSR LQFOXGLQJ 3URI� 5R[\ 3HFN� 3URI� -DPHV

'DO\� 3URI� /LQGD 3DWWRQ� DQG 3URI� -D\ 'HYRUH� 3URI� -D\ 'HYRUH WROG PH IUDQNO\�

?, ZRXOG EH GLVDSSRLQWHG LI \RX GLG DQ\WKLQJ EXW JR WR JUDGXDWH VFKRRO�� , JUHDWO\

DSSUHFLDWH WKDW DpUPDWLRQ� , DP DOVR JUDWHIXO WR 'U� &ROOHHQ /RYH� 0HO +XQWHU� DQG

.XUW +DDJ RI WKH &OLQLFDO 6DIHW\ 3URMHFW DW WKH $WDVFDGHUR 6WDWH +RVSLWDO LQ $WDV�

YL



FDGHUR� &DOLIRUQLD IRU WKH LPPHQVH SUDFWLFDO WUDLQLQJ� , KDYH QHYHU VOLFHG VXFK IDQF\

ERORJQD�

2XWVLGH RI P\ DFDGHPLF OLIH� , RZH PXFK WR WKRVH ZKR SUHYHQWHG DFDGHPLFV IURP

FRQVXPLQJ PRUH WKDQ D WKLUG RI P\ WLPH� 0\ SDUHQWV� .LUN DQG /LQGD 5LGJHZD\� DQG

P\ ELJ VLVWHU DQG EURWKHU�LQ�ODZ� .HOO\ DQG 7LP 5LGJHZD\�3HHY\KRXVH� KDYH RQO\

RmHUHG HQFRXUDJHPHQW DV , KDYH SXUVXHG P\ GHJUHH� 0\ IHOORZ VWXGHQW� RpFHPDWH�

KRXVHPDWH� SDUWQHU� DQG IULHQG� 'DQLHOD *ROLQHOOL KDV EHHQ DQ HQGOHVV VRXUFH RI JHQ�

HURVLW\� FRPSOHPHQWLQJ PH ZKHUH , KDYH IDXOWV� )XUWKHUPRUH� P\ FORVH IULHQGV 6WHYH

%HPHQW� 7KRPDV /DUU\ %DUQKDUW ,,� -DVRQ 0D\HU� DQG ,VDDF &OLQH KDYH PDGH P\

VWD\ LQ 6HDWWOH LQFUHGLEO\ PRUH HQWHUWDLQLQJ WKDQ , WKRXJKW LW ZRXOG EH� $QG nQDOO\

WR P\ UHGHHPHU ZKR VDLG� ?)RU , NQRZ WKH SODQV , KDYH IRU \RX SODQV WR SURVSHU \RX

DQG QRW WR KDUP \RX� SODQV WR JLYH \RX KRSH DQG D IXWXUH�� �-HUHPLDK ������

$ JUDQW IURP WKH 1DWLRQDO 6FLHQFH )RXQGDWLRQ VXSSRUWHG WKLV ZRUN �'06 ���������

YLL
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&KDSWHU �
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7KLV GLVVHUWDWLRQ LQYHVWLJDWHV VRPH RI WKH UHFHQW WUHQGV ZKHUH WKH nHOGV RI VWDWLV�

WLFV� PDFKLQH OHDUQLQJ� DQG GDWD PLQLQJ PHHW� 7KHVH WUHQGV LQYROYH WKH nWWLQJ RI

DFFXUDWH� SRVVLEO\ QRQ�OLQHDU� SUHGLFWLRQ PRGHOV WR PDVVLYH DQG QRLV\ GDWDVHWV� 7KLV

FKDSWHU VHUYHV DV DQ RYHUYLHZ WR WKH WKHVLV DQG JLYHV VRPH EDFNJURXQG GHWDLOV DQG

WUDGLWLRQV WKDW VKRZ WKH QHHG IRU WKH UHVHDUFK WKDW JHQHUDWHG WKLV GLVVHUWDWLRQ�

7KH ODUJHVW SDUW RI WKLV GLVVHUWDWLRQ GLVFXVVHV DQG GHYHORSV PHWKRGV LQYROYLQJ

ERRVWLQJ� 7KLV FKDSWHU ZLOO SURYLGH VRPH EDFNJURXQG RQ ERRVWLQJ VRPH RI ZKLFK

RYHUODSV ZLWK WKH UHVHDUFK SUHVHQWHG LQ FKDSWHUV � DQG �� &KDSWHU � LQWURGXFHV WKH

ERRVWHG QD�rYH %D\HV FODVVLnHU RQH RI WKH HDUOLHVW ERRVWLQJ DOJRULWKPV WR DGPLW DQ LQ�

WHUSUHWDEOH IRUP� &KDSWHU � SUHVHQWV RQH RI WKH nUVW SUDFWLFDO DOJRULWKPV IRU FUHDWLQJ

ERRVWLQJ IRU UHJUHVVLRQ SUREOHPV� WKH ERRVWHG QD�rYH %D\HV UHJUHVVLRQ PRGHO� &KDS�

WHU � UHSUHVHQWV WKH ODWHVW LQ ERRVWLQJ PHWKRGRORJ\ DQG H[SDQGV WKH DSSOLFDELOLW\

RI ERRVWLQJ PHWKRGV WR WKH H[SRQHQWLDO IDPLO\ DQG SURSRUWLRQDO KD]DUGV UHJUHVVLRQ

PRGHOV�

$OWKRXJK WKH SUREOHP RI DQDO\]LQJ PDVVLYH GDWDVHWV LV D WKHPH WKURXJK WKH HDUOLHU

FKDSWHUV� FKDSWHU � FRQVLGHUV WKLV SUREOHP GLUHFWO\� ,Q LW , SUHVHQW WZR PHWKRGV LQ

GHYHORSPHQW WKDW RQO\ XVH DQDO\VLV RI VPDOO PDQDJHDEOH SRUWLRQV RI WKH GDWDVHW WR

FRPSXWH SDUDPHWHU HVWLPDWHV�



�

��� %RRVWLQJ PHWKRGV

,Q PDQ\ SUREOHP GRPDLQV� FRPELQLQJ WKH SUHGLFWLRQV RI VHYHUDO PRGHOV RIWHQ UHVXOWV

LQ D PRGHO ZLWK LPSURYHG SUHGLFWLYH SHUIRUPDQFH� %RRVWLQJ LV RQH VXFK PHWKRG WKDW

KDV VKRZQ JUHDW SURPLVH� 2Q WKH DSSOLHG VLGH� HPSLULFDO VWXGLHV KDYH VKRZQ WKDW

FRPELQLQJ PRGHOV XVLQJ ERRVWLQJ PHWKRGV SURGXFHV PRUH DFFXUDWH FODVVLnFDWLRQ DQG

UHJUHVVLRQ PRGHOV� 7KHVH PHWKRGV DUH H[WHQGLEOH WR WKH H[SRQHQWLDO IDPLO\ DV ZHOO

DV SURSRUWLRQDO KD]DUGV UHJUHVVLRQ PRGHOV� ,Q WKLV WKHVLV , VKRZ WKDW ERRVWLQJ� ZKLFK

LV VWLOO QHZ WR VWDWLVWLFV� LV ZLGHO\ DSSOLFDEOH� , ZLOO LQWURGXFH ERRVWLQJ� GLVFXVV WKH

FXUUHQW VWDWH RI ERRVWLQJ� DQG VKRZ KRZ WKHVH PHWKRGV FRQQHFW WR PRUH VWDQGDUG

VWDWLVWLFDO SUDFWLFH�

����� ,QWURGXFWLRQ WR ERRVWLQJ

7KH WUHQG WRZDUG PRGHO PL[LQJ KDG D UHVXUJHQFH LQ HFRQRPLFV �%DWHV DQG *UDQJHU

������ KDV LQFUHDVHG LQ WKH PDFKLQH OHDUQLQJ FRPPXQLW\� DQG LV SDUWLDOO\ DFFHSWHG

LQ WKH VWDWLVWLFV FRPPXQLW\� 5HVHDUFKHUV LQ WKHVH nHOGV RIWHQ KDG GLmHUHQW JRDOV

LQ PLQG DV WKH\ GHYHORSHG WKHLU PHWKRGRORJ\� %UHLPDQ �����D� VSHFLnFDOO\ ZDQWHG

WR UHGXFH WKH YDULDQFH RI SUHGLFWLRQ PRGHOV DQG SURSRVHG EDJJLQJ� %D\HVLDQ PRGHO

DYHUDJLQJ �0DGLJDQ HW DO� ����� +RHWLQJ HW DO� ����� KRSHG WR DOOHYLDWH WKH SUREOHPV

DVVRFLDWHG ZLWK PRGHO VHOHFWLRQ DQG WR DFFRXQW IRU WKH XQFHUWDLQW\ LQYROYHG LQ PRGHO

VHDUFK� 2WKHU PHWKRGV OLNH VWDFNLQJ �:ROSHUW ����� DQG EXPSLQJ �7LEVKLUDQL DQG

.QLJKW ����� DWWHPSWHG VLPSO\ WR GHFUHDVH SUHGLFWLRQ ELDV� 5HVHDUFKHUV IRXQG WKDW

LQ DOO WKHVH FDVHV D YLDEOH VROXWLRQ LQYROYHG nWWLQJ VHYHUDO PRGHOV DQG PHUJLQJ WKH

SUHGLFWLRQV WKDW HDFK PRGHO SURGXFHG�

%RRVWLQJ LV RQH RI WKH ODWHVW SUHGLFWLRQ PHWKRGV WKDW SURSRQHQWV EHOLHYHG� DW OHDVW

LQLWLDOO\� ZDV WKH ODWHVW DGGLWLRQ WR WKH FODVV RI PRGHO PL[LQJ SURFHGXUHV� %RRVWLQJ�

UDSLGO\ PDGH SRSXODU LQ WKH PDFKLQH OHDUQLQJ FRPPXQLW\� LV D WRSLF VORZO\ PDNLQJ

LWV ZD\ LQWR PDLQVWUHDP VWDWLVWLFV UHVHDUFK� &RPSXWDWLRQDO OHDUQLQJ WKHRULVWV GHVLUHG
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D PHWKRG IRU WUDQVIRUPLQJ D FROOHFWLRQ RI ZHDN FODVVLnHUV LQWR RQH VWURQJ FODVVLnHU

�6FKDSLUH ����� )UHXQG ������ )RU H[DPSOH� JLYHQ WKUHH FODVVLnHUV ZLWK PLVFODVVL�

nFDWLRQ UDWHV q�� q�� DQG q� ZKHUH qL �
�
�
WKH\ VHDUFKHG IRU ZD\V WR FRPELQH WKHVH

FODVVLnHUV LQ VXFK D ZD\ WKDW WKH FRPELQHG FODVVLnHU KDG HUURU q � PLQIq�� q�� q�J�
7KLV ZRUN FXOPLQDWHG LQ )UHXQG DQG 6FKDSLUH ������ WKDW LQWURGXFHG WKH $GD%RRVW

DOJRULWKP� QRZ FRPPRQO\ UHIHUUHG WR DV WKH 'LVFUHWH $GD%RRVW DOJRULWKP� 7KH\

GLVFRYHUHG DQ DOJRULWKP WKDW VHTXHQWLDOO\ nWV ?ZHDN� FODVVLnHUV WR GLmHUHQW ZHLJKWLQJV

RI WKH REVHUYDWLRQV LQ D GDWDVHW� 7KRVH REVHUYDWLRQV WKDW WKH SUHYLRXV FODVVLnHU SRRUO\

SUHGLFWV UHFHLYH JUHDWHU ZHLJKW RQ WKH QH[W LWHUDWLRQ� 7KH nQDO $GD%RRVW FODVVLnHU LV D

ZHLJKWHG DYHUDJH RI DOO WKH ZHDN FODVVLnHUV ZKHUH HDFK ZHDN FODVVLnHU UHFHLYHV ZHLJKW

GHSHQGHQW XSRQ LWV DFFXUDF\� 0DQ\ YDULDQWV QRZ H[LVW IRU WKH $GD%RRVW DOJRULWKP�

EXW WKH RQH ZLWK WKH WLJKWHVW XSSHU ERXQG RQ PLVFODVVLnFDWLRQ HUURU LQ )UHXQG DQG

6FKDSLUH
V RULJLQDO ZRUN LV DV IROORZV�

,QLWLDOL]H WKH ZHLJKWV RI HDFK REVHUYDWLRQ WR Z
���
L  �

1
� )RU W LQ � WR 7 LWHUDWH WKH

IROORZLQJ VWHSV�

�� /HDUQ PRGHO +W�[L� � ; � >�� �@�

�� &RPSXWH qW  
31

L �Z
�L�
L M\L b+W�[L�M DV WKH HUURU IRU WKH PRGHO +W�

�� /HW nW  
qW
�bqW
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�� 8SGDWH WKH REVHUYDWLRQ ZHLJKWV DV Z
�W���
L  Z

�W�
L n

�bM\Lb+W�[L�M
W �

�� 1RUPDOL]H ZW��
L VR WKDW WKH\ VXP WR RQH�

:KHQ WKH FODVVLnHU SHUIRUPV EHWWHU WKDQ UDQGRP JXHVVLQJ RQ WKH ZHLJKWHG GDWDVHW

nW � �� ,I \L  +W�[L� WKHQ WKH REVHUYDWLRQ ZHLJKW UHGXFHV E\ D IDFWRU RI nW� ,I M\L b
+W�[L�M  �� RU FRPSOHWHO\ GLVDJUHH� WKHQ WKH REVHUYDWLRQ
V ZHLJKW GRHV QRW FKDQJH�
)RU DQ\ RWKHU H[WHQW RI GLVDJUHHPHQW� � � M\Lb+W�[L�M � �� WKH ZHLJKW PXOWLSOLHU YDULHV
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EHWZHHQ nW DQG �� :KHQ nW ! �� RU WKH FODVVLnHU SHUIRUPV ZRUVH WKDQ UDQGRP JXHVVLQJ�

WKH ZHOO�SUHGLFWHG REVHUYDWLRQV UHFHLYH PRUH ZHLJKW� $IWHU QRUPDOL]LQJ WKH ZHLJKWV

WKLV KDV WKH HmHFW RI XSZHLJKWLQJ WKH SRRUO\ SUHGLFWHG REVHUYDWLRQV DQG GRZQZHLJKWLQJ

WKH ZHOO SUHGLFWHG RQHV� 7KH nQDO ERRVWHG PRGHO VXJJHVWHG E\ )UHXQG DQG 6FKDSLUH

WKDW FRPELQHV WKH PRGHOV RI HDFK LWHUDWLRQ LV

+�[�  
�

� �
47
W � n

�U�[�b�
W

ZKHUH U�[�  
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1RWH WKDW U�[� LV D ZHLJKWHG DYHUDJH RI HDFK RI WKH FODVVLnHUV� WKH PRUH DFFXUDWH

FODVVLnHUV UHFHLYLQJ JUHDWHU ZHLJKW� DQG LW DORQH PD\ EH D VHQVLEOH FODVVLnHU� :KHQ

nW ! �� LQGLFDWLQJ WKDW WKH W
WK FODVVLnHU KDV SHUIRUPHG SRRUO\� WKH VLJQ RQ WKH FODVVLnHU

ZHLJKW LV QHJDWLYH� LQ HmHFW UHYHUVLQJ WKH PRGHO
V SUHGLFWLRQV� 8VLQJ WKH VLJPRLG

WUDQVIRUP WR FRPSXWH +�[� UHVXOWV LQ DQ XSSHU ERXQG RQ PLVFODVVLnFDWLRQ WKDW LV

KDOI WKDW RI WKH QRQ�WUDQVIRUPHG FODVVLnHU� +�[� SXWV RXW D UHDO YDOXH WKDW PD\ EH

LQWHUSUHWDEOH DV D FODVV SUREDELOLW\ HVWLPDWH� $ FODVVLnFDWLRQ WR � RU � ZLOO GHSHQG RQ

ZKHWKHU +�[� H[FHHGV D WKUHVKROG� �
�
IRU LQVWDQFH�

)UHXQG DQG 6FKDSLUH SURYLGH OLWWOH GHWDLO RQ WKH PRWLYDWLRQ EHKLQG VRPH RI WKH

DOJRULWKPLF GHFLVLRQV� EXW , ZLOO SUHVHQW P\ XQGHUVWDQGLQJ RI WKH RULJLQ RI WKHVH VWHSV�

7KH nUVW GHFLVLRQ ZDV WR DVVXPH WKDW RQH VKRXOG UHZHLJKW WKH REVHUYDWLRQV LQ VRPH

IDVKLRQ WR PRUH KHDYLO\ ZHLJKW SRRUO\ SUHGLFWHG REVHUYDWLRQV� 6FKDSLUH ���� nUVW

SURYHG WKDW RQH FRXOG ?ERRVW� WKUHH ZHDN FODVVLnHUV LQWR RQH VWURQJ FODVVLnHU� WKH VFH�

QDULR GHVFULEHG HDUOLHU LQ WKLV VHFWLRQ� )UHXQG ���� LPSURYHG XSRQ 6FKDSLUH
V ZRUN

EXW ERWK VROXWLRQV LQYROYHG nWWLQJ WKH FODVVLnHUV VHTXHQWLDOO\� HDFK WLPH SUHVHQWLQJ

UHZHLJKWHG REVHUYDWLRQV WR WKH OHDUQLQJ DOJRULWKP� 7KH VHFRQG GHFLVLRQ LV WR UHZHLJKW

LQ D PXOWLSOLFDWLYH IDVKLRQ� Z
�W���
L  Z

�W�
L n

C�\L�+W�[L��
W � ZKHUH C�\�+� LV D ORVV IXQFWLRQ�

7KLV SULPDULO\ FRPHV IURP WKH UHODWHG nHOG RI RQ�OLQH OHDUQLQJ� 7KH ZHLJKWHG PD�

MRULW\ DOJRULWKP �/LWWOHVWRQH DQG :DUPXWK ������ D SURPLQHQW ZRUN LQ WKH nHOG RI

RQ�OLQH OHDUQLQJ� FRPELQHV WKH SUHGLFWLRQV IURP VHYHUDO n[HG PRGHOV RU H[SHUWV� $V

GDWD DFFXPXODWH WKH PRGHOV RU H[SHUWV UHFHLYH PRUH RU OHVV ZHLJKW GHSHQGLQJ RQ KRZ



�

ZHOO WKH\ SUHGLFWHG WKH ODWHVW REVHUYDWLRQ� 7KH PRGHO UHZHLJKWLQJ VFKHPH XVHG PXO�

WLSOLFDWLYH ZHLJKWV� D VFKHPH DGRSWHG DOVR E\ $GD%RRVW WR DSSO\ WR WKH REVHUYDWLRQV

LQ WKH GDWDVHW� +DYLQJ VHWWOHG RQ PXOWLSOLFDWLYH ZHLJKW XSGDWHV DQG WKH ORVV IXQFWLRQ

C�\�+�  � b M\ b +M )UHXQG DQG 6FKDSLUH VRXJKW WR nQG DQ RSWLPDO YDOXH IRU nW�
7KH\ ZHUH DEOH WR ERXQG WKH PLVFODVVLnFDWLRQ UDWH RQ WKH WUDLQLQJ GDWDVHW RI WKH nQDO

FRPELQHG FODVVLnHU WR EH

q � �

�

7<
W �

�b ��b qW���b nW�S
nW

�����

0LQLPL]LQJ WKH XSSHU ERXQG ��� ZLWK UHVSHFW WR nW UHVXOWV LQ WKH FKRLFH nW  
qW
�bqW

�

:LWK WKLV FKRLFH IRU nW WKH ERXQG EHFRPHV

q � �7b�
7<
W �

T
qW��b qW� �����

1RWH WKDW LQ ��� DV ORQJ DV WKH ZHLJKWHG PLVFODVVLnFDWLRQ UDWH GRHV VOLJKWO\ EHWWHU RU

VOLJKWO\ ZRUVH WKDQ UDQGRP JXHVVLQJ WKH ERXQG GHFUHDVHV� ,I WKH ZHLJKWHG HUURU LV

DOZD\V qW  
�
�
b o WKHQ )UHXQG DQG 6FKDSLUH GHGXFH WKH ERXQG q � Hb�7o

�

VR WKDW WKH

PLVFODVVLnFDWLRQ UDWH RQ WKH WUDLQLQJ VHW JRHV H[SRQHQWLDOO\ IDVW WR ]HUR� $OWKRXJK LQ

SUDFWLFH qW GRHV QRW VWD\ FRQVWDQW� WKLV GRHV LQGLFDWH WKDW WKH DOJRULWKP PD\ nW WKH

WUDLQLQJ GDWDVHW TXLFNO\�

$OWKRXJK WKLV WUDLQLQJ VSHHG PD\ EH GLVFRQFHUWLQJ IRU IHDUV RI UDSLG RYHUnWWLQJ�

LQ D ZLGH YDULHW\ RI FODVVLnFDWLRQ SUREOHPV� WKHLU ZHLJKWLQJ VFKHPH DQG nQDO FODVVLnHU

PHUJH KDYH SURYHQ WR EH DQ HmHFWLYH PHWKRG IRU UHGXFLQJ ELDV DQG YDULDQFH� DQG LP�

SURYLQJ PLVFODVVLnFDWLRQ UDWHV �%DXHU DQG .RKDYL ����� 'LHWWHULFK ������ (PSLULFDO

HYLGHQFH KDV VKRZQ WKDW WKH EDVH FODVVLnHU FDQ EH IDLUO\ VLPSOLVWLF �VKDOORZ FODVVLnFD�

WLRQ WUHHV� DQG \HW� ZKHQ ERRVWHG� FDQ FDSWXUH FRPSOH[ GHFLVLRQ ERXQGDULHV �%UHLPDQ

������

, EHJDQ ZRUN LQ WKH DUHD RI ERRVWLQJ VRRQ DIWHU )UHXQG DQG 6FKDSLUH ������ DS�

SHDUHG LQ SULQW� &KDSWHU � UHSRUWV WKH nQGLQJV RI P\ HDUOLHVW ZRUN RQ WKH WRSLF� 7KH

PRGHO PHUJLQJ VFKHPH LQ ��� DSSHDUV FRPSOH[� :LWK WKH JRDO WR FRPELQH $GD%RRVW
V
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SHUIRUPDQFH JDLQV ZKLOH PDLQWDLQLQJ LQWHUSUHWDELOLW\� , VKRZHG WKDW WKH ERRVWHG QD�rYH

%D\HV FODVVLnHU FDQ DFKLHYH ERWK� 7KH FRPSXWDWLRQDO OHDUQLQJ WKHRULVWV ZHUH SULPDU�

LO\ FRQFHUQHG ZLWK ERRVWLQJ FODVVLnFDWLRQ SUREOHPV� EXW LW LV QDWXUDO WR FRQVLGHU WKHLU

DSSOLFDELOLW\ WR UHJUHVVLRQ SUREOHPV� &KDSWHU � SURSRVHV D PHWKRG RI GLUHFWO\ WUDQV�

IHUULQJ ERRVWLQJ IURP FODVVLnFDWLRQ WR UHJUHVVLRQ YLD D WUDQVIRUPDWLRQ RI WKH GDWDVHW�

, DP DEOH WR XVH D YDULDQW RI WKH LQWHUSUHWDEOH ERRVWHG QD�rYH %D\HV FODVVLnHU GHULYHG

LQ FKDSWHU � WR nW ERRVWHG UHJUHVVLRQ PRGHOV� 7KH ERRVWHG QD�rYH %D\HV FODVVLnFDWLRQ

DQG UHJUHVVLRQ ZRUN� IROORZLQJ &KDUOHV (ONDQ
V OHDG �(ONDQ ������ FRQWLQXHG WR PDNH

FRQQHFWLRQV EHWZHHQ ERRVWHG PRGHOV DQG QRQ�OLQHDU DGGLWLYH PRGHOV� D FRQQHFWLRQ

PDGH H[SOLFLW LQ ODWHU ZRUN� $OWKRXJK WKHVH PHWKRGV KHOSHG H[WHQG WKH SUDFWLFDOLW\

RI ERRVWLQJ� WKH\ GLG OLWWOH WR H[SODLQ ZK\ ERRVWLQJ VHHPHG WR ZRUN�

)URP WKH VWDWLVWLFLDQ
V SRLQW RI YLHZ� WKH EUHDNWKURXJK LQ ERRVWLQJ RFFXUHG LQ

)ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL ������� $OWKRXJK VWLOO IRFXVHG RQ FODVVLnFDWLRQ

SUREOHPV� WKH\ VKRZHG WKDW )UHXQG DQG 6FKDSLUH
V $GD%RRVW DOJRULWKP LV DQ RSWL�

PL]DWLRQ PHWKRG IRU nQGLQJ D FODVVLnHU WKDW PLQLPL]HV D SDUWLFXODU H[SRQHQWLDO ORVV

IXQFWLRQ� 2WKHU DXWKRUV KDYH DOVR PDGH WKH FRQQHFWLRQ EHWZHHQ ERRVWLQJ DQG RSWL�

PL]DWLRQ �%UHLPDQ ����� 0DVRQ HW DO� ������ )ULHGPDQ HW DO� SURFHHGHG WR VKRZ

WKDW WKH H[SRQHQWLDO ORVV IXQFWLRQ XVHG LQ $GD%RRVW LV FORVHO\ UHODWHG WR WKH %HUQRXOOL

OLNHOLKRRG DQG GHYHORSHG D QHZ ERRVWLQJ DOJRULWKP WKDW nQGV D FODVVLnHU WR GLUHFWO\

PD[LPL]H D %HUQRXOOL OLNHOLKRRG� 7KH LPSRUWDQW nQGLQJ RI WKLV ZRUN LV WKDW LW OLQNV

WKH ZRUN RI WKH FRPSXWDWLRQDO OHDUQLQJ WKHRULVW WR D OLNHOLKRRG PHWKRG RI VWDQGDUG

VWDWLVWLFDO SUDFWLFH�

$OWKRXJK ERRVWLQJ DOJRULWKPV RQ WKH VXUIDFH DSSHDU FRPSOH[� FORVHU LQVSHFWLRQ

ZLOO VKRZ WKDW WKH\ KDYH PXFK LQ FRPPRQ ZLWK KRZ D VWDWLVWLFLDQ PLJKW nW IDPLOLDU

OLQHDU PRGHOV� 7KLV VLPLODULW\ ZLOO OHDG GLUHFWO\ LQWR WKHLU DSSOLFDWLRQ WR H[SRQHQWLDO

IDPLO\ DQG SURSRUWLRQDO KD]DUGV UHJUHVVLRQ PRGHOV� DOO RI ZKLFK FDQ DGPLW D ERRVWHG

IRUP� $OVR ZH FDQ H[SORLW WKH PRGXODU VWUXFWXUH RI ERRVWLQJ DOJRULWKPV WR HQVXUH

WKDW RXU PRGHO KDV WKH PRVW GHVLUDEOH VWDWLVWLFDO SURSHUWLHV� UREXVWQHVV� YDULDQFH
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UHGXFWLRQ� LQWHUSUHWDELOLW\� DQG VFDODELOLW\ WR PDVVLYH GDWDVHWV� /DVWO\� , ZLOO DGGUHVV

WKH TXHVWLRQ DV WR ZKHWKHU ERRVWLQJ DOJRULWKPV EHORQJ LQ WKH FODVV RI PRGHO PL[LQJ

PHWKRGV DQG ZKHUH , EHOLHYH WKH IXWXUH RI SUHGLFWLRQ PRGHOV OLHV�

����� %RRVWLQJ IRU FODVVLnFDWLRQ

(YHQ EHIRUH LW ZDV SXEOLVKHG� )UHXQG DQG 6FKDSLUH
V 'LVFUHWH $GD%RRVW ZDV JHQHUDWLQJ

JUHDW LQWHUHVW� ,W VHHPHG WKDW WKH SHUIRUPDQFH RI MXVW DERXW DQ\ FODVVLnHU FRXOG EH

LPSURYHG ERWK LQ WHUPV RI ELDV DQG YDULDQFH� )XUWKHUPRUH� WKH SURFHGXUH VHHPHG

LPPXQH WR RYHUnWWLQJ� 2QH ZRXOG VLPSO\ nW WKH FODVVLnHU� K��[�� WR WKH GDWDVHW�

XSZHLJKW WKH REVHUYDWLRQV LW PLVFODVVLnHG� DQG nW DQRWKHU FODVVLnHU� K��[�� XVLQJ WKH

QHZ REVHUYDWLRQ ZHLJKWV� 7KH DOJRULWKP LWHUDWHV VHYHUDO WLPHV SLOLQJ PRUH ZHLJKW RQ

WKH GLpFXOW WR FODVVLI\ REVHUYDWLRQV� ,Q WKH HQG DOO WKH FODVVLnHUV SDUWLFLSDWH LQ D

ZHLJKWHG YRWH IRU WKH nQDO FODVVLnFDWLRQ UXOH� )UHXQG DQG 6FKDSLUH GHYHORSHG WKHLU

SDUWLFXODU ZHLJKW DQG PHUJH VFKHPH WR LWHUDWLYHO\ UHGXFH DQ XSSHU ERXQG RQ WKH

WUDLQLQJ HUURU�

6RPH HDUO\ UHVHDUFK LQYHVWLJDWHG ERRVWLQJ VSHFLnF W\SHV RI FODVVLnHUV XVLQJ WKH

'LVFUHWH $GD%RRVW DOJRULWKP� &ODVVLnFDWLRQ WUHHV VHHP WR GRPLQDWH PRVW ERRVWLQJ

UHVHDUFK EHFDXVH RI WKHLU oH[LELOLW\ DQG SHUIRUPDQFH LQ KLJK�GLPHQVLRQV� )XUWKHUPRUH�

ERRVWLQJ WHQGV WR LPSURYH FODVVLnFDWLRQ WUHHV JUHDWO\ VLQFH WKH\ DUH RIWHQ XQVWDEOH�

VOLJKW YDULDWLRQV LQ WKH GDWDVHW GUDVWLFDOO\ FKDQJLQJ WKHLU SUHGLFWLRQV� /HR %UHLPDQ

VDLG WKDW $GD%RRVW ZLWK WUHHV LV WKH EHVW ?Rm�WKH�VKHOI� FODVVLnHU �%UHLPDQ ������

7KH .QRZOHGJH 'LVFRYHU\ DQG 'DWD PLQLQJ FRQIHUHQFH LQ ���� �.''
��� KHOSHG

EULQJ WKH WRSLF RI ERRVWLQJ WR WKH DWWHQWLRQ RI SUDFWLFDO GDWD DQDO\VLV� &KDUOHV (ONDQ
V

DSSOLFDWLRQ RI ERRVWHG QD�rYH %D\HV ZRQ nUVW SODFH RXW RI �� HQWULHV LQ WKH .''
��

GDWD PLQLQJ FRPSHWLWLRQ �(ONDQ ������ 0DQ\ RI WKH FRPSHWLWRUV XVHG YHU\ FRPSOH[

DOJRULWKPV� +RZHYHU� WKH ERRVWHG QD�rYH %D\HV FODVVLnHU� WKRXJK FRPSDUDWLYHO\ VLPSOH�

VWLOO RXWSHUIRUPHG WKHP RQ WKH SRVHG SUREOHP� 0\ RZQ LQWHUHVW LQ ERRVWLQJ EHJDQ DW

WKLV SRLQW DQG OHDG WR P\ nUVW FRQWULEXWLRQ WR WKH WRSLF� :KLOH WKH XVXDO QRQ�ERRVWHG
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QD�rYH %D\HV DSSURDFK OHDGV WR HOHJDQW DQG HmHFWLYH H[SODQDWLRQV �VHH� IRU H[DPSOH�

0DGLJDQ� 0RVXUVNL� DQG $OPRQG ���� DQG %HFNHU� .RKDYL� DQG 6RPPHUnHOG ������

WKH $GD%RRVW�HG YHUVLRQ GHVWUR\V WKLV IHDWXUH� 7KH UHVHDUFK SUHVHQWHG LQ FKDSWHU � DV

ZHOO DV 5LGJHZD\� 0DGLJDQ� 5LFKDUGVRQ� DQG 2
.DQH ������ VKRZHG WKDW WKH ERRVWHG

QD�rYH %D\HV FODVVLnHU IRUPV GHFLVLRQ ERXQGDULHV WKDW DUH DSSUR[LPDWHO\ OLQHDU LQ WKH

SUHGLFWRUV� 7KLV DOORZV HDV\ LQWHUSUHWDWLRQ RI WKH PRGHO
V UHDVRQLQJ SURFHVV�

%HVLGHV HPSLULFDO H[SORUDWLRQ LQWR WKH SHUIRUPDQFH RI WKHVH FODVVLnHUV� VWDWLVWLFLDQV

DQG FRPSXWDWLRQDO OHDUQLQJ WKHRULVWV EHJDQ WKH VHDUFK IRU WKH H[SODQDWLRQ� )UHXQG

DQG 6FKDSLUH ������ VKRZHG WKDW LQ HDFK LWHUDWLRQ $GD%RRVW UHGXFHV WKH WUDLQLQJ HUURU

DQG SURGXFHG VRPH JHQHUDOL]DWLRQ HUURU ERXQGV EDVHG RQ 9& GLPHQVLRQ� +RZHYHU�

WKH SHUIRUPDQFH LQ SUDFWLFH RXWSDFHG WKLV ERXQG�

0RUH UHFHQWO\ DWWHQWLRQ KDV VKLIWHG WR D UHnQHPHQW RI WKH RULJLQDO $GD%RRVW DOJR�

ULWKP� 7KH 5HDO $GD%RRVW DOJRULWKP �6FKDSLUH DQG 6LQJHU ����� SURGXFHV ?FRQnGHQFH

UDWHG SUHGLFWLRQV�� 6XSSRVH ZH ZLVK WR SUHGLFW D ELQDU\ RXWFRPH < � Ib�� �J ZLWK D
FODVVLnHU ) �[� � � WKDW SXWV RXW D SRVLWLYH QXPEHU LI LW IDYRUV <  �� DQG D QHJDWLYH
QXPEHU LI LW IDYRUV <  b�� 7KH PDJQLWXGH RI ) �[� GHWHUPLQHV WKH FRQnGHQFH LQ WKH
SUHGLFWLRQ� ,Q GHWDLO WKH 5HDO $GD%RRVW DOJRULWKP SURFHHGV DV VKRZQ LQ nJXUH ����

,W GLmHUV IURP WKH 'LVFUHWH $GD%RRVW DOJRULWKP LQ WKDW LW SHUIRUPV WKH ERRVWLQJ RQ

D ORJ�RGGV VFDOH UDWKHU WKDQ D SUREDELOLW\ VFDOH� KDV D VOLJKWO\ GLmHUHQW UHZHLJKWLQJ

VFKHPH� DQG FRPELQHV WKH FODVVLnHUV PRUH VLPSO\�

,Q D UDWKHU REVFXUH WHFKQLFDO UHSRUW� %UHLPDQ ������ nUVW QRWLFHG WKDW $GD%RRVW

ZDV DQ RSWLPL]DWLRQ DOJRULWKP� 7KLV FRQQHFWLRQ ZLWK RSWLPL]DWLRQ ZDV FODULnHG DQG

H[SDQGHG XSRQ LQ )ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL ������� 7KHLU DUJXPHQW LV DV

IROORZV� $V EHIRUH� OHW < � Ib�� �J DQG RXU FODVVLnHU� ) �[�� ZLOO SURGXFH D UHDO�
YDOXHG RXWSXW� /HW WKH ORVV RI D SDUWLFXODU FODVVLnHU EH

-�) �  (
K
Hb\) �[�M[

L
� �����

7KH ORVV IXQFWLRQ LQ ����� LV VPDOO ZKHQ WKH VLJQV RI \ DQG ) �[� DJUHH� RU LQ RWKHU
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,QLWLDOL]H WKH ZHLJKWV RI HDFK RI WKH 1 REVHUYDWLRQV WR Z
���
L  �

1
� )RU W LQ �� � � � � 7

LWHUDWH WKH IROORZLQJ VWHSV�

�� 8VLQJ WKH ZHLJKWV� HVWLPDWH 3 �<  �M[��

�� 6HW KW�[L�  ORJ
A3 �< �M[�
A3 �< b�M[�

�

�� 8SGDWH WKH REVHUYDWLRQ ZHLJKWV DV

Z
�W���
L  Z

�W�
L H[S�bmW\LKW�[L���

�� 1RUPDOL]H Z�W��� WR VXP WR ��

7KH nQDO ERRVWHG PRGHO VXJJHVWHG E\ )UHXQG DQG 6FKDSLUH WKDW FRPELQHV WKH PRGHOV

RI HDFK LWHUDWLRQ LV

+�[L�  VLJQ

�
7;
W �

KW�[L�

�
�

+HUH mW LV D WXQLQJ SDUDPHWHU WKDW ZH ZLOO VHW WR ��

)LJXUH ���� 7KH 5HDO $GD%RRVW DOJRULWKP



��

ZRUGV� ZKHQ WKH FODVVLnFDWLRQ LV FRUUHFW� 2QH FDQ DOVR VKRZ WKDW ����� LV DQ XSSHU

ERXQG� WKRXJK QRW D YHU\ WLJKW RQH� RQ WKH PLVFODVVLnFDWLRQ UDWH �6FKDSLUH DQG 6LQJHU

������ *LYHQ D FXUUHQW FODVVLnHU RQH PLJKW ZLVK WR LPSURYH XSRQ LW E\ DGGLQJ D QHZ

WHUP� I�[�� VR WKDW -�) � I� � -�) �� 0LQLPL]LQJ -�) � I� ZLWK UHVSHFW WR I \LHOGV

WKDW

I�[�  
�

�
ORJ

(Z�< M[�
�b(Z�< M[�  

�

�
ORJ

3Z�<  ��M[�
3Z�<  b�M[�

ZKHUH (Z�< M[�  (�Z�<�[�< M[�

(�Z�<�[�M[�
DQG 3Z�c� LV D ZHLJKWHG FRQGLWLRQDO SUREDELOLW\ ZLWK

ZHLJKWV Z  Hb\) �[�� XVXDOO\ HVWLPDWHG LQ SUDFWLFH XVLQJ WUHHV� QHXUDO QHWZRUNV� RU

QD�rYH %D\HV FODVVLnHUV� )ULHGPDQ HW DO� VKRZ WKDW UHSHDWHGO\ XSGDWLQJ XVLQJ ) �[��
) �[� � I�[� LV HTXLYDOHQW WR WKH 5HDO $GD%RRVW DOJRULWKP�

7R WKH VWDWLVWLFLDQ� PLQLPL]LQJ WKH H[SRQHQWLDO ERXQG ����� VHHPV XQQDWXUDO VLQFH

ZH PRUH RIWHQ ZRUN ZLWK PD[LPL]LQJ OLNHOLKRRGV� )ULHGPDQ HW DO� ������ QRWHG WKDW

WKH PLQLPL]HU RI ����� LV WKH VDPH DV WKH PD[LPL]HU RI WKH H[SHFWHG %HUQRXOOL ORJ�

OLNHOLKRRG

-�) �  (C�) �  (
K
\e) �[�b ORJ

r
� � H) �[�

s
M[
L
� �����

ZKHUH \e  �
�
�� � \� � I�� �J� 7KH H[SUHVVLRQ LQ ��� DVVXPHV WKDW \e z %HUQ�S�[��

ZKHUH S�[�  �
��Hb)�[�

� )XUWKHUPRUH� WKH H[SRQHQWLDO FULWHULRQ DQG WKH %HUQRXOOL

ORJ�OLNHOLKRRG DUH HTXLYDOHQW WR D VHFRQG RUGHU 7D\ORU H[SDQVLRQ DURXQG )  �� $W

WKLV SRLQW )ULHGPDQ HW DO� WDNH WKH VWHS WR SURGXFH D ERRVWLQJ DOJRULWKP WKDW GLUHFWO\

PD[LPL]HV WKH %HUQRXOOL ORJ�OLNHOLKRRG ����� UDWKHU WKDQ WKH H[SRQHQWLDO PLVFODVVLnFD�

WLRQ ERXQG ������ 6LPLODU WR WKHLU 5HDO $GD%RRVW GHULYDWLRQ� JLYHQ D FXUUHQW FODVVLnHU

WKHLU /RJLW%RRVW DOJRULWKP DGGV QHZ FRPSRQHQWV WR IXUWKHU LQFUHDVH WKH %HUQRXOOL

ORJ�OLNHOLKRRG XVLQJ 1HZWRQ VWHSV�

:H FDQ VHOHFW RQH RI PDQ\ RSWLPL]DWLRQ PHWKRGV WR nQG DQ I WKDW LQFUHDVHV

-�) �I�� WKH %HUQRXOOL ORJ�OLNHOLKRRG VKRZQ LQ ������ )ULHGPDQ HW DO� FKRVH WR GHULYH

D 1HZWRQ DOJRULWKP� *LYHQ D FXUUHQW HVWLPDWH IRU ) �[� WKH 1HZWRQ XSGDWH IRU A) �[�
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7DEOH ���� 0LVFODVVLnFDWLRQ UDWHV RI ERRVWHG WUHHV � IURP )ULHGPDQ� HW DO ������

&$57 $GD%RRVW /RJLW%RRVW

%UHDVW ���� ���� ����

,RQ ���� ���� ����

*ODVV ����� ����� �����

6RQDU ����� ����� �����

:DYHIRUP ����� ����� �����

LV

A) �[� � A) �[�b
#

#I
-� A) � I�MI �

#�

#I�
-� A) � I�MI �

�����

 A) �[� � (Z

�
\e b S�[�

S�[���b S�[��
M[
�

�����

ZKHUH Z  S�[���b S�[�� DQG S�[�  
�

� � Hb A) �[�
�����

1HZWRQ RSWLPL]DWLRQ� WKHUHIRUH� WHOOV XV WR UHSHDWHGO\ VXEVWLWXWH ZHLJKWHG H[SHFWD�

WLRQV WR LPSURYH A) �[�� 1RWH WKDW WKH ZHLJKWLQJ LQ ����� LPSOLHV WKDW WKH ODUJHVW

ZHLJKWV SLOH RQWR WKH GLpFXOW WR FODVVLI\ REVHUYDWLRQV� WKRVH QHDU S�[�  �
�
� 7KLV

LV DW OHDVW VLPLODU LQ VSLULW WR WKH $GD%RRVW DOJRULWKP� 6LQFH ZH GR QRW NQRZ WKH

YDOXH RI WKH H[SHFWDWLRQV LQ ����� ZH FDQ DSSUR[LPDWH WKHP E\ FKRRVLQJ RQH RI RXU

IDYRULWH UHJUHVVLRQ PHWKRGV� 6XEVWLWXWLQJ D OLQHDU PRGHO LQ ����� IRU WKH ZHLJKWHG

H[SHFWDWLRQ UHGXFHV WR WKH LWHUDWLYHO\ UHZHLJKWHG OHDVW VTXDUHV DOJRULWKP IRU nWWLQJ

OLQHDU ORJLVWLF UHJUHVVLRQ PRGHOV� )ULHGPDQ HW DO� XVH &$57 �%UHLPDQ HW DO� ����� UH�

JUHVVLRQ LQ WKHLU H[SHULPHQWDO UHVXOWV DQG VKRZ VXEVWDQWLDO LPSURYHPHQW LQ DFFXUDF\

RYHU D QRQ�ERRVWHG &$57 FODVVLnHU� 7DEOH ��� VKRZV WKH HmHFW RI ERRVWLQJ RQ WKH

PLVFODVVLnFDWLRQ UDWH XVLQJ nYH 8&, FODVVLnFDWLRQ GDWDVHWV �0HU] DQG 0XUSK\ ������

&RPSXWDWLRQDO OHDUQLQJ WKHRULVWV DUH PRUH HDJHU WR FODLP ERRVWLQJ
V DVVRFLDWLRQ

ZLWK WKH WKHRU\ RI PDUJLQV DQG VXSSRUW YHFWRU PDFKLQHV WKDQ ZLWK RSWLPL]DWLRQ DQG
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OLNHOLKRRGV �6FKDSLUH ����D� 6FKDSLUH HW DO� ������ +RZHYHU� WKHVH DXWKRUV DUH DOVR

EHJLQQLQJ WR GLVFXVV WKH UHODWLRQVKLS WR VWDWLVWLFV �6FKDSLUH ����E� 0DVRQ HW DO� ������

%XW RQFH ERRVWLQJ DQG OLNHOLKRRG PHWKRGV EHFRPH UHODWHG� WKH GRRU RSHQV WR PDQ\

RWKHU VWDWLVWLFDO PRGHOV� $QG VR WKH nQGLQJV RI )ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL

������ OHDG XV GLUHFWO\ LQWR PHWKRGRORJ\ IRU JHQHUDWLQJ ERRVWLQJ DOJRULWKPV IRU D

ODUJH FODVV RI RWKHU OLNHOLKRRG EDVHG PRGHOV�

����� %RRVWLQJ IRU UHJUHVVLRQ

$W WKH FRQFOXVLRQ RI WKHLU SDSHU� )UHXQG DQG 6FKDSLUH ������ RXWOLQH WKHLU LGHDV IRU DS�

SO\LQJ WKH $GD%RRVW DOJRULWKP WR UHJUHVVLRQ SUREOHPV� +RZHYHU� 'UXFNHU ������ nUVW

SURSRVHG DQG WHVWHG SUDFWLFDO PHWKRGV IRU ERRVWLQJ UHJUHVVLRQ� +LV DG KRF PHWKRG

IROORZHG WKH VSLULW RI WKH $GD%RRVW DOJRULWKP E\ UHSHDWHGO\ SHUIRUPLQJ ZHLJKWHG WUHH

UHJUHVVLRQ IROORZHG E\ XSZHLJKWLQJ WKH SRRUO\ SUHGLFWHG REVHUYDWLRQV DQG GRZQZHLJKW�

LQJ WKH ZHOO SUHGLFWHG RQHV� &RPSDUHG ZLWK nWWLQJ MXVW RQH WUHH� KLV PHWKRG VHHPV

WR EH FRPSHWLWLYH� %UHLPDQ ������ VXJJHVWV KRZ RQH PLJKW GHDO ZLWK ERRVWLQJ UH�

JUHVVLRQ SUREOHPV ZLWK KLV DUF�JY PHWKRGRORJ\� 7KHVH PHWKRGV KDYH QRW \HW EHHQ

LQYHVWLJDWHG� +LV PRUH UHFHQW ZRUN RQ DGDSWLYH EDJJLQJ �%UHLPDQ ������ ZKLFK LV

TXLWH VLPLODU WR ERRVWLQJ LGHDV� DSSHDUV WR VKRZLQJ SURPLVLQJ LPSURYHPHQWV LQ WHUPV

RI ELDV DQG YDULDQFH�

3ULRU WR )ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL ������ QR FOHDU ZD\ IRU LPSRUWLQJ ERRVW�

LQJ WR UHJUHVVLRQ SUREOHPV H[LVWHG� $GDSWLQJ VRPH RI WKH LGHDV RQ ERRVWLQJ UHJUHVVLRQ

IURP )UHXQG DQG 6FKDSLUH ������� , ZDV DEOH WR FUHDWH D ERRVWHG UHJUHVVLRQ DOJRULWKP�

5LGJHZD\� 0DGLJDQ� DQG 5LFKDUGVRQ ������ SURSRVHG PDSSLQJ WKH UHJUHVVLRQ SUREOHP

LQWR D FODVVLnFDWLRQ SUREOHP� DSSO\LQJ WKH ERRVWHG QD�rYH %D\HV FODVVLnHU SURSRVHG LQ

FKDSWHU �� DQG WUDQVIRUPLQJ WKH UHVXOWLQJ FODVVLnHU EDFN DV D UHJUHVVRU� 7KH\ VKRZHG

WKDW WKLV PHWKRG nWV DQ DGGLWLYH PRGHO EXW DOVR HVWLPDWHV D WUDQVIRUPDWLRQ RI WKH

UHVSRQVH YDULDEOH� &KDSWHU � VKRZV WKH GHULYDWLRQ RI WKLV DOJRULWKP DQG WHVWV LWV SHU�

IRUPDQFH ZLWK RWKHU LQWHUSUHWDEOH PXOWLYDULDWH UHJUHVVLRQ SURFHGXUHV� 7KH HPSLULFDO
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UHVXOWV VKRZ WKDW LW SHUIRUPV VLPLODUO\ WR JHQHUDOL]HG DGGLWLYH PRGHOV �+DVWLH DQG

7LEVKLUDQL ����� DQG RXWSHUIRUPV &$57 LQ IRXU VLPXODWHG H[DPSOHV EXW SHUIRUPV

VOLJKWO\ ZRUVH RQ RQH RI WKH WZR UHDO GDWDVHWV LQYHVWLJDWHG�

2I WKHVH PHQWLRQHG ZRUNV UHODWHG WR ERRVWLQJ UHJUHVVLRQ SUREOHPV RQO\ %UHLPDQ

������ DOOXGHV WR LQYROYLQJ RSWLPL]DWLRQ RI D UHJUHVVLRQ ORVV IXQFWLRQ DV SDUW RI WKH

ERRVWLQJ DOJRULWKP� )ULHGPDQ �����D� DQG WKH FRPSDQLRQ SDSHU )ULHGPDQ �����E�

H[WHQGHG WKH ZRUN RI )ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL ������ DQG FUHDWHG WKH JURXQG

ZRUN IRU D QHZ JHQHUDWLRQ RI ERRVWLQJ DOJRULWKPV� 8VLQJ WKH FRQQHFWLRQ EHWZHHQ

ERRVWLQJ DQG RSWLPL]DWLRQ PDGH H[SOLFLW LQ )ULHGPDQ HW DO� ������� WKLV QHZ ZRUN

SURSRVHV WKH *UDGLHQW %RRVWLQJ 0DFKLQH�

,Q DQ\ IXQFWLRQ HVWLPDWLRQ SUREOHP ZH ZLVK WR nQG D UHJUHVVLRQ IXQFWLRQ� A) �[��

WKDW PLQLPL]HV WKH H[SHFWDWLRQ RI VRPH ORVV IXQFWLRQ� k�\� ) �� DV VKRZQ LQ �������

A) �[�  DUJPLQ
) �[�

(\�[k�\� ) �[��

 DUJPLQ
) �[�

([

K
(\M[k�\� ) �[��

nnn[L ������

:H ZLOO IRFXV RQ nQGLQJ HVWLPDWHV RI ) �[� VXFK WKDW

A) �[�  DUJPLQ
) �[�

(\M[ >k�\� ) �[��M[@ � ������

3DUDPHWULF UHJUHVVLRQ PRGHOV DVVXPH WKDW ) �[� FRQVLVWV RI D nQLWH QXPEHU RI SDUDP�

HWHUV� n� DQG HVWLPDWHV WKHP E\ VHOHFWLQJ WKRVH YDOXHV WKDW PLQLPL]H D ORVV IXQFWLRQ

�L�H� VTXDUHG HUURU ORVV� RYHU D WUDLQLQJ VDPSOH RI 1 REVHUYDWLRQV RQ �\�[� SDLUV DV LQ

�������

An  DUJPLQ
n

1;
L �

k�\L� ) �[L�n�� ������

:KHQ ZH ZLVK WR HVWLPDWH ) �[� QRQ�SDUDPHWULFDOO\ WKH WDVN EHFRPHV PRUH GLpFXOW�

$JDLQ ZH FDQ SURFHHG VLPLODUO\ WR ����� DQG PRGLI\ RXU FXUUHQW HVWLPDWH RI ) �[� E\

DGGLQJ D QHZ IXQFWLRQ I�[� LQ D JUHHG\ IDVKLRQ� /HWWLQJ )L  ) �[L�� ZH VHH WKDW ZH
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,QLWLDOL]H A) �[�  DUJPLQ|
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L �k�\L� |� ZKHUH | LV D FRQVWDQW�
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�� &RPSXWH WKH QHJDWLYH JUDGLHQW DV WKH ZRUNLQJ UHVSRQVH
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�� )LW D UHJUHVVLRQ PRGHO� I�[�� SUHGLFWLQJ ]L IURP WKH FRYDULDWHV [L�

�� &KRRVH D JUDGLHQW GHVFHQW VWHS VL]H DV
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�� 8SGDWH WKH HVWLPDWH RI ) �[� DV
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)LJXUH ���� )ULHGPDQ
V *UDGLHQW %RRVW DOJRULWKP
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7KH QHJDWLYH JUDGLHQW RI -�)� LQGLFDWHV WKH GLUHFWLRQ RI WKH ORFDOO\ JUHDWHVW GHFUHDVH

LQ -�)�� *UDGLHQW GHVFHQW ZRXOG WKHQ KDYH XV PRGLI\ ) DV

A) � A)b |U-�)� ������

ZKHUH | LV WKH VL]H RI WKH VWHS DORQJ WKH GLUHFWLRQ RI JUHDWHVW GHVFHQW� &OHDUO\� WKLV

VWHS DORQH LV IDU IURP RXU GHVLUHG JRDO� )LUVW� LW RQO\ nWV ) DW YDOXHV RI [ IRU ZKLFK

ZH KDYH REVHUYDWLRQV� 6HFRQG� LW GRHV QRW WDNH LQWR DFFRXQW WKDW REVHUYDWLRQV ZLWK

VLPLODU [ DUH OLNHO\ WR KDYH VLPLODU YDOXHV RI ) �[� �L�H� ) �[� LV OLNHO\ FRQWLQXRXV

DQG VPRRWK�� %RWK WKHVH SUREOHPV ZRXOG KDYH GLVDVWURXV HmHFWV RQ JHQHUDOL]DWLRQ

HUURU� +RZHYHU� )ULHGPDQ VXJJHVWV VHOHFWLQJ D FODVV RI IXQFWLRQV WKDW XVH WKH FRYDULDWH

LQIRUPDWLRQ WR DSSUR[LPDWH WKH JUDGLHQW� 7KLV OLQH RI UHDVRQLQJ SURGXFHV KLV *UDGLHQW

%RRVWLQJ DOJRULWKP VKRZQ LQ nJXUH ���� $W HDFK LWHUDWLRQ WKH DOJRULWKP GHWHUPLQHV

WKH GLUHFWLRQ� WKH JUDGLHQW� LQ ZKLFK LW QHHGV WR LPSURYH WKH nW WR WKH GDWD DQG VHOHFWV

D SDUWLFXODU PRGHO IURP WKH DOORZDEOH FODVV RI IXQFWLRQV WKDW LV LQ PRVW DJUHHPHQW

ZLWK WKH GLUHFWLRQ�

)LJXUH ��� GHPRQVWUDWHV WKH JHRPHWU\ RI WKH JUDGLHQW ERRVWLQJ PDFKLQH� ,Q WKLV

FDVH WKH WUXH UHJUHVVLRQ IXQFWLRQ� ) �[�� LV WKH VLQXVRLGDO FXUYH DQG RXU FXUUHQW HVWL�

PDWH LV WKH FRQVWDQW OLQH DW ]HUR� A) �[�  �� $VVXPLQJ WKDW ZH KDG ��� REVHUYDWLRQV

IURP VRPH OLNHOLKRRG EDVHG PRGHO� ZH FDQ FRPSXWH WKH JUDGLHQW RI WKH ORJ�OLNHOLKRRG

DW HDFK RI WKRVH ��� REVHUYDWLRQV� 7KH YHUWLFDO OLQHV LQGLFDWH WKH JUDGLHQW GLUHF�

WLRQ WKDW HDFK RI WKHVH SRLQWV ZRXOG OLNH WR PRYH LQ RUGHU WR IXUWKHU LQFUHDVH WKH

DVVRFLDWHG ORJ�OLNHOLKRRG� &OHDUO\ WKHUH LV UDQGRPQHVV� EXW RQ DYHUDJH WKH JUDGLHQW

LQGLFDWHV PRYHV FORVHU WR WKH WUXH ) �[�� ,QFRUSRUDWLQJ FRYDULDWH LQIRUPDWLRQ ZH FDQ

DSSUR[LPDWH WKH JUDGLHQW E\ D RQH VSOLW &$57 PRGHO VKRZQ LQ nJXUH ��� DV WKH VWHS
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)LJXUH ���� *HRPHWU\ RI WKH *UDGLHQW %RRVWLQJ 0DFKLQH

IXQFWLRQ� 7KH &$57 PRGHO VHHPV WR FDSWXUH WKH JHQHUDO WUHQG RI WKH JUDGLHQW DQG

PDNHV D PRYH IURP A) �[�  � FORVHU WR WKH WUXH ) �[�� 7KLV VWHS IXQFWLRQ ZRXOG EH

WKH JUDGLHQW VWHS GLUHFWLRQ LQ WKH IXQFWLRQ VSDFH�

,Q WKH FDVH RI VTXDUHG�HUURU ORVV� k�\L� ) �[L��  
31

L ��\Lb) �[L��
�� WKLV DOJRULWKP

FRUUHVSRQGV H[DFWO\ WR UHVLGXDO nWWLQJ� )ULHGPDQ DOVR XVHV WKLV DOJRULWKP WR GHYHORS

QHZ ERRVWLQJ DOJRULWKPV IRU UREXVW UHJUHVVLRQ ZLWK OHDVW DEVROXWH GHYLDWLRQ DQG +XEHU

ORVV IXQFWLRQV �+XEHU ������

%HWZHHQ WKH ZRUN RI )ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL ������ DQG )ULHGPDQ

�����D� ZH KDYH WZR URXWHV WRZDUG ERRVWLQJ DOJRULWKPV IRU nWWLQJ PRGHOV WKDW DUH

LQ FRPPRQ VWDWLVWLFDO SUDFWLFH� :H FDQ PLPLF WKH GHULYDWLRQ RI WKH /RJLW%RRVW DO�

JRULWKP IRU RWKHU OLNHOLKRRGV RU LQVHUW OLNHOLKRRG EDVHG ORVV IXQFWLRQV IRU k�\� ) � LQ

WKH JUDGLHQW ERRVWLQJ IUDPHZRUN� &KDSWHU � H[SORUHV ERWK RI WKHVH URXWHV IRU nWWLQJ

H[SRQHQWLDO IDPLO\ DQG SURSRUWLRQDO KD]DUGV UHJUHVVLRQ PRGHOV� ,Q SDUWLFXODU , GHULYH

D JHQHUDO ERRVWLQJ DOJRULWKP IRU H[SRQHQWLDO IDPLO\ PRGHOV EDVHG RQ )LVKHU�VFRULQJ

RSWLPL]DWLRQ� 7KH /RJLW%RRVW DOJRULWKP LV D VSHFLDO FDVH RI WKLV FODVV� , DOVR GHULYH

JUDGLHQW ERRVWLQJ DOJRULWKPV IRU ERWK H[SRQHQWLDO IDPLO\ DQG SURSRUWLRQDO KD]DUGV

PRGHOV� , VKRZ RQ VLPXODWHG DQG UHDO GDWDVHWV WKDW WKHVH PHWKRGV VHHP WR RXWSHUIRUP
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PRUH VWDQGDUG UHJUHVVLRQ WHFKQLTXHV�

����� ,PSURYHPHQWV RQ ERRVWLQJ

%RRVWLQJ DOJRULWKPV KDYH D FRQYHQLHQW PRGXODU VWUXFWXUH WKDW H[SRVH WKHPVHOYHV WR

IXUWKHU LPSURYHPHQWV� $OO RI WKH DOJRULWKPV FRQVLVW RI DQ XSGDWH VWDJH RI WKH IRUP

A) �[�� A) �[� � (Z
K
]�\� A) �[��M[

L
� ������

'LmHUHQW OLNHOLKRRGV OHDG WR GLmHUHQW IXQFWLRQDO IRUPV IRU ]�\� A) �[�� ZLWKLQ WKLV IUDPH�

ZRUN� :H FDQ DOVR HVWLPDWH WKH FRQGLWLRQDO H[SHFWDWLRQ E\ WKH UHJUHVVLRQ PHWKRG RI

RXU FKRLFH� SODQHV� VPRRWKHUV� DQG WUHHV IRU H[DPSOH� 7KHUH DUH PDQ\ RWKHU SRVVLEOH

YDULDWLRQV�

$W WKH HQG RI FKDSWHU � , GLVFXVV VHYHUDO ZD\V LQ ZKLFK WKH VWUXFWXUH RI WKH ERRVW�

LQJ DOJRULWKP PD\ EH H[SORLWHG WR DFKLHYH VHYHUDO LGHDO VWDWLVWLFDO SURSHUWLHV� ,Q

SDUWLFXODU� ZH FDQ FUHDWH ERRVWLQJ SUHGLFWRUV WKDW DUH

q PRUH DFFXUDWH RQ WHVW GDWD E\ FRQWUROOLQJ WKH DOJRULWKPV RSWLPL]DWLRQ RU OHDUQ�
LQJ UDWH�

q PRUH VWDEOH E\ LQWURGXFLQJ D EDJJLQJ RU VXEVDPSOLQJ VWDJH�

q VFDODEOH E\ UDQGRPO\ VXEVDPSOLQJ� GHWHUPLQLVWLFDOO\ VDPSOLQJ� RU ZHLJKW WULP�

PLQJ�

q UREXVW E\ UHSODFLQJ WKH FRQGLWLRQDO H[SHFWDWLRQ E\ D UREXVW HVWLPDWRU RI FHQWUDO

WHQGHQF\� DQG

q LQWHUSUHWDEOH E\ IRUFLQJ ORZ RUGHU IXQFWLRQ DSSUR[LPDWLRQ�

5HVHDUFK� LQFOXGLQJ WKLV ZRUN� LV QRZ VKRZLQJ WKDW ERRVWLQJ UHSUHVHQWV D QHZ

FODVV RI OHDUQLQJ DOJRULWKPV WKDW )ULHGPDQ FRUUHFWO\ QDPHG ?JUDGLHQW PDFKLQHV�� $V
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DOO WKH H[WHQVLRQV GHVFULEHG KHUH VKRZ� ERRVWLQJ LWHUDWLYHO\ nWV VRPH IRUP RI WKH

UHVLGXDO� UHJLRQV RI WKH VDPSOH VSDFH ZKHUH WKH PRGHO
V SUHGLFWLRQV DUH PLVVLQJ WKH

WDUJHW GDWD� 7KLV EHLQJ WKH FDVH� WKH RULJLQDO FODVV RI PRGHO PL[LQJ SURFHGXUHV DUH

QRW LQ FRPSHWLWLRQ ZLWK ERRVWLQJ EXW UDWKHU FDQ FRH[LVW LQVLGH RU RXWVLGH D ERRVWLQJ

DOJRULWKP� 7KDW LV� RQH FRXOG DYHUDJH DFURVV ERRVWHG HVWLPDWHV RU SHUIRUP EDJJLQJ

DQG EXPSLQJ ZLWKLQ D ERRVWLQJ LWHUDWLRQ� 7KH IXWXUH RI UHJUHVVLRQ PD\ KROG QHZ

K\EULG PHWKRGV WKDW DUH UREXVW� KDYH ORZ ELDV DQG YDULDQFH� DQG DGHTXDWHO\ DFFRXQW

IRU PRGHO XQFHUWDLQW\�

��� %D\HVLDQ LQIHUHQFH LQ PDVVLYH GDWDVHWV

7KH DGYHQW RI WKH PDVVLYH GDWDVHW DQG WKH H[SDQVLRQ RI WKH nHOG RI GDWD PLQLQJ

KDV FUHDWHG WKH QHHG WR SURGXFH VWDWLVWLFDOO\ VRXQG PHWKRGV WKDW VFDOH WR WKHVH ODUJH

SUREOHPV� $OWKRXJK VWDWLVWLFV LQ WKH SDVW KDV GHDOW ZLWK H[WUDFWLQJ PD[LPXP LQIRU�

PDWLRQ IURP D VPDOO GDWDVHW� WKHVH QHZ SUREOHPV UHTXLUH PHWKRGV WKDW FDQ FRPSUHVV

WKH PDVVLYH GDWDVHW WR VRPHWKLQJ KXPDQO\ XQGHUVWDQGDEOH�

,Q FKDSWHU � , LQWURGXFH DQ DOJRULWKP EDVHG RQ LPSRUWDQFH VDPSOLQJ WR IDFLOLWDWH

0RQWH &DUOR VLPXODWLRQV ZKHQ WKH SRVWHULRU GLVWULEXWLRQ FRQGLWLRQV RQ D PDVVLYH

GDWDVHW� 7KH PHWKRG XVHV D SRVWHULRU GLVWULEXWLRQ FRQGLWLRQHG RQ D VPDOOHU� PRUH

PDQDJHDEOH SDUWLWLRQ RI WKH GDWDVHW DV D VDPSOLQJ GLVWULEXWLRQ� :LWK WKLV FKRLFH WKH

LPSRUWDQFH ZHLJKW IXQFWLRQ LV VLPSOH IRU DQ\ UHDGLO\ FRPSXWDEOH OLNHOLKRRG IXQFWLRQ�

,QFRUSRUDWLQJ WKH HQWLUH GDWDVHW UHTXLUHV RQO\ RQH VFDQ RI WKH UHPDLQLQJ REVHUYDWLRQV�

'HULYHG IURP DQ DGDSWLYH LPSRUWDQFH VDPSOLQJ DOJRULWKP� , SURSRVH SUHGLFWLYH ZHLJKW

WULPPLQJ WR JDLQ IXUWKHU VDPSOLQJ HpFLHQF\�

,Q FKDSWHU � , SUHVHQW VRPH SUHOLPLQDU\ LGHDV RQ D QHZ PHWKRG IRU SHUIRUPLQJ

LQIHUHQFH LQ D PDVVLYH GDWDVHW� :KHQ IDFHG ZLWK D PDVVLYH GDWDVHW WKH OLNHO\ UHVSRQVH

IURP D VWDWLVWLFLDQ LV WR VHOHFW D UDQGRP VDPSOH DQG nW D PRGHO WR WKH VDPSOH� 7KH

SRVVLELOLW\ H[LVWV� KRZHYHU� WKDW ZLWK D OLWWOH DGGLWLRQDO HmRUW RQH FRXOG FRPSRVH D
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PRUH SULQFLSOHG� VWUDWLnHG VXEVDPSOH WKDW RXWSHUIRUPV VLPSOH UDQGRP VDPSOLQJ EXW

DYRLGV LWHUDWLQJ PDQ\ WLPHV RYHU WKH IXOO GDWDVHW WR nW WKH GHVLUHG PRGHO�

7KH SULQFLSOH WKDW GULYHV WKLV ZRUN LV WKDW PDQ\ REVHUYDWLRQV LQ D PDVVLYH GDWDVHW

PLJKW EH UHGXQGDQW� HLWKHU FRSLHV RU QHDU FRSLHV RI RWKHU REVHUYDWLRQV� 'X0RXFKHO

HW DO� ������ SURSRVHG D PHWKRG WKDW EXLOGV D SVHXGR�GDWDVHW WKDW PDWFKHV WKH PR�

PHQWV RI WKH RULJLQDO GDWDVHW� 7KH\ VXJJHVW WKDW LI WKH OLNHOLKRRG LV VPRRWK WKHQ

?GDWD VTXDVKLQJ� ZLOO UHGXFH WKH UHGXQGDQF\ ZKLOH SUHVHUYLQJ PXFK RI WKH LQIRUPD�

WLRQ FRQWDLQHG LQ WKH IXOO GDWDVHW� 7KHLU PHWKRG LV LQGHSHQGHQW RI WKH PRGHO XQGHU

FRQVLGHUDWLRQ VR ORQJ DV WKH PRGHO UHOLHV RQO\ RQ WKRVH PRPHQWV EHLQJ SUHVHUYHG� EXW

VKRZV RQO\ D PRGHUDWH LPSURYHPHQW RYHU VLPSOH UDQGRP VDPSOLQJ�

:LWK D OLNHOLKRRG�EDVHG PRGHO LQ PLQG ZH PD\ EH DEOH WR VWUDWLI\ WKH REVHUYDWLRQV

LQWR FOXVWHUV ZLWK VLPLODU OLNHOLKRRG� LPSURYLQJ XSRQ WKH GDWD VTXDVKLQJ DSSURDFK DV

ZHOO DV WKH VLPSOH UDQGRP VDPSOH� 0RUH SUHFLVHO\� LI PDQ\ REVHUYDWLRQV KDYH WKH

VDPH YDOXH RI WKH OLNHOLKRRG IXQFWLRQ IRU DOO YDOXHV RI WKH SDUDPHWHUV� ZH ZRXOG OLNH

WR FOXVWHU WKHP DQG FDUU\ RXW D OLNHOLKRRG EDVHG LQIHUHQFH XVLQJ D ZHLJKWHG OLNHOLKRRG

RI WKH FOXVWHUHG GDWD� ,Q DOO VWHSV , WU\ WR OLPLW WKH QXPEHU RI H[SHQVLYH VFDQV RI WKH

GDWDVHW� 7KH SURFHVV RI ?OLNHOLKRRG FOXVWHULQJ� UHGXFHV UHGXQGDQF\ LQ WKH PDVVLYH

GDWDVHW SURGXFLQJ D VPDOOHU ZHLJKWHG GDWDVHW IRU ZKLFK VWDQGDUG VWDWLVWLFDO WRROV DUH

WUDFWDEOH� 8VLQJ D IHZ KHXULVWLFV WR DFKLHYH WKH OLNHOLKRRG FOXVWHULQJ SULQFLSOHV , VKRZ

VRPH HPSLULFDO UHVXOWV RQ D VLPSOH OLQHDU UHJUHVVLRQ PRGHO� 7KH HYLGHQFH LQGLFDWHV

WKDW WKH DGGLWLRQDO HmRUW WR FOXVWHU E\ OLNHOLKRRG UHVXOWV LQ VXEVWDQWLDO LPSURYHPHQW

RYHU D VLPSOH UDQGRP VDPSOH�

��� &RQWULEXWLRQV RI WKLV UHVHDUFK

�� , VKRZHG WKDW WKH ERRVWHG QD�rYH %D\HV FODVVLnHU IRUPV DSSUR[LPDWHO\ OLQHDU

GHFLVLRQ ERXQGDULHV DQG WKHUHIRUH DGPLWV DQ LQWHUSUHWDEOH IRUP� , DOVR VKRZ

WKDW WKH GHFLVLRQ ERXQGDU\ LV H[DFWO\ OLQHDU ZKHQ ERRVWLQJ WKH QD�rYH %D\HV
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FODVVLnHU XVLQJ 5HDO $GD%RRVW� �&KDSWHU ��

�� , DSSOLHG WKH LQWHUSUHWDEOH ERRVWHG QD�rYH %D\HV FODVVLnHU WR DQ DSSOLFDWLRQ LQ

NQHH LQMXU\ GLDJQRVLV� 7KH ZRUN VKRZV WKDW WKH FODVVLnHU LV QRW RQO\ DFFXUDWH

���� DFFXUDF\� EXW DOVR HDVLO\ LQWHUSUHWDEOH IRU WKH SUDFWLFLQJ VSRUWV PHGLFLQH

SK\VLFLDQ HYHQ LQ WKH FDVH RI PLVVLQJ SUHGLFWRUV� �&KDSWHU ��

�� , GHYHORSHG RQH RI WKH nUVW SUDFWLFDO ERRVWHG UHJUHVVLRQ SURFHGXUHV� , VKRZ LWV

UHODWLRQVKLS WR DGGLWLYH PRGHOV DQG GHPRQVWUDWH WKDW LW LV FRPSHWLWLYH DJDLQVW

RWKHU LQWHUSUHWDEOH PXOWLYDULDWH UHJUHVVLRQ SURFHGXUHV� �&KDSWHU ��

�� , JHQHUDOL]HG WKH ERRVWLQJ PHWKRGRORJ\ WR nW H[SRQHQWLDO IDPLO\ UHJUHVVLRQ PRG�

HOV� )RU WKLV SXUSRVH , GHULYHG D JHQHUDO ERRVWLQJ DOJRULWKP EDVHG RQ )LVKHU

VFRULQJ RI ZKLFK WKH /RJLW%RRVW DOJRULWKP LV D VSHFLDO FDVH� , DOVR GHYHORSHG D

JUDGLHQW DVFHQW DOJRULWKP IRU WKH VDPH SXUSRVH� )RU WKH JUDGLHQW DOJRULWKPV

, VKRZ WKDW RQH FDQ XVH H[LVWLQJ VRIWZDUH IRU nWWLQJ JHQHUDOL]HG OLQHDU PRGHOV�

�&KDSWHU ��

�� , DOVR H[WHQGHG WKH ERRVWLQJ PHWKRGRORJ\ WR nW SURSRUWLRQDO KD]DUGV UHJUHVVLRQ

PRGHOV� , GHULYHG ERRVWLQJ DOJRULWKPV IRU SDUDPHWULF VXUYLYDO PRGHOV DV ZHOO

DV PRGHOV nW XVLQJ &R[
V SDUWLDO OLNHOLKRRG� %RRVWLQJ FDQ DOVR HVWLPDWH QRQ�

SDUDPHWULFDOO\ ERWK WKH UHJUHVVLRQ IXQFWLRQ DQG WKH EDVHOLQH KD]DUG IXQFWLRQ�

�&KDSWHU ��

�� , GHULYHG DQ LPSRUWDQFH VDPSOLQJ DOJRULWKP IRU VDPSOLQJ IURP D SRVWHULRU GLV�

WULEXWLRQ WKDW FRQGLWLRQV RQ D PDVVLYH GDWDVHW� ,W KDV DQ HpFLHQW VDPSOLQJ

GLVWULEXWLRQ DQG IHDWXUHV DQ LPSRUWDQFH ZHLJKW FRPSXWDWLRQ WKDW LV OLQHDU LQ

WKH QXPEHU RI REVHUYDWLRQV DQG SUHGLFWRUV� �&KDSWHU ��

�� , GHYHORSHG DQ DGDSWLYH LPSRUWDQFH VDPSOLQJ DOJRULWKP IRU VDPSOLQJ IURP D
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SRVWHULRU GLVWULEXWLRQ WKDW FRQGLWLRQV RQ D PDVVLYH GDWDVHW� ,W LQFUHDVHV WKH

HpFLHQF\ RI WKH LPSRUWDQFH VDPSOHU ZKLOH PDLQWDLQLQJ DQ HDV\ VDPSOLQJ GLVWUL�

EXWLRQ DQG IDVW ZHLJKW FRPSXWDWLRQ� �&KDSWHU ��

�� , SURSRVHG WKH ?OLNHOLKRRG FOXVWHULQJ� PHWKRG IRU FRPSUHVVLQJ D PDVVLYH GDWDVHW

LQWR D VPDOOHU SVHXGR�GDWDVHW� 2Q D VLPXODWHG VLPSOH OLQHDU UHJUHVVLRQ H[DPSOH

, VKRZ WKDW ZLWK D OLWWOH DGGLWLRQDO FRPSXWDWLRQ OLNHOLKRRG FOXVWHULQJ JUHDWO\

RXWSHUIRUPV VLPSOH UDQGRP VDPSOLQJ� �&KDSWHU ��
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&KDSWHU �

%2267(' 1$�,9( %$<(6 &/$66,),&$7,21

9RWLQJ PHWKRGV VXFK DV ERRVWLQJ DQG EDJJLQJ SURYLGH VXEVWDQWLDO LPSURYHPHQWV

LQ FODVVLnFDWLRQ SHUIRUPDQFH LQ PDQ\ SUREOHP GRPDLQV� +RZHYHU� WKH UHVXOWLQJ SUH�

GLFWLRQV FDQ SURYH LQVFUXWDEOH WR HQG�XVHUV� 7KLV LV HVSHFLDOO\ SUREOHPDWLF LQ GRPDLQV

VXFK DV PHGLFLQH� ZKHUH IRU UHDVRQV RI VDIHW\ DQG OLDELOLW\ HQG�XVHU DFFHSWDQFH RI�

WHQ GHSHQGV RQ WKH DELOLW\ RI D FODVVLnHU WR H[SODLQ LWV UHDVRQLQJ� +HUH , SURSRVH D

YDULDQW RI WKH ERRVWHG QD�rYH %D\HV FODVVLnHU WKDW IDFLOLWDWHV H[SODQDWLRQV ZKLOH UHWDLQ�

LQJ SUHGLFWLYH SHUIRUPDQFH� 7KHVH UHVXOWV PD\ DOVR EH IRXQG LQ 5LGJHZD\� 0DGLJDQ�

5LFKDUGVRQ� DQG 2
.DQH �������

��� ,QWURGXFWLRQ

,Q FODVVLnFDWLRQ SUREOHPV ZH KDYH D VHW RI SUHGLFWRUV RU IHDWXUHV ZLWK ZKLFK ZH ZLVK

WR DFFXUDWHO\ SUHGLFW D UHVSRQVH RU WDUJHW WKDW WDNHV RQ D GLVFUHWH� nQLWH YDOXH� ,Q WKLV

FKDSWHU ZH ZLOO IRFXV RQ ELQDU\ FODVVLnFDWLRQ SUREOHPV� VLWXDWLRQV LQ ZKLFK RXU JRDO LV

WR FRQVWUXFW D IXQFWLRQ RI RXU SUHGLFWRUV� K�[�� WKDW DFFXUDWHO\ SUHGLFWV RXU UHVSRQVH

< � I�� �J� 7UDGLWLRQDO VWDWLVWLFDO SUDFWLFH RIWHQ DSSHDOV WR PHWKRGV VXFK DV OLQHDU
GLVFULPLQDQW DQDO\VLV RU OLQHDU ORJLVWLF UHJUHVVLRQ DOWKRXJK PHWKRGV VXFK DV DGGLWLYH

ORJLVWLF UHJUHVVLRQ �+DVWLH DQG 7LEVKLUDQL ������ QHXUDO QHWZRUNV �%LVKRS ������ DQG

WUHH�EDVHG FODVVLnHUV VXFK DV &$57 �%UHLPDQ� )ULHGPDQ� 2OVKHQ� DQG 6WRQH �����

DUH VHHLQJ PRUH XVH�

(mRUWV WR GHYHORS FODVVLnHUV ZLWK VWURQJ GLVFULPLQDWLRQ SRZHU XVLQJ YRWLQJ PHWK�

RGV GR QRW VWUHVV WKH LPSRUWDQFH RI FRPSUHKHQVLELOLW\� %DXHU DQG .RKDYL ������ VWDWH
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WKDW ?IRU OHDUQLQJ WDVNV ZKHUH FRPSUHKHQVLELOLW\ LV QRW FUXFLDO� YRWLQJ PHWKRGV DUH H[�

WUHPHO\ XVHIXO�� +RZHYHU� DV PDQ\ DXWKRUV KDYH SRLQWHG RXW� SUREOHP GRPDLQV� VXFK

DV FUHGLW DSSURYDO DQG PHGLFDO GLDJQRVLV� GR UHTXLUH LQWHUSUHWDEOH DV ZHOO DV DFFXUDWH

FODVVLnFDWLRQ PHWKRGV� )RU LQVWDQFH� 6ZDUWRXW ������ FRPPHQWHG WKDW ?WUXVW LQ D

V\VWHP LV GHYHORSHG QRW RQO\ E\ WKH TXDOLW\ RI WKH UHVXOWV EXW DOVR E\ FOHDU GHVFULS�

WLRQ RI KRZ WKH\ ZHUH GHULYHG� ��� ,Q DGGLWLRQ WR SURYLGLQJ GLDJQRVHV RU SUHVFULSWLRQV�

D FRQVXOWDQW SURJUDP PXVW EH DEOH WR H[SODLQ ZKDW LW LV GRLQJ DQG ZK\ LW LV GRLQJ

LW�� ,Q WKLV FKDSWHU , SUHVHQW D ERRVWHG QD�rYH %D\HV FODVVLnHU ZLWK ERWK FRPSHWLWLYH

GLVFULPLQDWLRQ DELOLW\ DQG WUDQVSDUHQW UHDVRQLQJ� , GHVFULEH WKH SURSRVHG ERRVWHG�

LQWHUSUHWDEOH QD�rYH %D\HV FODVVLnHU� VKRZ KRZ LW UHODWHV WR WKH YDULDQWV RI $GD%RRVW�

DQG H[DPLQH LWV SHUIRUPDQFH HPSLULFDOO\�

��� 7KH QD�rYH %D\HV FODVVLnHU

3UREDELOLVWLF FODVVLnHUV IRU WZR�FODVV SUREOHPV WDNH WKH IRUP 3 �<  \M;�� 8VLQJ
%D\HV
 WKHRUHP ZH FDQ H[SUHVV WKLV DV

3 �<  \M;�  
3 �<  \�3 �;M<  \�

3 �;�
�����

7KH QD�rYH� VLPSOH� RU LGLRW
V %D\HV DVVXPSWLRQ LV WKDW WKH FRPSRQHQWV RI ; DUH FRQGL�

WLRQDOO\ LQGHSHQGHQW JLYHQ WKH FODVV ODEHO� 7KLV DVVXPSWLRQ SHUPLWV WKH IDFWRUL]DWLRQ

RI WKH VHFRQG WHUP LQ WKH QXPHUDWRU RI ����

3 �<  \M;�  
3 �<  \�

4G
M � 3 �;MM<  \�

3 �;�
�����

8QGHU WKH QD�rYH %D\HV DVVXPSWLRQ ���� ZULWLQJ WKH ORJ�RGGV LQ IDYRU RI <  � ZH

REWDLQ

ORJ
3 �<  �M;�
3 �<  �M;�  ORJ

3 �<  ��

3 �<  ��
�

G;
M �

ORJ
3 �;MM<  ��
3 �;MM<  ��

 Z� �
G;

M �

ZM�;M� �����
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7KH ZM DUH WKH ZHLJKWV RI HYLGHQFH GHVFULEHG E\ *RRG ������� $ SRVLWLYH ZM�;M�

LQGLFDWHV WKDW WKH VWDWH RI ;M LV HYLGHQFH LQ IDYRU RI WKH K\SRWKHVLV WKDW <  �� $

QHJDWLYH ZHLJKW LV HYLGHQFH IRU <  �� 6SLHJHOKDOWHU DQG .QLOO�-RQHV �6SLHJHOKDOWHU

DQG .QLOO�-RQHV ����� DGYRFDWH WKH XVH RI ZHLJKWV RI HYLGHQFH H[WHQVLYHO\ LQ PHGLFDO

GLDJQRVLV DQG SURSRVH HYLGHQFH EDODQFH VKHHWV DV D PHDQV RI YLHZLQJ WKH UHDVRQLQJ

SURFHVV RI WKH QD�rYH %D\HV FODVVLnHU� 0DGLJDQ� 0RVXUVNL� DQG $OPRQG ������ DQG

%HFNHU� .RKDYL� DQG 6RPPHUnHOG ������ GHYHORS WKLV LGHD IXUWKHU�

7KH H[SUHVVLRQ LQ ��� KDV D VWULNLQJ VLPLODULW\ WR WKH XVXDO ORJLVWLF UHJUHVVLRQ

PRGHO� 7KHVH WZR PRGHOV� KRZHYHU� DUH EDVHG RQ GLmHUHQW DVVXPSWLRQV� WKH QD�rYH

%D\HV DVVXPSWLRQ EHLQJ PRUH UHVWULFWLYH� /RJLVWLF UHJUHVVLRQ DVVXPHV WKDW 3 �<  

�M[�  3 �<  �M[� H[S�3KM�[M�� ZKHUH 3 �<  �M[� LV DQ DUELWUDU\ EDVHOLQH IXQFWLRQ�
7KH ORJ�RGGV WKHQ KDYH WKH IRUP RI ���� 7KH QD�rYH %D\HV DVVXPSWLRQ� RQ WKH RWKHU

KDQG� DVVXPHV WKDW 3 �<  �M[�  H[S�3 J
���
M �[M�� DQG 3 �<  �M[�  H[S�3 J

���
M �[M��

VR WKDW ERWK FRQGLWLRQDO FODVV SUREDELOLWLHV DUH H[SRQHQWLDOV RI DQ DGGLWLYH IXQFWLRQ RI

WKH SUHGLFWRUV� ,Q HLWKHU FDVH WKH ORJ�RGGV KDYH WKH IRUP

ORJ
3 �<  �M[�
3 �<  �M[�  

G;
M �

ZM�[M�� �����

(YHQ WKRXJK LQ WKH HQG WKH PRGHOV KDYH WKH VDPH IRUP� WKHVH DVVXPSWLRQV OHDG

WR GLmHUHQW HVWLPDWLRQ SURFHGXUHV� /LQHDU ORJLVWLF UHJUHVVLRQ HVWLPDWLRQ LV EDVHG RQ

GLUHFW PD[LPXP OLNHOLKRRG HVWLPDWHV RI WKH ZM
V DQG LQYROYHV LWHUDWLYHO\ ZHLJKWHG

OHDVW VTXDUHV� (DFK LWHUDWLRQ RI WKH OHDVW VTXDUHV DOJRULWKP UHTXLUHV D VFDQ RI WKH

GDWDVHW DQG D Gd G PDWUL[ LQYHUVLRQ�

(VWLPDWLRQ RI WKH QD�rYH %D\HV PRGHO nUVW HVWLPDWHV WKH FRQGLWLRQDO SUREDELOLWLHV

�3 �<  ��� 3 �<  ��� 3 �;MM<  ��� 3 �;MM<  ��� HWF�� YLD PD[LPXP OLNHOLKRRG DQG
WKHQ FRPSXWHV WKH ZM
V DV WKH UHVSHFWLYH ORJ�RGGV� $OWKRXJK WKH DVVXPSWLRQV DUH

PRUH UHVWULFWLYH WKH\ OHDG WR WZR FRQYHQLHQW SURSHUWLHV� 7KH nUVW DWWUDFWLYH IHDWXUH

RI WKLV SURFHVV LV WKDW DOO WKH VXpFLHQW VWDWLVWLFV FDQ EH FROOHFWHG LQ D VLQJOH VFDQ

RI WKH GDWD� &RPSXWDWLRQ LV OLQHDU LQ WKH QXPEHU RI REVHUYDWLRQV DQG SUHGLFWRUV�
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WKH ORZHVW RUGHU SRVVLEOH LI DQ DOJRULWKP LV WR LQVSHFW HYHU\ GDWD SRLQW� 6HFRQGO\�

PLVVLQJ SUHGLFWRUV GR QRW LQWHUIHUH ZLWK WKH HVWLPDWLRQ SURFHGXUH RU WKH SUHGLFWLRQ

VWHS� (YHQ LI DOO WKH ;M
V DUH PLVVLQJ IRU D SDUWLFXODU VXEMHFW RQH FDQ VWLOO RmHU WKH

LQIRUPDWLRQ DYDLODEOH LQ 3 �<  ��� 1D�rYH %D\HV
 LQGLmHUHQFH WRZDUG PLVVLQJ GDWD

LV HVSHFLDOO\ FRQYHQLHQW LQ PHGLFDO GLDJQRVLV ZKHUH VRPH LQGLFDQWV DUH XQDYDLODEOH�

H[SHQVLYH� RU XQQHFHVVDU\ WR SURGXFH DQ DFFXUDWH GLDJQRVLV� 7KLV LV QRW SRVVLEOH LQ

ORJLVWLF UHJUHVVLRQ PRGHOV ZLWKRXW DGGLWLRQDO DVVXPSWLRQV RQ WKH MRLQW GLVWULEXWLRQ RI

WKH SUHGLFWRUV�

,Q VSLWH RI WKH RIWHQ XQUHDOLVWLF FRQGLWLRQDO LQGHSHQGHQFH DVVXPSWLRQ� QD�rYH %D\HV

VWLOO SHUIRUPV UDWKHU ZHOO� HYHQ ZKHQ FRPSDUHG DJDLQVW FODVVLnHUV WKDW PRGHO WKH GH�

SHQGHQFH VWUXFWXUH� 7KHVH VWXGLHV KDYH IRXQG QD�rYH %D\HV WR EH LQWXLWLYH �.RQRQHQNR

������ HDVLO\ FRPSHWLWLYH ZLWK GHFLVLRQ WUHHV �/DQJOH\� ,ED� DQG .�7KRPSVRQ ������

DQG QR OHVV FRPSHWLWLYH WKDQ WKHLU PRUH FRPSOH[ FRXQWHUSDUW� WKH %D\HVLDQ QHWZRUN

�)ULHGPDQ� *HLJHU� DQG *ROGV]PLGW ������ 6HH 'RPLQJRV DQG 3D]]DQL ������ IRU

D PRUH FRPSOHWH KLVWRU\ RI WKH QD�rYH %D\HV FODVVLnHU DQG PRUH UHDVRQV ZK\ LW KDV

PDLQWDLQHG VXFK D WUDGLWLRQ LQ WKH PDFKLQH OHDUQLQJ FRPPXQLW\�

��� %RRVWLQJ DQG WKH QD�rYH %D\HV FODVVLnHU

$V GLVFXVVHG LQ FKDSWHU �� )UHXQG DQG 6FKDSLUH
V 'LVFUHWH $GD%RRVW DOJRULWKP SUR�

FHHGV DV IROORZV� ,QLWLDOL]H WKH ZHLJKWV RI HDFK REVHUYDWLRQ WR Z
���
L  �

1
� )RU W LQ � WR

7 LWHUDWH WKH IROORZLQJ VWHSV�

�� /HDUQ PRGHO +W�[L� � ; � >�� �@�

�� &RPSXWH qW  
31

L �Z
�L�
L M\L b+W�[L�M DV WKH HUURU IRU WKH PRGHO +W�

�� /HW nW  
qW
�bqW

�

�� 8SGDWH WKH REVHUYDWLRQ ZHLJKWV DV Z
�W���
L  Z

�W�
L n

�bM\Lb+W�[L�M
W �
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�� 1RUPDOL]H Z
�W���
L VR WKDW WKH\ VXP WR RQH�

7KH nQDO ERRVWHG PRGHO VXJJHVWHG E\ )UHXQG DQG 6FKDSLUH WKDW FRPELQHV WKH

PRGHOV RI HDFK LWHUDWLRQ LV

+�[�  
�

� �
47
W � n

�U�[�b�
W

ZKHUH U�[�  

37
W �

r
ORJ �

nW

s
+W�[�37

W � ORJ
�
nW

� �����

%RRVWLQJ WKH QD�rYH %D\HV FODVVLnHU LQYROYHV VXEVWLWXWLQJ LQ WKH DERYH DOJRULWKP +W  

3W�<  �M;�� $V GHVFULEHG LQ VHFWLRQ ��� HVWLPDWLRQ RI 3W�<  �M;� DVVXPHV WKDW
3W�<  �M;� � 3W�<  ��3W�;�M<  �� c c c3W�;GM<  ���
7KH ERRVWHG QD�rYH %D\HV FODVVLnHU KDV DOUHDG\ VHHQ VRPH VXFFHVV� &KDUOHV (ONDQ
V

DSSOLFDWLRQ RI ERRVWHG QD�rYH %D\HV ZRQ nUVW SODFH RXW RI �� HQWULHV LQ WKH GDWD PLQLQJ

FRPSHWLWLRQ .''
�� �(ONDQ ������ (ONDQ DOVR VKRZHG WKDW LW KDV D QRQ�OLQHDU ORJLVWLF

UHJUHVVLRQ IRUP DQG QRWHV WKDW LW EHORQJV WR WKH FRPSXWDWLRQDO FRPSOH[LW\ FODVV 1&�

7KLV FODVV RI DOJRULWKPV PHHWV WKH EDVLF FRQVWUDLQWV RI QHXURFRPSXWDWLRQDO IHDVLELOLW\

IRU ORZ OHYHO EUDLQ SURFHVVHV� WKXV VXJJHVWLQJ WKH\ DUH D SODXVLEOH FRPSXWDWLRQDO PRGHO

IRU DQLPDO OHDUQLQJ� +RZHYHU� ZKLOH WKH XVXDO QRQ�ERRVWHG QD�rYH %D\HV DSSURDFK

OHDGV WR HOHJDQW DQG HmHFWLYH H[SODQDWLRQV �VHH� IRU H[DPSOH� 0DGLJDQ� 0RVXUVNL�

DQG $OPRQG ������ DQG %HFNHU� .RKDYL� DQG 6RPPHUnHOG �������� WKH $GD%RRVW�HG

YHUVLRQ GHVWUR\V WKLV IHDWXUH�

,Q ZKDW IROORZV� , GHULYH D ?ERRVWHG ZHLJKW RI HYLGHQFH� WKDW WKH H[SODQDWLRQ

SURFHGXUHV RI 0DGLJDQ� 0RVXUVNL� DQG $OPRQG ������ DQG %HFNHU� .RKDYL� DQG 6RP�

PHUnHOG ������ FDQ XVH GLUHFWO\� , ZLOO H[SUHVV WKH $GD%RRVW YRWLQJ VFKHPH LQ D VOLJKWO\

GLmHUHQW IRUP DQG VXEVWLWXWH D 7D\ORU H[SDQVLRQ IRU HDFK RI WKH ERRVWHG FODVVLnHUV�

,Q WKH HQG ZH ZLOO EH DEOH UHJDLQ D ERRVWHG YHUVLRQ WKDW LV DGGLWLYH DV EHIRUH�

3URSRVLWLRQ ��� �,QWHUSUHWDEOH QD�rYH %D\HV� 7KH $GD%RRVW QD�rYH %D\HV FODVVL�

nHU LV DSSUR[LPDWHO\ OLQHDU LQ WKH SUHGLFWRUV RQ WKH ORJLW VFDOH� 7KH DSSUR[LPDWLRQ LV3
W2
r
�ORJ SW

�bSW
��
s
ZKHUH SW LV WKH WWK ERRVWHG FODVVLnHU�
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3URRI� :ULWLQJ WKH $GD%RRVW FRPELQHG FODVVLnHU� +�[�� LQ WKH IRUP RI D ORJ�RGGV

VLPSOLnHV WKH FRPELQDWLRQ SURFHGXUH�

ORJ
+�[�

�b+�[�
 b ORJ

7<
W �

n
�U�[�b�
W

 
7;
W �

�ORJ nW� ��b �3W�<  �M;�� �����

1RWH WKDW

3W�<  �M;�  �

� � 3W�< �M;�

3W�< �M;�

 
t
� � H

b ORJ
3W�< �M;�

3W�< �M;�

ub�
� �����

6XEVWLWXWLQJ HTXDWLRQ ��� LQWR HTXDWLRQ ��� ZH REWDLQ

ORJ
+�[�

�b+�[�
 

7;
W �

�ORJ nW�

�
�b �

t
� � H

b ORJ
3W�< �M;�

3W�< �M;�

ub��
� �����

6XEVWLWXWLQJ �XS WR WKH OLQHDU WHUP� WKH 7D\ORU DSSUR[LPDWLRQ WR WKH VLJPRLG IXQFWLRQr
�

��Hb[
 �

�
� �
�
[�2�[��

s
SURGXFHV D OLQHDU FRPELQDWLRQ RI WKH ORJ�RGGV IURP HDFK

ERRVWHG QD�rYH %D\HV FODVVLnHU�

ORJ
+�[�

�b+�[�
{

7;
W �

�
�

�
ORJ

�

nW

�
ORJ

3W�<  �M;�
3W�<  �M;� �����

(DFK RI WKH 7 FODVVLnHUV DUH DFFXUDWH WR D nUVW RUGHU ORJ�RGGV WHUP� (YHQ WKRXJK

WKLV PLJKW VHHP WR EH D SRRU DSSUR[LPDWLRQ� LW PLJKW GR TXLWH ZHOO JLYHQ WKDW ZH

DUH LQWHUHVWHG LQ FODVVLnFDWLRQ� 7KH OLQHDU DSSUR[LPDWLRQ WR WKH VLJPRLG IXQFWLRQ LV

H[DFW DW � DQG ORVHV SUHFLVLRQ DV WKH DUJXPHQW PRYHV DZD\ IURP �� 2Q WKH SUREDELOLW\

VFDOH� WKH WZR IXQFWLRQV DJUHH DW 3 �<  �M;�  �
�
� 7KLV LV SUHFLVHO\ WKH SRLQW ZKHUH

FODVVLnFDWLRQ LV WKH PRVW LQ GRXEW� 2Q WKH SUREDELOLW\ LQWHUYDO
K
�
�
� �
�

L
WKH DEVROXWH

HUURU RI WKH DSSUR[LPDWLRQ LV OHVV WKDQ ������ ,Q WKH UHJLRQ QHDU WKH H[WUHPHV WKH

DSSUR[LPDWLRQ SUHVHUYHV WKH VLJQ RI WKH $GD%RRVW FRPELQHG K\SRWKHVLV EXW ZLOO GLmHU

RQ PDJQLWXGH� $OWKRXJK WKH SUREDELOLW\ HVWLPDWHV ZLOO GLmHU LQ WKLV FDVH� ERWK PHWK�

RGV ZLOO PDNH WKH VDPH FODVVLnFDWLRQ� 1RWH WKDW WKLV DSSUR[LPDWLRQ DSSOLHV WR HDFK

RI WKH SUREDELOLVWLF FODVVLnHUV WKDW FRPSRVH WKH nQDO PRGHO�
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)LQDOO\� WR KHOS PDLQWDLQ VRPH SUREDELOLVWLF LQWHUSUHWDWLRQ RI WKH nQDO PRGHO �VR

WKDW ERWK VLGHV RI ��� DSSHDU DV ORJ�RGGV� DQG WR UHPRYH VRPH RI WKH HmHFW RI WKH QXP�

EHU RI ERRVWLQJ LWHUDWLRQV� ZH QRUPDOL]H WKH FODVVLnHU ZHLJKWV
r
�
�
ORJ �

nW

s
� ,QWXLWLYHO\�

HDFK SUREDELOLW\ PRGHO FDVWV D ORJ�RGGV YRWH IRU RU DJDLQVW FODVVLnFDWLRQ LQWR <  �

ZKHUH HDFK PRGHOV
 YRWH LV SURSRUWLRQDO WR LWV TXDOLW\� 6R OHWWLQJ mW  
ORJ �

nW37

W �
ORJ �

nW

DQG

DVVXPLQJ D QD�rYH %D\HV PRGHO IRU 3W�<  �M;�� D ERRVWHG HVWLPDWH IRU WKH ORJ�RGGV
LQ IDYRU RI <  � LV�

7;
W �

mW ORJ
3W�<  ��

3W�<  ��
�

G;
M �

7;
W �

mW ORJ
3W�;MM<  ��
3W�;MM<  ��

 ERRVWHG SULRU ZHLJKW RI HYLGHQFH �
G;

M �

ERRVWHG ZHLJKW RI HYLGHQFH IRU;M ������

7KLV DJDLQ LV MXVW D QD�rYH %D\HV FODVVLnHU ZKHUH WKH HVWLPDWHV RI WKH ZHLJKWV RI

HYLGHQFH KDYH EHHQ ELDVHG E\ ERRVWLQJ� 7KH VLJPRLG IXQFWLRQ WUDQVIRUPV WKH ERRVWHG

ORJ�RGGV WR D ERRVWHG SUHGLFWHG SUREDELOLW\ DV

3W�<  �M;�  �

� � HbORJ�RGGV
�

(

6RRQ DIWHU WKH GHYHORSPHQW RI WKLV YHUVLRQ RI WKH ERRVWHG QD�rYH %D\HV FODVVLnHU

6FKDSLUH DQG 6LQJHU SURGXFHG WKH 5HDO $GD%RRVW DOJRULWKP �6FKDSLUH DQG 6LQJHU

������ 7KLV DOJRULWKP EDVLFDOO\ DSSOLHV ERRVWLQJ RQ WKH ORJLW�VFDOH� (DFK FODVVLnHU�

KW�[�� SXWV RXW D UHDO YDOXH VR WKDW ZKHQ KW�[� LV QHJDWLYH ZH EHOLHYH WKDW <  �

DQG ZKHQ KW�[� LV SRVLWLYH ZH EHOLHYH WKDW <  �� 7KH ZHLJKWV IROORZ WKH XSGDWH

UXOH Z
�W���
L  Z

�W�
L HbmW��\Lb��KW�[L� ZKHUH mW � �b����� 7KH nQDO SUHGLFWLRQ LV +�[�  3

W mWKW�[��



��

:LWKRXW DSSUR[LPDWLRQ� ERRVWLQJ WKH QD�rYH %D\HV FODVVLnHU YLD WKH 5HDO $GD%RRVW

DOJRULWKP DOVR \LHOGV DQ LQWHUSUHWDEOH YHUVLRQ�

3URSRVLWLRQ ��� $SSO\LQJ 5HDO $GD%RRVW WR WKH QD�rYH %D\HV FODVVLnHU \LHOGV D FODV�

VLnHU WKDW LV OLQHDU LQ WKH SUHGLFWRUV RQ WKH ORJLW VFDOH�

3URRI�

$V LQ ��� OHW

KW�[�  ORJ
3W�<  �M;�
3W�<  �M;�

 ORJ
3W�<  ��

4G
M � 3W�;MM<  ��

3W�<  ��
4G
M � 3W�;MM<  ��

 Z
�W�
� �

G;
M �

Z
�W�
M �;M�

6LQFH WKH nQDO FODVVLnHU RI WKH 5HDO $GD%RRVW LV +�[�  
3

W mWKW�[� ZH WULYLDOO\

REWDLQ DQ LQWHUSUHWDEOH FODVVLnHU�

+�[�  
7;
W �

mWZ
�W�
� �

G;
M �

7;
W �

mWZ
�W�
M �;M� ������

 ERRVWHG SULRU ZHLJKW RI HYLGHQFH �
G;

M �

ERRVWHG ZHLJKW RI HYLGHQFH IRU;M

,I ZH OHW mW  
ORJ �

nW37

W �
ORJ �

nW

ZH ZLOO REWDLQ WKH VDPH H[SUHVVLRQ DV ����� $OWKRXJK WKH

UHZHLJKWLQJ RI WKH REVHUYDWLRQV LV VOLJKWO\ GLmHUHQW� WKH nQDO FODVVLnHU KDV WKH VDPH

LQWHUSUHWDEOH IRUP�

(

$OWKRXJK FRQFHSWXDOO\ LW ZRXOG VHHP DV LI nWWLQJ PDQ\ PRGHOV ZRXOG OHDG WR RYHU�

nWWLQJ� ERRVWLQJ WKH QD�rYH %D\HV FODVVLnHU GRHV QRW VHHP WR RYHUnW� 7KLV PD\ EH GXH
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7DEOH ���� 'DWDVHWV XVHG IRU FRPSDULVRQ

1 3UHGLFWRUV 3RVLWLYH FDVHV

.QHH GLDJQRVLV �� �� ���

'LDEHWHV ��� � ���

&UHGLW DSSURYDO ��� �� ���

&RURQDU\ DUWHU\ GLVHDVH ��� �� ���

%UHDVW WXPRUV ��� � ���

WR LWV OLQHDULW\ �RU QHDU OLQHDULW\ LQ WKH FDVH RI 'LVFUHWH $GD%RRVW� DQG UHODWLYHO\ IHZ

HmHFWLYH SDUDPHWHUV� 7KH IRUP RI WKH nQDO FODVVLnHU FRQWDLQV RQO\ DV PDQ\ SDUDPHWHUV

DV WKH RULJLQDO FODVVLnHU ZLWK WKH DGGLWLRQ RI 7 � WKH QXPEHU RI URXQGV RI ERRVWLQJ�

'HFLGLQJ ZKHQ WR VWRS ERRVWLQJ PD\ UHTXLUH FURVV�YDOLGDWLRQ�

��� 3HUIRUPDQFH RI WKH ERRVWHG QD�rYH %D\HV FODVVLnHU

7KH VXEVWDQWLDO FKDQJHV WR WKH FODVVLnHU FRPELQDWLRQ VWHS SURSRVHG LQ VHFWLRQ ���

PD\ KDYH SURGXFHG D YRWLQJ PHWKRG ZLWK GLmHUHQW GLVFULPLQDWLRQ SURSHUWLHV� ,Q

WKLV VHFWLRQ ZH VKRZ HPSLULFDOO\ RQ WKH nYH GDWDVHWV GHVFULEHG LQ WDEOH ��� WKDW WKH

PLVFODVVLnFDWLRQ UDWHV IRU WKLV QHZ PHWKRG DUH FRPSDUDEOH WR WKRVH JHQHUDWHG E\ WKH

$GD%RRVW DOJRULWKP� :H QRWH WKDW HYHU\ RQH RI WKHVH GDWDVHWV FRQFHUQV D SUREOHP

GRPDLQ ZKHUH KXPDQ XQGHUVWDQGLQJ RI WKH PDFKLQH UHDVRQLQJ SURFHVV LV OLNHO\ WR EH

LPSRUWDQW�

,Q D UHWURVSHFWLYH VWXG\� 2
.DQH� 5LGJHZD\� DQG 0DGLJDQ ������ XVH WKH ZHLJKW

RI HYLGHQFH ERRVWHG QD�rYH %D\HV FODVVLnHU WR GLDJQRVH FDQGLGDWHV IRU NQHH VXUJHU\

DW D VSRUWV PHGLFLQH FOLQLF� 7KH\ SUHVHQW ERRVWHG SDUDPHWHU HVWLPDWHV DQG H[DPSOH

HYLGHQFH EDODQFH VKHHWV WKDW SK\VLFLDQV FDQ HDVLO\ LQWHUSUHW DQG XWLOL]H LQ GLDJQRVLV� $

SURVSHFWLYH VWXG\ LV LQ SURJUHVV� 7KH UHPDLQLQJ GDWDVHWV DUH IURP WKH 8&, UHSRVLWRU\
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7DEOH ���� 0LVFODVVLnFDWLRQ UDWHV �VWDQGDUG GHYLDWLRQ�

1D�rYH %D\HV 'LVFUHWH $GD%RRVW :HLJKW RI HYLGHQFH

.QHH GLDJQRVLV ����� ������ ����� ������ ����� ������

'LDEHWHV ����� ������ ����� ������ ����� ������

&UHGLW DSSURYDO ����� ������ ����� ������ ����� ������

&RURQDU\ DUWHU\ GLVHDVH ����� ������ ����� ������ ����� ������

%UHDVW WXPRUV ���� ������ ���� ������ ���� ������

�0HU] DQG 0XUSK\ ������ )RU HDFK GDWDVHW ZH FUHDWHG ��� WUDLQLQJ VHWV UDQGRPO\

FRPSRVHG RI WZR�WKLUGV RI WKH GDWD� 7KHQ ZH FRPSDUHG WKH PLVFODVVLnFDWLRQ UDWH

RI QD�rYH %D\HV� $GD%RRVW QD�rYH %D\HV� DQG WKH SURSRVHG ERRVWHG ZHLJKW RI HYLGHQFH

QD�rYH %D\HV RQ WKH UHPDLQLQJ RQH�WKLUG RI WKH FDVHV FRPSULVLQJ WKH WHVW VHW� &URVV�

YDOLGDWLRQ RQ WKH WUDLQLQJ GDWD \LHOGHG DQ HVWLPDWH RI WKH RSWLPDO QXPEHU RI ERRVWLQJ

LWHUDWLRQV� 7DEOH ��� FRPSDUHV WKH PLVFODVVLnFDWLRQ UDWHV RI WKH WKUHH PHWKRGV� %RWK

ERRVWLQJ PHWKRGV GHPRQVWUDWH PDUJLQDO DEVROXWH LPSURYHPHQWV LQ PLVFODVVLnFDWLRQ

UDWH IRU PRVW RI WKH GDWDVHWV� +RZHYHU� WKH PRVW LPSRUWDQW UHVXOW IURP WDEOH ��� LV

WKDW ERRVWHG ZHLJKW RI HYLGHQFH QD�rYH %D\HV DOPRVW SHUIHFWO\ PDWFKHV WKH SHUIRUPDQFH

RI WKH $GD%RRVW PHWKRG� :H KDYH DOVR H[DPLQHG DVSHFWV RI WKH SHUIRUPDQFH RI WKH

ERRVWHG ZHLJKW RI HYLGHQFH QD�rYH %D\HV FODVVLnHU WKDW JR EH\RQG MXVW PLVFODVVLnFDWLRQ

UDWH� 7KH VR�FDOOHG ?PHDQ %ULHU VFRUH� LQ HTXDWLRQ ���� LV D SURSHU VFRULQJ UXOH WKDW

FRQVLGHUV ERWK GLVFULPLQDWLRQ DELOLW\ DQG FDOLEUDWLRQ�

%  
�

1

1;
L �

�\L b A3 �<  �M;��� ������

<DWHV ������ DQG 6SLHJHOKDOWHU ������ SURYLGH DQ H[WHQVLYH GLVFXVVLRQ RI WKLV VFRULQJ

UXOH WKDW KDV LWV URRWV LQ PHWHRURORJ\� 7DEOH ��� LQGLFDWHV WKDW ERRVWLQJ JHQHUDOO\

GHFUHDVHV WKH PHDQ %ULHU VFRUH DQG DJDLQ WKH ERRVWHG ZHLJKW RI HYLGHQFH QD�rYH %D\HV
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7DEOH ���� 0HDQ %ULHU VFRUH �VWDQGDUG GHYLDWLRQ�

1D�rYH %D\HV $GD%RRVW :HLJKW RI HYLGHQFH

.QHH GLDJQRVLV ����� ������� ����� ������� ����� �������

'LDEHWHV ����� ������� ����� ������� ����� �������

&UHGLW DSSURYDO ����� ������� ����� ������� ����� �������

&RURQDU\ DUWHU\ GLVHDVH ����� ������� ����� ������� ����� �������

%UHDVW WXPRUV ����� ������� ����� ������� ����� �������

FODVVLnHU LV FRPSHWLWLYH�

:KHQ D SUREDELOLVWLF SUHGLFWLRQ PRGHO DVVLJQV� H�J�� D ��� SUREDELOLW\ WR D SRVL�

WLYH RXWFRPH� RQH ZRXOG OLNH ��� RI VXFK FDVHV WR DFWXDOO\ KDYH D SRVLWLYH RXWFRPH�

9DULRXV DXWKRUV KDYH SURSRVHG FDOLEUDWLRQ VFRUHV DQG SORWV WKDW DWWHPSW WR UHSUHVHQW

WKLV SURSHUW\� &DOLEUDWLRQ SORWV �&RSDV ����D� VKRZ ZKHWKHU SUREDELOLVWLF SUHGLFWLRQV

DUH FDOLEUDWHG� )LJXUH ��� GLVSOD\V DQ H[DPSOH FDOLEUDWLRQ SORW IRU D UDQGRP VSOLW RI

WKH GDWD� 7KH SHUIHFWO\ FDOLEUDWHG SUHGLFWRU ZLOO KDYH D VWUDLJKW OLQH� $FURVV WKH nYH

GDWDVHWV� WKH SORWV JHQHUDOO\ VKRZ WKDW WKH ERRVWLQJ PHWKRGV SURYLGH LPSURYHG FDO�

LEUDWLRQ� EXW WKH WZR ERRVWLQJ PHWKRGV DUH LQGLVWLQJXLVKDEOH� )XUWKHU UHVHDUFK PD\

VKRZ WKDW ERRVWLQJ VPRRWKV SUHGLFWLRQV LQ D ZD\ WKDW LPSURYHV WKHLU FDOLEUDWLRQ�

��� $SSOLFDWLRQ WR SUHGLFWLRQ RI VXUJLFDO LQWHUYHQWLRQ LQ SDWLHQWV ZLWK

NQHH FRPSODLQWV

,Q 2
.DQH� 5LGJHZD\� DQG 0DGLJDQ ������ ZH DSSOLHG WKH LQWHUSUHWDEOH ERRVWHG QD�rYH

%D\HV FODVVLnHU WR D SUREOHP LQ DXWRPDWHG PHGLFDO GLDJQRVLV� 7KLV VHFWLRQ SUHVHQWV

WKH nQGLQJV RI WKDW MRLQW ZRUN�

.QHH FRPSODLQWV VHFRQGDU\ WR LQMXU\ DQG RYHUXVH DUH FRPPRQ LQ ERWK JHQHUDO DQG

RUWKRSHGLF SUDFWLFH� 7KH\ DUH SDUWLFXODUO\ FRPPRQ LQ DWKOHWHV DQG RWKHU SK\VLFDOO\
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)LJXUH ���� ([DPSOH FDOLEUDWLRQ SORWV IRU WKH FUHGLW GDWDVHW

DFWLYH LQGLYLGXDOV� .QHH SUREOHPV LQFOXGLQJ VLJQLnFDQW PHQLVFDO WHDUV� DQWHULRU FUX�

FLDWH OLJDPHQW �$&/� WHDUV� LQWUDDUWLFXODU IUDFWXUHV DQG RVWHRFKRQGULWLV GHVVLFDQV DUH

RIWHQ EHVW PDQDJHG ZLWK VXUJLFDO WUHDWPHQW� 2Q WKH RWKHU KDQG� SUREOHPV LQFOXGLQJ

SDWHOORIHPRUDO SDLQ� PHGLDO FROODWHUDO OLJDPHQW VSUDLQV� LOLRWLELDO EDQG V\QGURPH� DQG

SDWHOODU WHQGRQLWLV DUH JHQHUDOO\ EHVW PDQDJHG QRQ�RSHUDWLYHO\ ZLWK DSSURSULDWH UH�

KDELOLWDWLRQ� %DVHG RQ KLVWRU\ DQG SK\VLFDO H[DP� LW FDQ EH GLpFXOW WR VHSDUDWH WKRVH

SDWLHQWV ZLWK NQHH SDLQ OLNHO\ WR EHQHnW IURP HDUO\ VXUJLFDO LQWHUYHQWLRQ IURP WKRVH

LQ ZKRP LQLWLDO FRQVHUYDWLYH WUHDWPHQW LV PRUH DSSURSULDWH�

)LQGLQJV DUH PL[HG LQ SULRU VWXGLHV DVVHVVLQJ WKH DELOLW\ RI FOLQLFDO H[DPLQDWLRQ WR

SUHGLFW WKH DUWKURVFRSLF GLDJQRVLV LQ SDWLHQWV ZLWK NQHH FRPSODLQWV� *LEVRQ� 'DYLHV�

&UDQH� DQG +HQU\ ������ IRXQG WKDW D FOLQLFDO H[DP UHVXOWHG LQ DQ XQHTXLYRFDO GLDJ�

QRVLV RI LQWHUQDO GHUDQJHPHQW LQ RQO\ ��� RI WKH FDVHV� 7KH\ UHSRUW D IUHTXHQW GLV�

FRUGDQFH EHWZHHQ FOLQLFDO GLDJQRVLV DQG DUWKURVFRSLF nQGLQJV� 0XFK RI WKH OLWHUDWXUH

IRFXVHV RQ WKH GLDJQRVWLF DFFXUDF\ RI FOLQLFDO H[DP WR SUHGLFW PHQLVFDO WHDUV� :KLOH

VRPH DXWKRUV KDYH QRW IRXQG D FOLQLFDO SDWWHUQ WKDW ZRXOG UHOLDEO\ SUHGLFW PHQLVFDO
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WHDUV �1REOH DQG (UDW ������ RWKHUV KDYH IRXQG WKDW D FRPELQDWLRQ RI KLVWRULFDO DQG

SK\VLFDO H[DPLQDWLRQ YDULDEOHV FDQ SUHGLFW PHQLVFDO WHDUV ZLWK VRPH DFFXUDF\ �%DUU\�

6PLWK� 0F0DQXV� DQG 0DF$XOH\ ������ $QGHUVRQ DQG /LSVFRPE ������ IRXQG DW

OHDVW RQH SRVLWLYH PHFKDQLFDO WHVW LQ ��� RI PHQLVFDO WHDUV� $OWHUQDWLYHO\� &XUWLQ�

2
)DUUHOO� 0F*ROGULFN� 'RODQ� 0XOODQ� DQG :DOVK ������ IRXQG WKDW IRU ��� SDWLHQWV

WDNHQ WR DUWKURVFRS\� FOLQLFDO H[DP DQG SODLQ UDGLRJUDSK\ GHPRQVWUDWHG SRRU VSHFL�

nFLW\ IRU PHGLDO PHQLVFDO WHDUV DQG SRRU VHQVLWLYLW\ IRU ODWHUDO PHQLVFDO WHDUV� 7KH\

GHPRQVWUDWHG EHWWHU VSHFLnFLW\ IRU $&/ WHDUV DQG RI �� SUHGLFWHG� �� ZHUH FRQnUPHG�

7KHUH ZHUH � $&/ WHDUV GLVFRYHUHG DUWKURVFRSLFDOO\ WKDW ZHUH QRW GLDJQRVHG RQ FOLQL�

FDO H[DP� )LQDOO\� $EGRQ� /LQGVWUDQG� DQG 7KRUQJUHQ ������ IRXQG WKDW ZKLOH FOLQLFDO

DFFXUDF\ LQ GHWHFWLQJ PHQLVFDO WHDUV ZDV ���� HPSOR\LQJ D PXOWLYDULDWH DQDO\VLV RI

�� GLmHUHQW FOLQLFDO YDULDEOHV FRXOG FRUUHFWO\ SUHGLFW D PHQLVFDO WHDU LQ ��� RI WKH

FDVHV� 7KLV ODVW VWXG\� OLNH WKH RWKHUV� GHPRQVWUDWHV WKDW PDNLQJ DQ DFFXUDWH GLDJ�

QRVLV EDVHG RQ KLVWRU\ DQG SK\VLFDO LV GLpFXOW� ,W VXJJHVWV WKRXJK� WKDW DQDO\VLV RI

WKH YDULDEOHV VWDWLVWLFDOO\ PD\ EH PRUH DFFXUDWH WKDQ WKH FOLQLFDO LPSUHVVLRQ EDVHG RQ

WKRVH YDULDEOHV�

:KLOH WKH OLWHUDWXUH FLWHG H[DPLQHV WKH DFFXUDF\ RI GLDJQRVLV IROORZLQJ KLVWRU\ DQG

FOLQLFDO H[DP� DQ LPSRUWDQW TXHVWLRQ QRW GLUHFWO\ DGGUHVVHG LV WKH OLNHOLKRRG WKDW D

SDWLHQW SUHVHQWLQJ ZLWK D NQHH FRPSODLQW ZLOO EHQHnW IURP VXUJLFDO LQWHUYHQWLRQ� )RU

WKH SULPDU\ FDUH SK\VLFLDQ FRQWHPSODWLQJ D UHIHUUDO IRU VXUJHU\� RU IRU D VXUJHRQ FRQ�

WHPSODWLQJ DUWKURVFRS\� WKH OLNHOLKRRG WKH SDWLHQW ZLOO EHQHnW IURP WKH SURFHGXUH LV

RI SULPDU\ FRQFHUQ� 7KLV DSSOLFDWLRQ DWWHPSWV WR GHWHUPLQH ZKHWKHU RU QRW KLVWRULFDO

DQG FOLQLFDO YDULDEOHV DW WKH WLPH RI SUHVHQWDWLRQ FDQ DFFXUDWHO\ SUHGLFW LI D SDWLHQW LV

OLNHO\ WR KDYH D NQHH SUREOHP UHTXLULQJ NQHH VXUJHU\� ,W DOVR H[DPLQHV WKH UROH RI WKH

ERRVWHG QD�rYH %D\HV FODVVLnHU WR PRUH DFFXUDWHO\ SUHGLFW WKH DQVZHU WR WKLV FOLQLFDO

TXHVWLRQ�

0HWKRGV

'DWD ZHUH FROOHFWHG WKURXJK D UHWURVSHFWLYH FKDUW UHYLHZ LQ D XQLYHUVLW\ EDVHG
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RUWKRSHGLF VSRUWV PHGLFLQH FOLQLF� &KDUWV ZHUH SXOOHG VHTXHQWLDOO\ LQ DOSKDEHWLFDO

RUGHU DQG WKH UHFRUG ZDV UHYLHZHG IRU DOO NQHH GLDJQRVHV� 'DWD ZHUH FROOHFWHG IRU DOO

SDWLHQWV LQ ZKRP WKH VXUJLFDO RU QRQ�VXUJLFDO WUHDWPHQW ZDV VDWLVIDFWRULO\ FRPSOHWHG�

7KH SDWLHQWV
 DJH DQG JHQGHU ZHUH QRWHG DQG ELQDU\ GDWD ZHUH FROOHFWHG IRU WKH

KLVWRULFDO DQG FOLQLFDO YDULDEOHV�

:H HYDOXDWHG RXU PRGHO DFFRUGLQJ WR SURFHGXUHV FRPPRQ LQ WKH VWDWLVWLFV DQG

PDFKLQH OHDUQLQJ FRPPXQLWLHV� :H nUVW UDQGRPO\ GLYLGHG WKH SDWLHQW VDPSOH RI ��

REVHUYDWLRQV LQWR WZR JURXSV� D WUDLQLQJ VHW DQG D WHVW VHW� :H HVWLPDWHG WKH SDUDP�

HWHUV RI WKH ERRVWHG QD�rYH %D\HV PRGHO DV ZHOO DV WKH RSWLPDO QXPEHU RI ERRVWLQJ

LWHUDWLRQV XVLQJ RQO\ WKH WUDLQLQJ VHW� 7KH HVWLPDWHG PRGHO ZDV WKHQ XVHG WR SUHGLFW

WKH QHFHVVLW\ RI NQHH VXUJHU\ RQ WKH SDWLHQWV LQ WKH WHVW VHW DQG FRPSXWH WKH PLV�

FODVVLnFDWLRQ UDWH RI WKH WHVW VHW� 5HSHDWLQJ WKHVH VWHSV IRU VHYHUDO SDUWLWLRQV RI WKH

VDPSOH DQG DYHUDJLQJ WKH PLVFODVVLnFDWLRQ UDWH IRU HDFK SDUWLWLRQ \LHOGV DQ HVWLPDWH

RI WKH DFFXUDF\ RI WKH FODVVLnHU RQ IXWXUH REVHUYDWLRQV� :H DOVR YDULHG WKH SURSRUWLRQ

RI WKH REVHUYDWLRQV XVHG LQ WKH WUDLQLQJ VHW WR HVWLPDWH D ?OHDUQLQJ FXUYH� IRU WKH NQHH

LQMXU\ FODVVLnFDWLRQ SUREOHP WKDW KHOSV GHWHUPLQH WKH QXPEHU RI SDWLHQWV QHHGHG IRU

FRQVWUXFWLQJ DQ DFFXUDWH PRGHO�

7DEOH ��� DQG WDEOH ��� VKRZ WKH HVWLPDWHG ZHLJKWV RI HYLGHQFH� AZM�;M�� 7KH

SRLQW HVWLPDWHV VKRZQ DUH WKH H[SHFWHG YDOXH RI WKH ERRVWHG ZHLJKW RI HYLGHQFH�

:KHQ HVWLPDWLQJ WKH SUREDELOLWLHV LQ HTXDWLRQ ���� ZH WDNH D %D\HVLDQ DSSURDFK

DQG DVVXPH WKDW HDFK SUREDELOLW\ KDV D EHWD GLVWULEXWLRQ� :LWK D %HWD����� SULRU

RQ HDFK SDUDPHWHU ZH REWDLQ QXPHULFDOO\ VWDEOH HVWLPDWHV� HYHQ IRU FODVVHV ZLWK ORZ

FHOO FRXQWV� 7KLV LV HTXLYDOHQW WR ZKDW LV NQRZQ DV WKH /DSODFH FRUUHFWLRQ� /HW S�

UHSUHVHQW 3 �;M  [MM<  �� DQG S� UHSUHVHQW 3 �;M  [MM<  �� IRU VRPH DUELWUDU\

M� )RU SRLQW HVWLPDWHV RI WKH ZHLJKWV RI HYLGHQFH ZH ZRXOG OLNH WR FRPSXWH

( ZM�[M�  (

�
ORJ

S�

S�

�
 ( ORJ S� b ( ORJ S� ������

ZKHUH S� DQG S� KDYH VRPH SRVWHULRU GLVWULEXWLRQ %HWD�m�� n�� DQG %HWD�m�� n�� UH�
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7DEOH ���� (VWLPDWHG ZHLJKWV RI HYLGHQFH ^ � RI �

3ULRU �� ����

9DULDEOH QHJDWLYH SRVLWLYH

8QLODWHUDO ��� ���� � ���

,QMXU\ ��� ���� �� ����

/RFNLQJ �� ��� ��� ����

,QVWDELOLW\ ��� ��� �� ����

0HFKDQLFDO �� ���� �� ����

$QWHULRU SDLQ � ���� �� ����

/RFDO SDLQ �� ���� ��� ����

6SRUWV UHODWHG �� ���� ��� ����

,QGXVWULDO �� ��� �� ����

3ULRU VXUJHU\ �� ��� ��� ����

3ULRU LQMXU\ �� ��� �� ����

'HSUHVVLRQ �� ��� �� ����

(mXVLRQ ��� ���� �� ����

5DQJH ORVV �� ���� �� ����

,QVWDELOLW\ 0&/ � ��� ���� ����

,QVWDELOLW\ /&/ �� ��� ��� ����

,QVWDELOLW\ $&/ ��� ��� ��� ����

3DWHOOD FUHSLWXV ��� ���� �� ����

0F0XUUD\
V ��� ���� �� ����

7HQGHU PHG -/ ��� ���� �� ����

7HQGHU ODW -/ ��� ��� �� ����

7HQGHU DQWHULRU �� ��� ��� ����
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7DEOH ���� (VWLPDWHG ZHLJKWV RI HYLGHQFH ^ � RI �

0DOH )HPDOH

6H[ �� ���� � ����

� �� ����� ����� w ��
$JH �� ���� �� ���� �� ���� ��� ����

1RQH 6ORZ 5DSLG

6ZHOOLQJ ��� ���� �� ���� ��� ����

1R <HV $UWKULWLV

;5�IUDFWXUH �� ���� ��� ���� �� ����

VSHFWLYHO\� , ZLOO XVH WKH IDFW WKDW

( ORJ S  
= �
�
ORJ�S�

b�m� n�

b�m�b�n�
Smb���b S�nb�GS

 �����m�b �����m� n�

ZKHUH ��Q��]� LV WKH GLJDPPD IXQFWLRQ� WKH �Q � ��WK GHULYDWLYH RI WKH ORJDULWKP RI

WKH JDPPD IXQFWLRQ� 6R WKH H[SHFWDWLRQ LQ ���� LV

( ZM�[M�  �����m��b �����m��b �����n�� � �����n�� ������

7KLV H[SHFWDWLRQ DOVR KROGV IRU WKH SULRU ZHLJKW RI HYLGHQFH� $Q HVWLPDWH RI WKH

ERRVWHG ZHLJKWV RI HYLGHQFH LV VLPSO\ D ZHLJKWHG DYHUDJH RI ����� 7KH YDULDQFH RI

WKH ZHLJKWV LV QRW VR VLPSOH� 7KH ERRVWLQJ LWHUDWLRQV DUH KLJKO\ GHSHQGHQW RQ RQH

DQRWKHU� :H DSSHDO WR ERRWVWUDSSLQJ WR HVWLPDWH WKH YDULDQFH RI WKH ZM
V�

5HWXUQLQJ WR WDEOHV ��� DQG ���� WKH QXPEHU VKRZQ LQ SDUHQWKHVHV LV D ERRWVWUDS

HVWLPDWH RI WKH VWDQGDUG GHYLDWLRQ RI AZM�;M�� ,I WKH ZHLJKW RI HYLGHQFH HVWLPDWHV

ZHUH QRUPDOO\ GLVWULEXWHG WKHQ WKH UDWLR RI WKH HVWLPDWH WR WKH HVWLPDWHG VWDQGDUG
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7DEOH ���� ([DPSOH HYLGHQFH EDODQFH VKHHW� :HLJKWV DUH VFDOHG E\ ����

(YLGHQFH LQ IDYRU RI NQHH VXUJHU\ (YLGHQFH DJDLQVW NQHH VXUJHU\

)HPDOH �� 3ULRU ��

.QHH LV XQVWDEOH ��� $JH �� ���

.QHH ORFNV ���� 1R HmXVLRQ ���

7HQGHU PHG -/ ��� 1HJDWLYH 0F0XUUD\
V ���

7RWDO SRVLWLYH HYLGHQFH ���� 7RWDO QHJDWLYH HYLGHQFH ����

7RWDO HYLGHQFH ����

3UREDELOLW\ RI NQHH VXUJHU\ ���

GHYLDWLRQ ZRXOG SURYLGH D W�WHVW VWDWLVWLF IRU WHVWLQJ ZKHWKHU WKH ZHLJKW RI HYLGHQFH

GLmHUHG VLJQLnFDQWO\ IURP �� +RZHYHU� WKH ERRWVWUDS GLVWULEXWLRQ RI WKH HVWLPDWHV

ZHUH RIWHQ VNHZHG� LQGLFDWLQJ VXEVWDQWLDO GHSDUWXUHV IURP QRUPDOLW\� $FFRUGLQJ WR WKH

ERRWVWUDS GLVWULEXWLRQ� LI A3 � AZM�;M� ! �� LV OHVV WKDQ ����� RU H[FHHGV ����� �HYLGHQFH

WKDW WKH ZHLJKW RI HYLGHQFH LV VWURQJO\ QHJDWLYH RU VWURQJO\ SRVLWLYH UHVSHFWLYHO\� WKHQ

ZH EROGIDFHG WKH YDULDEOH LQ WDEOHV ��� DQG ���� 7KLV DPRXQWV WR D m  ���� WHVW EDVHG

RQ WKH ERRWVWUDS SHUFHQWLOH LQWHUYDO �(IURQ DQG 7LEVKLUDQL ������ 7KLV LV DQDORJRXV WR

WKH S � ��� XVHG WR GHWHUPLQH VWDWLVWLFDO VLJQLnFDQFH LQ RWKHU VWDWLVWLFDO PRGHOV� 7KH

EROG IDFHG ZHLJKWV RI HYLGHQFH LQGLFDWH WKDW WKH DVVRFLDWHG YDULDEOH LV D ?VLJQLnFDQW�

SUHGLFWRU IRU RU DJDLQVW VXUJHU\�

7KH ZHLJKWV LQ WDEOHV ��� DQG ��� DUH DGGLWLYH� 7KDW LV� WR GHWHUPLQH WKH WRWDO

ZHLJKW RI HYLGHQFH LQ IDYRU RI D SDWLHQW QHHGLQJ NQHH VXUJHU\ WKH SK\VLFLDQ PHUHO\

QHHGV WR HOLFLW D FROOHFWLRQ RI LQGLFDQWV� VXP WKH DVVRFLDWHG ZHLJKWV� DQG QRWH WKH

PDJQLWXGH DQG VLJQ RI WKH WRWDO ZHLJKW�

)RU D QHZ SDWLHQW D SK\VLFLDQ FRXOG HDVLO\ FUHDWH DQ HYLGHQFH EDODQFH VKHHW
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)LJXUH ���� /HDUQLQJ FXUYH IRU SUHGLFWLQJ WKH QHFHVVLW\ RI NQHH VXUJHU\ �PHDQ PLV�
FODVVLnFDWLRQ ZLWK �VW DQG �UG TXDUWLOHV�

�6SLHJHOKDOWHU DQG .QLOO�-RQHV ����� IURP WDEOHV ��� DQG ���� 7DEOH ��� VKRZV DQ

H[DPSOH RI VXFK DQ HYLGHQFH EDODQFH VKHHW ZKHUH WKH ZHLJKWV RI HYLGHQFH DUH VFDOHG

E\ D IDFWRU RI ��� IRU UHDGDELOLW\� )LJXUH ��� VKRZV WKH HVWLPDWHG OHDUQLQJ FXUYH IRU WKH

QHFHVVLW\ RI NQHH VXUJHU\� 7UDLQLQJ RQ �� SDWLHQWV ZH H[SHFW WR SUHGLFW NQHH VXUJHU\

ZLWK ��� DFFXUDF\ �PLVFODVVLnFDWLRQ UDWH LV DSSUR[LPDWHO\ �����

��� &RQFOXVLRQ

,Q WKLV FKDSWHU , SURSRVHG D PHWKRG IRU PHUJLQJ WKH LQWHUSUHWDWLRQ SURSHUWLHV RI

WKH QD�rYH %D\HV FODVVLnHU ZLWK WKH SHUIRUPDQFH JDLQV DVVRFLDWHG ZLWK ERRVWLQJ� ,Q

SDUWLFXODU� YLD DQ LQWXLWLYHO\ UHDVRQDEOH DSSUR[LPDWLRQ� , VKRZHG WKDW WKH ERRVWHG

QD�rYH %D\HV FODVVLnHU LV QHDUO\ OLQHDU LQ WKH SUHGLFWRUV� 7KURXJK HPSLULFDO VWXG\ RQ

nYH GDWDVHWV� WKLV PHWKRG GHPRQVWUDWHG VOLJKW LPSURYHPHQWV RYHU WKH XVXDO QD�rYH

%D\HV LQ WHUPV RI PLVFODVVLnFDWLRQ UDWHV� 3UREDEO\ RI PRUH LQWHUHVW� DV IDU DV WKLV

PHWKRG LV FRQFHUQHG� LV WKDW ERWK ERRVWLQJ PHWKRGV KDG QHDU LGHQWLFDO SHUIRUPDQFH�
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$OWKRXJK PLVFODVVLnFDWLRQ VHHPV WR EH WKH HUURU PHWULF RI FKRLFH LQ WKH PDFKLQH

OHDUQLQJ FRPPXQLW\ LW QHHG QRW EH WKH RQO\ RQH� 2Q PHWULFV WKDW PHDVXUH FDOLEUD�

WLRQ VXFK DV WKH %ULHU VFRUH GHFRPSRVLWLRQ RU VLPSOH FDOLEUDWLRQ SORWV ERWK ERRVWLQJ

PHWKRGV RXW SHUIRUPHG WKH H[DJJHUDWHG QD�rYH %D\HV SUHGLFWLRQ�

)RU DSSOLFDWLRQV WR ODUJH GDWDVHWV� WKH QD�rYH %D\HV FODVVLnHU DORQH LV YLDEOH� )RU

GLVFUHWH SUHGLFWRUV� D OLQHDU VFDQ RI WKH GDWDVHW SURYLGHV DOO WKH VXpFLHQW VWDWLVWLFV

IRU SDUDPHWHU HVWLPDWLRQ� ,I PXOWLSOH VFDQV DUH DOORZDEOH ERRVWLQJ KDV DQ H[WUD FRVW

WKDW LV OLQHDU LQ WKH QXPEHU RI ERRVWLQJ LWHUDWLRQV� )RU WKH FRVW RI DQ H[WUD VFDQ� WKH

FODVVLnHU PLJKW LPSURYH FDOLEUDWLRQ�
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7KLV FKDSWHU SURSRVHV D PHWKRG IRU DSSO\LQJ WKH ERRVWHG QD�rYH %D\HV FODVVLnHU WR

UHJUHVVLRQ SUREOHPV� 7KH SDSHU 5LGJHZD\� 0DGLJDQ� DQG 5LFKDUGVRQ ������ FRQWDLQV

D FRQGHQVHG YHUVLRQ RI WKHVH LGHDV�

&ODVVLnFDWLRQ SUREOHPV KDYH GRPLQDWHG UHVHDUFK RQ ERRVWLQJ WR GDWH� 7KH DSSOL�

FDWLRQ RI ERRVWLQJ WR UHJUHVVLRQ SUREOHPV� RQ WKH RWKHU KDQG� KDV UHFHLYHG OLWWOH LQ�

YHVWLJDWLRQ� ,Q WKLV SDSHU ZH GHYHORS D QHZ ERRVWLQJ PHWKRG IRU UHJUHVVLRQ SUREOHPV�

:H FDVW WKH UHJUHVVLRQ SUREOHP DV D FODVVLnFDWLRQ SUREOHP DQG DSSO\ DQ LQWHUSUHWDEOH

IRUP RI WKH ERRVWHG QD�rYH %D\HV FODVVLnHU� 7KLV LQGXFHV D UHJUHVVLRQ PRGHO WKDW ZH

VKRZ WR EH H[SUHVVLEOH DV DQ DGGLWLYH PRGHO IRU ZKLFK ZH GHULYH HVWLPDWRUV DQG GLV�

FXVV FRPSXWDWLRQDO LVVXHV� :H FRPSDUH WKH SHUIRUPDQFH RI RXU ERRVWHG QD�rYH %D\HV

UHJUHVVLRQ PRGHO ZLWK RWKHU LQWHUSUHWDEOH PXOWLYDULDWH UHJUHVVLRQ SURFHGXUHV�

��� ,QWURGXFWLRQ

,Q D ZLGH YDULHW\ RI FODVVLnFDWLRQ SUREOHPV� ERRVWLQJ WHFKQLTXHV KDYH SURYHQ WR EH DQ

HmHFWLYH PHWKRG IRU UHGXFLQJ ELDV DQG YDULDQFH� DQG LPSURYLQJ PLVFODVVLnFDWLRQ UDWHV

�%DXHU DQG .RKDYL ������ :KLOH PRUH HYLGHQFH FRPSLOHV DERXW WKH XWLOLW\ RI WKHVH

WHFKQLTXHV LQ FODVVLnFDWLRQ SUREOHPV� OLWWOH LV NQRZQ DERXW WKHLU HmHFWLYHQHVV LQ UHJUHV�

VLRQ SUREOHPV� )UHXQG DQG 6FKDSLUH ������ SURYLGH D VXJJHVWLRQ DV WR KRZ ERRVWLQJ

PLJKW SURGXFH UHJUHVVLRQ PRGHOV XVLQJ WKHLU DOJRULWKP $GD%RRVW�5� %UHLPDQ ������

DOVR VXJJHVWV KRZ ERRVWLQJ PLJKW DSSO\ WR UHJUHVVLRQ SUREOHPV XVLQJ KLV DOJRULWKP

DUF�JY DQG SURPLVHV D VWXG\ LQ WKH QHDU IXWXUH� 7KH RQO\ DFWXDO LPSOHPHQWDWLRQ DQG
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H[SHULPHQWDWLRQ ZLWK ERRVWLQJ UHJUHVVLRQ PRGHOV WKDW ZH NQRZ RI LV 'UXFNHU ������

LQ ZKLFK KH DSSOLHV DQ DG KRF PRGLnFDWLRQ RI $GD%RRVW�5 WR VRPH UHJUHVVLRQ SUREOHPV

DQG REWDLQV SURPLVLQJ UHVXOWV�

,Q WKLV FKDSWHU ZH GHYHORS D QHZ ERRVWLQJ PHWKRG IRU UHJUHVVLRQ SUREOHPV� 0R�

WLYDWHG E\ WKH FRQFHSW EHKLQG $GD%RRVW�5� ZH SURMHFW WKH UHJUHVVLRQ SUREOHP LQWR D

FODVVLnFDWLRQ SUREOHP RQ D GDWDVHW RI LQnQLWH VL]H� :H XVH D YDULDQW RI WKH ERRVWHG

QD�rYH %D\HV FODVVLnHU �5LGJHZD\� 0DGLJDQ� 5LFKDUGVRQ� DQG 2
.DQH ����� WKDW RmHUV

oH[LELOLW\ LQ PRGHOLQJ� SUHGLFWLYH VWUHQJWK� DQG� XQOLNH PRVW YRWLQJ PHWKRGV� LQWHU�

SUHWDELOLW\� ,Q VSLWH RI WKH LQnQLWH GDWDVHW ZH FDQ VWLOO REWDLQ FORVHG IRUP H[SUHVVLRQV

IRU WKH SDUDPHWHU HVWLPDWHV ZLWKLQ HDFK LWHUDWLRQ RI WKH ERRVWLQJ DOJRULWKP� $V D

FRQVHTXHQFH RI WKH PRGHO IRUPXODWLRQ� WKH QD�rYH %D\HV UHJUHVVLRQ PRGHO WXUQV RXW

WR EH DQ HVWLPDWLRQ SURFHGXUH IRU DGGLWLYH UHJUHVVLRQ IRU D PRQRWRQH WUDQVIRUPDWLRQ

RI WKH UHVSRQVH YDULDEOH� ,Q WKLV SDSHU ZH GHULYH WKH ERRVWHG QD�rYH %D\HV UHJUHV�

VLRQ PRGHO �%1%�5� DV ZHOO DV VKRZ VRPH UHVXOWV IURP H[SHULPHQWV XVLQJ D GLVFUHWH

DSSUR[LPDWLRQ�

��� %RRVWLQJ IRU FODVVLnFDWLRQ

,Q ELQDU\ FODVVLnFDWLRQ SUREOHPV ZH REVHUYH �;�< �L� L  �� c c c � 1 ZKHUH < � I�� �J
DQG ZH ZLVK WR IRUP D PRGHO� K�;�� ZKLFK DFFXUDWHO\ SUHGLFWV < � %RRVWLQJ GHVFULEHV

D JHQHUDO YRWLQJ PHWKRG IRU FRQVWUXFWLQJ K�;� IURP D VHTXHQFH� KW�;�� ZKHUH HDFK

PRGHO XVHV D GLmHUHQW ZHLJKWLQJ RQ WKH REVHUYDWLRQV LQ WKH GDWDVHW WR HVWLPDWH LWV

SDUDPHWHUV� 2EVHUYDWLRQV SRRUO\ PRGHOHG E\ KW UHFHLYH JUHDWHU ZHLJKW IRU OHDUQLQJ

KW��� 7KH nQDO ERRVWHG PRGHO LV D FRPELQDWLRQ RI WKH SUHGLFWLRQV IURP HDFK KW

ZKHUH HDFK LV ZHLJKWHG DFFRUGLQJ WR WKH TXDOLW\ RI LWV FODVVLnFDWLRQ RQ WKH WUDLQLQJ

GDWDVHW� )UHXQG DQG 6FKDSLUH ������ SUHVHQWHG D ERRVWLQJ DOJRULWKP IRU FODVVLnFDWLRQ

SUREOHPV WKDW HPSLULFDOO\ KDV \LHOGHG UHGXFWLRQ LQ ELDV� YDULDQFH� DQG PLVFODVVLnFDWLRQ

UDWHV ZLWK D YDULHW\ RI EDVH FODVVLnHUV DQG SUREOHP VHWWLQJV� 9DULDQWV RI WKHLU $GD%RRVW
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�DGDSWLYH ERRVWLQJ� DOJRULWKP KDYH EHFRPH WKH GRPLQDQW IRUP RI ERRVWLQJ LQ SUDFWLFH

DQG H[SHULPHQWDWLRQ VR IDU�

$V GLVFXVVHG LQ FKDSWHU �� )UHXQG DQG 6FKDSLUH
V 'LVFUHWH $GD%RRVW DOJRULWKP

SURFHHGV DV IROORZV� ,QLWLDOL]H WKH ZHLJKWV RI HDFK REVHUYDWLRQ WR Z
���
L  �

1
� )RU W LQ �
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7KH\ SURYH WKDW ERRVWLQJ LQ WKLV PDQQHU SODFHV DQ XSSHU ERXQG RQ WKH nQDO

PLVFODVVLnFDWLRQ UDWH RQ WKH WUDLQLQJ GDWDVHW DW

�7b�
7<
W �

T
qW��b qW�� �����

1RWH WKDW DV ORQJ DV WKH ZHLJKWHG PLVFODVVLnFDWLRQ UDWH RI HDFK RI WKH FODVVLnHUV FDQ

GR HYHQ VOLJKWO\ EHWWHU �RU ZRUVH� WKDQ UDQGRP JXHVVLQJ� WKHQ WKH ERXQG GHFUHDVHV�

,Q ��� ZKHQ FRPSXWLQJ U�[�� WKH ZHLJKW FRHpFLHQW IRU D SDUWLFXODU FODVVLnHU LV ORJ �
nW
�

7KLV FRHpFLHQW LV � ZKHQ WKH FODVVLnHU LV QR EHWWHU WKDQ UDQGRP JXHVVLQJ� qW  
�
�
�

$OVR� LI WKH FODVVLnHU GRHV ZRUVH WKDQ UDQGRP JXHVVLQJ� qW !
�
�
� WKHQ nW ! � DQG VR WKH

ZHLJKW FRHpFLHQW LV QHJDWLYH� HmHFWLYHO\ UHYHUVLQJ WKH SUHGLFWLRQV PDGH E\ +W�[��
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(YHQ LI ERRVWLQJ GULYHV WKH WUDLQLQJ HUURU WR ]HUR WKH ERRVWHG PRGHOV WHQG QRW WR

EH RYHUnW RQ UHDO GDWDVHWV� 7KH ZRUN RQ $GD%RRVW DOVR SURGXFHG ERXQGV RQ JHQHUDO�

L]DWLRQ HUURU EDVHG RQ 9& GLPHQVLRQ� +RZHYHU� $GD%RRVW
V SHUIRUPDQFH LQ SUDFWLFH

RIWHQ LV PXFK EHWWHU WKDQ WKH ERXQG LPSOLHV� (PSLULFDO HYLGHQFH KDV VKRZQ WKDW

WKH EDVH FODVVLnHU FDQ EH IDLUO\ VLPSOLVWLF �VKDOORZ FODVVLnFDWLRQ WUHHV� DQG \HW� ZKHQ

ERRVWHG� FDQ FDSWXUH FRPSOH[ GHFLVLRQ ERXQGDULHV �%UHLPDQ ������ 5LGJHZD\� 0DGL�

JDQ� 5LFKDUGVRQ� DQG 2
.DQH ������ VXEVWLWXWHG WKH QD�rYH %D\HV FODVVLnHU KW�;� DQG

D 7D\ORU H[SDQVLRQ IRU WKH VLJPRLG IXQFWLRQ WR REWDLQ DQ DFFXUDWH DQG LQWHUSUHWDEOH

ERRVWHG QD�rYH %D\HV FODVVLnHU� 8VLQJ WKH VDPH ERRVWLQJ DOJRULWKP SUHVHQWHG DERYH�

WKH VWHS FRPELQLQJ WKH QD�rYH %D\HV FODVVLnHUV LV DSSUR[LPDWHO\
7;
W �

mW ORJ
3W�<  ��

3W�<  ��
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G;
M �

7;
W �

mW ORJ
3W�;MM<  ��
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 ERRVWHG SULRU ZHLJKW RI HYLGHQFH �
G;

M �

ERRVWHG ZHLJKW RI HYLGHQFH IRU;M �����

ZKHUH mW  
nW3
W
nW
� 3W�c� LV DQ HVWLPDWH RI WKH SUREDELOLW\ GHQVLW\ IXQFWLRQ XVLQJ D

ZHLJKWHG OLNHOLKRRG WDNLQJ LQWR DFFRXQW WKH REVHUYDWLRQ ZHLJKWV� Z�W�� IURP WKH WWK

ERRVWLQJ LWHUDWLRQ� 7KH ERRVWLQJ ZHLJKWV RI HYLGHQFH DUH D YHUVLRQ RI WKRVH GHVFULEHG

LQ *RRG ������� $ SRVLWLYH ZHLJKW FRUUHVSRQGLQJ WR ;M LQGLFDWHV WKDW WKH VWDWH RI ;M

LV HYLGHQFH LQ IDYRU RI WKH K\SRWKHVLV WKDW <  �� $ QHJDWLYH ZHLJKW LV HYLGHQFH IRU

<  ��

,Q SUDFWLFH WKH QRQ�ERRVWHG QD�rYH %D\HV FODVVLnHU FRQVLVWHQWO\ GHPRQVWUDWHV UR�

EXVWQHVV WR YLRODWLRQV LQ LWV DVVXPSWLRQV DQG WHQGV QRW WR EH VHQVLWLYH WR H[WUDQHRXV

SUHGLFWRU YDULDEOHV� 1RWH WKDW ��� UHPDLQV D QD�rYH %D\HV FODVVLnHU HYHQ WKRXJK LW KDV

EHHQ ERRVWHG� +RZHYHU� ERRVWLQJ KDV ELDVHG WKH HVWLPDWHV RI WKH ZHLJKWV RI HYLGHQFH

WR IDYRU LPSURYHG PLVFODVVLnFDWLRQ UDWHV� 6XEVHTXHQW FODVVLnHUV SODFH PRUH ZHLJKW RQ

REVHUYDWLRQV WKDW DUH SRRUO\ SUHGLFWHG� ,QWXLWLYHO\� ERRVWLQJ ZHLJKWV WKRVH UHJLRQV RI

WKH VDPSOH VSDFH WKDW DUH QRW PRGHOHG ZHOO RU H[HPSOLI\ YLRODWLRQV RI WKH PRGHO
V
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DVVXPSWLRQV �LQ WKH QD�rYH %D\HV FDVH� FRQGLWLRQDO LQGHSHQGHQFH RI IHDWXUHV JLYHQ

WKH XQNQRZQ FODVV�� 6LPLODU WR WKH ZHLJKWV RI HYLGHQFH ORJLVWLF UHJUHVVLRQ SURSRVDO RI

6SLHJHOKDOWHU DQG .QLOO�-RQHV ������� ERRVWLQJ WKH QD�rYH %D\HV FODVVLnHU VHHPV WR KDYH

D VKULQNLQJ HmHFW RQ WKH ZHLJKWV RI HYLGHQFH DQG UHLQV LQ WKH FODVVLnHUV H[DJJHUDWHG

SUREDELOLW\ SUHGLFWLRQV OHDGLQJ WR LPSURYHG FDOLEUDWLRQ�

(mRUWV WR LPSURYH XSRQ WKH QD�rYH %D\HV FODVVLnHU E\ UHOD[LQJ WKH QD�rYH FRQGL�

WLRQDO LQGHSHQGHQFH DVVXPSWLRQ DUH QRW DOZD\V VXFFHVVIXO� )ULHGPDQ DQG *ROGV]PLGW

������ FRPSDUHG WKH SHUIRUPDQFH RI WKH QD�rYH %D\HV FODVVLnHU DQG� WKHLU PRUH SRZHU�

IXO FRXQWHUSDUW� WKH %D\HVLDQ QHWZRUN� 7KH\ IRXQG WKDW WKH FRPSOH[LW\ LQ nWWLQJ WKH

%D\HVLDQ QHWZRUNV PRGHOV GLG QRW RmVHW WKH JHQHUDOO\ VPDOO JDLQV LQ SUHGLFWLYH SHUIRU�

PDQFH� +RZHYHU� LQ UHVSRQVH� WKH\ SURSRVHG WKH DXJPHQWHG QD�rYH %D\HV WKDW DOORZV

IRU VRPH GHSHQGHQFH DPRQJ WKH IHDWXUHV� ,Q SDUWLFXODU WKH\ GHYHORS WUHH�DXJPHQWHG

QD�rYH %D\HV �7$1� DQG VKRZ WKDW LW RXWSHUIRUPV QD�rYH %D\HV DV ZHOO DV &���� D

GHFLVLRQ WUHH FODVVLnHU� .HRJK DQG 3D]]DQL ������ FRQnUPHG WKDW 7$1 RXWSHUIRUPV

QD�rYH %D\HV RQ DYHUDJH� DW WLPHV VXEVWDQWLDOO\ EXW PRUH RIWHQ VOLJKWO\� %XLOGLQJ RQ

WKH ZRUN RI )ULHGPDQ DQG *ROGV]PLGW ������ WKH\ GHYHORSHG DQ HpFLHQW KLOO�FOLPELQJ

VHDUFK �+&6� IRU DQ DXJPHQWHG QD�rYH %D\HV FODVVLnHU� 2Q WKH WKLUWHHQ 8&, GDWDVHWV

DQDO\]HG� +&6 RXWSHUIRUPV 7$1� GHFUHDVLQJ PLVFODVVLnFDWLRQ UDWHV XS WR ����

2WKHU PHWKRGV WR RmVHW YLRODWLRQV RI WKH QD�rYH %D\HV DVVXPSWLRQ EXLOG GHFLVLRQ

WUHHV WKDW nW ORFDO QD�rYH %D\HV FODVVLnHUV DW WKH OHDYHV� =KHQJ DQG :HEE ������ JLYH

D KLVWRU\ RI VRPH PHWKRGV DV ZHOO DV SURSRVH D QHZ PHWKRG RI WKHLU RZQ� :LWKLQ D

OHDI WKLV PHWKRG nWV D QD�rYH %D\HV FODVVLnHU ZKHUH WKH REVHUYDWLRQV ZHLJKWLQJ DVVLJQV

ZHLJKW � WR REVHUYDWLRQV LQ WKH OHDI DQG ZHLJKW � WR REVHUYDWLRQV RXWVLGH WKH OHDI� 7KH

nQDO PRGHO WKHQ PL[HV DOO WKH OHDYHV WRJHWKHU� %RRVWLQJ SHUIRUPV LQ D VLPLODU PDQQHU�

+RZHYHU� UDWKHU WKDQ SDUWLWLRQLQJ WKH GDWDVHW� ERRVWLQJ UHZHLJKWV VPRRWKO\� OHDUQLQJ

RQ HDFK LWHUDWLRQ WR ZKDW GHJUHH LW VKRXOG nW WKH QH[W FODVVLnHU WR HDFK REVHUYDWLRQ�

(mRUWV WR XVH WKH QD�rYH %D\HV DVVXPSWLRQ LQ UHJUHVVLRQ DSSOLFDWLRQV KDV IDLOHG�

)UDQN� 7ULJJ� +ROPHV� DQG :LWWHQ ������ VKRZHG WKDW GLUHFW DSSOLFDWLRQ RI WKH QD�rYH
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%D\HV DVVXPSWLRQ SHUIRUPV ZRUVH WKDQ OLQHDU UHJUHVVLRQ DQG UHJUHVVLRQ WUHHV� 7KH

UREXVW SURSHUWLHV RI QD�rYH %D\HV PD\ RQO\ H[LVW IRU FODVVLnFDWLRQ� ,Q WKLV ZRUN ZH ZLOO

EH DEOH WR WDNH DGYDQWDJH RI WKHVH UREXVW FODVVLnFDWLRQ SURSHUWLHV DQG DSSO\ WKHP WR

UHJUHVVLRQ SUREOHPV WR RXWSHUIRUP OLQHDU UHJUHVVLRQ DQG WUHHV LQ VRPH VHWWLQJV�

��� %RRVWLQJ UHJUHVVLRQ SUREOHPV

,Q VSLWH RI WKH DWWHQWLRQ ERRVWLQJ UHFHLYHV LQ FODVVLnFDWLRQ PHWKRGRORJ\� IHZ UHVXOWV

H[LVW WKDW DSSO\ WKH LGHDV WR UHJUHVVLRQ SUREOHPV� ,I ERRVWLQJ
V HmHFWLYHQHVV H[WHQGV

EH\RQG FODVVLnFDWLRQ SUREOHPV WKHQ ZH PLJKW H[SHFW WKDW WKH ERRVWLQJ RI VLPSOLVWLF

UHJUHVVLRQ PRGHOV FRXOG UHVXOW LQ D ULFKHU FODVV RI UHJUHVVLRQ PRGHOV� %UHLPDQ ������

GHVFULEHV D ERRVWLQJ PHWKRG FDOOHG DUF�JY DOWKRXJK WR GDWH QR SHUIRUPDQFH UHVXOWV

KDYH EHHQ SXEOLVKHG�

'UXFNHU ������ FRQVLGHUHG DQ DG KRF ERRVWLQJ UHJUHVVLRQ DOJRULWKP� +H DVVLJQHG

D ZHLJKW� ZL� WR HDFK REVHUYDWLRQ DQG nW D &$57 PRGHO� K�[�� < � WR WKH ZHLJKWHG

VDPSOH� 6LPLODU WR WKH $GD%RRVW DOJRULWKP IRU FODVVLnFDWLRQ KH VHW
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+H RmHUV WKUHH FDQGLGDWH ORVV IXQFWLRQV IRU /� DOO RI ZKLFK DUH FRQVWUDLQHG WR WKH

>���@ LQWHUYDO� 7KH GHnQLWLRQ RI nW UHPDLQV WKH VDPH DQG WKH UHZHLJKWLQJ SURFHHGV LQ

$GD%RRVW IDVKLRQ�
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,Q WKLV PDQQHU� HDFK ERRVWLQJ LWHUDWLRQ FRQVWUXFWV D UHJUHVVLRQ WUHH RQ D GLmHUHQW

ZHLJKWLQJ RI WKH GDWDVHW� /DVWO\� KH VXJJHVWV XVLQJ D ZHLJKWHG PHGLDQ WR PHUJH WKH

SUHGLFWLRQV RI HDFK UHJUHVVLRQ WUHH� 8VLQJ WKLV PHWKRG� KLV HPSLULFDO DQDO\VLV VKRZHG

FRQVLVWHQW LPSURYHPHQW LQ SUHGLFWLRQ HUURU RYHU QRQ�ERRVWHG UHJUHVVLRQ WUHHV�

'UXFNHU
V DQG )UHXQG DQG 6FKDSLUH
V PHWKRGV VKDUH OLWWOH LQ FRPPRQ� ,Q RUGHU

WR H[WHQG WKHLU WKHRUHWLFDO FODVVLnFDWLRQ UHVXOWV WR UHJUHVVLRQ SUREOHPV )UHXQG DQG
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7DEOH ���� ([DPSOH GDWDVHW '

;� ;� <

��� ��� ���

��� ��� ���

6FKDSLUH SURMHFW WKH UHJUHVVLRQ GDWDVHW LQWR D FODVVLnFDWLRQ GDWDVHW DQG DSSO\ WKHLU

$GD%RRVW DOJRULWKP� 2XU DOJRULWKP SURFHHGV VLPLODUO\�

����� 3URMHFWLQJ WKH REVHUYHG GDWD

)UHXQG DQG 6FKDSLUH SURMHFW WKH GDWD LQWR D ?UHGXFHG$GD%RRVW VSDFH�� D FODVVLnFDWLRQ

GDWDVHW LQ WKH IROORZLQJ ZD\� )RU WKH PRPHQW ZH ZLOO DVVXPH WKDW < � >�� �@ EXW

WKH PHWKRGRORJ\ UHDGLO\ H[WHQGV WR WKH ZKROH UHDO OLQH� 7R PDNH WKLV WUDQVLWLRQ WR

D FODVVLnFDWLRQ SUREOHP ZH nUVW H[SDQG WKH VL]H RI WKH GDWDVHW� &RQVLGHU WKH WR\

GDWDVHW VKRZQ LQ WDEOH ���� :H WUDQVIRUP WKH RULJLQDO UHJUHVVLRQ GDWDVHW� '� WR D QHZ

FODVVLnFDWLRQ GDWDVHW� 'e� DV IROORZV�

)LUVW� OHW 6 EH D VHTXHQFH RIP HTXDOO\ VSDFHG YDOXHV LQ WKH LQWHUYDO >���@� 6HFRQGO\�

IRUP WKH &DUWHVLDQ SURGXFW RI �;�� ;�� < � DQG 6� 7KHQ DSSHQG WKH GDWDVHW ZLWK D

ELQDU\ YDULDEOH� < e� WKDW KDV WKH YDOXH � LI 6 � < DQG � LI 6 w < � 7DEOH ��� VKRZV WKH

WUDQVIRUPDWLRQ RI WDEOH ���� :H ZLOO FDOO WKLV GDWDVHW'e ZKLFK KDVPd1 REVHUYDWLRQV�

1RZ ZH FDQ FRQVWUXFW D FODVVLnHU RI WKH IRUP K � �6�;�� I�� �J� ,Q RWKHU ZRUGV� ZH
FDQ JLYH WKLV PRGHO DQ ; DQG DQ 6 DQG DVN RI LW ZKHWKHU WKH < DVVRFLDWHG ZLWK ;

LV ODUJHU RU VPDOOHU WKDQ 6� $ SUREDELOLVWLF FODVVLnHU PD\ LQVWHDG JLYH D SUREDELOLVWLF

SUHGLFWLRQ VR WKDW K � �6�;�� >�� �@� 1RWH WKDW ZKHQ P LV ODUJH HQRXJK VXFK WKDW WKH

SUHFLVLRQ RI 6 H[FHHGV WKH SUHFLVLRQ RI < WKH WUDQVIRUPDWLRQ RI ' WR 'e LV ��WR��� DQG�

WKHUHIRUH� WKH FODVVLnFDWLRQ GDWDVHW FRQWDLQV WKH VDPH LQIRUPDWLRQ DV WKH UHJUHVVLRQ

GDWDVHW� 7KURXJKRXW WKLV FKDSWHU ZH ZLOO LQGH[ WKH REVHUYDWLRQV LQ ' E\ L DQG WKH

REVHUYDWLRQV LQ 'e E\ �L� 6��
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7DEOH ���� 7UDQVIRUPDWLRQ RI H[DPSOH GDWDVHW '

;� ;� < 6 < e  ,�6 w < �
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$W WKLV SRLQW RXU PHWKRGRORJ\ DQG )UHXQG DQG 6FKDSLUH
V PHWKRGRORJ\ GHSDUW�

8VLQJ WKHLU $GD%RRVW�5 RQH nWV D UHJUHVVLRQ PRGHO RQ WKH UHJUHVVLRQ GDWDVHW� '�

ZKLFK LQ WXUQ LQGXFHV D FODVVLnHU RQ WKH FODVVLnFDWLRQ GDWDVHW� 'e� 7KDW LV� RQH FDQ

DVN RI WKH UHJUHVVLRQ PRGHO ZKHWKHU LW SUHGLFWV WKH < WR EH JUHDWHU WKDQ RU OHVV WKDQ

D YDOXH 6 JLYHQ D YHFWRU RI IHDWXUHV ;� 7KH SHUIRUPDQFH RI WKLV LQGXFHG FODVVLnHU RQ

'e GHWHUPLQHV WKH UHZHLJKWLQJ RI WKH REVHUYDWLRQV DQG WKH ZHLJKW RI HDFK RI WKH KW
V�

+RZHYHU� ERWK )UHXQG DQG 6FKDSLUH
V DQG 'UXFNHU
V DOJRULWKPV KDOW LI WKH PLV�

FODVVLnFDWLRQ UDWH RI DQ\ LQGLYLGXDO KW RQ 'e H[FHHGV �
�
� 7KHLU DOJRULWKPV LWHUDWH

XQWLO qW !
�
�
� ,Q SUDFWLFH QR PHWKRG FDQ JXDUDQWHH WKDW WKLV FRQVWUDLQW VKRXOG KROG

ORQJ HQRXJK WR EXLOG D VXLWDEOH PRGHO� :H QRWHG HDUOLHU WKDW WKH YRWLQJ VFKHPH RI

WKH RULJLQDO $GD%RRVW DOJRULWKP IRU ELQDU\ FODVVLnFDWLRQ SUREOHPV ��� VLPSO\ UHYHUVHV

WKH SRODULW\ RI DQ\ FODVVLnHU IRU ZKLFK qW !
�
�
� ,Q WHUPV RI WKH YRWLQJ VFKHPH� WKHVH

FODVVLnHUV DUH MXVW DV XVHIXO DV WKH RQHV IRU ZKLFK qW �
�
�
� 7KLV REVHUYDWLRQ OHG XV WR

LQYHVWLJDWH ZKHWKHU ZH FRXOG DYRLG nWWLQJ D UHJUHVVLRQ PRGHO WKDW LQGXFHV D FODVVLnHU

DQG LQVWHDG nW D FODVVLnHU GLUHFWO\ WR 'e� ,Q ELQDU\ FODVVLnFDWLRQ SUREOHPV� LI D FODV�

VLnHU SHUIRUPV YHU\ SRRUO\ LQ WKH VHQVH RI JHWWLQJ DOPRVW HYHU\ REVHUYDWLRQ ZURQJ�

$GD%RRVW FDQ XVH VXFK D FODVVLnHU MXVW DV PXFK DV RQH WKDW JHWV DOPRVW HYHU\RQH ULJKW�

��� &ODVVLnFDWLRQ IRU LQnQLWH GDWDVHWV

,I K�;�6� LV RXU FODVVLnHU IRU'e� RXU SUHGLFWHG YDOXH RI < IRU D JLYHQ; LV WKH VPDOOHVW

YDOXH RI 6 IRU ZKLFK K SUHGLFWV < e  �� 0DQ\ FODVVLnHUV EDVH WKHLU FODVVLnFDWLRQ UXOH

RQ HVWLPDWHV RI 3 �< e  �M;�6�� 7KHUHIRUH� WR REWDLQ D SUHGLFWLRQ IRU < ZH FDQ XVH

A<  LQI
V

|
V � 3 �< e  �M;�6� w �

�

}
� �����

0RUH HDVLO\ VWDWHG� WKLV SUHGLFWLRQ LV WKH \ IRU ZKLFK ZH DUH HTXDOO\ XQFHUWDLQ ZKHWKHU

WKH WUXH < LV VPDOOHU RU ODUJHU� &RQFUHWHO\� LI 3 �< e  �M;�6  ����  ��� WKHQ ZH

ZRXOG EHOLHYH WKDW < e  � LV PRUH OLNHO\ DQG WKHUHIRUH� E\ WKH GHnQLWLRQ RI < e� < LV

PRUH OLNHO\ WR EH ODUJHU WKDQ ���� 2Q WKH RWKHU KDQG� LI 3 �< e  �M;�6  ����  ���
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WKHQ RXU EHOLHIV ZRXOG EH GLYLGHG DV WR ZKHWKHU < LV ODUJHU RU VPDOOHU WKDQ ���� ,Q

WKLV VLWXDWLRQ� ��� ZRXOG PDNH D UHDVRQDEOH SUHGLFWLRQ IRU < �

����� %RRVWHG QD�rYH %D\HV FODVVLnFDWLRQ IRU LQnQLWH GDWDVHWV

*HQHUDOO\ QD�rYH %D\HV FODVVLnFDWLRQ DVVXPHV WKDW WKH IHDWXUHV DUH LQGHSHQGHQW JLYHQ

WKH FODVV ODEHO� ,Q WKH VHWWLQJ KHUH WKH IHDWXUHV FRQVLVW RI ; DQG 6 DQG WKH FODVV ODEHO�

< e� 7KLV PRGHO FRUUHVSRQGV WR WKH IROORZLQJ IDFWRUL]DWLRQ�

3 �< e  \eM;�� c c c � ;G� 6� � 3 �< e  \e�3 �6M< e  \e�
G<

M �

3 �;MM< e  \e� �����

7KLV FRQGLWLRQDO LQGHSHQGHQFH DVVXPSWLRQ LV QRW QHFHVVDULO\ VHQVLEOH� ,I LQ IDFW <

DQG ; DUH SRVLWLYHO\ FRUUHODWHG WKHQ� JLYHQ < e  �� NQRZOHGJH WKDW 6 LV VPDOO LV

KLJKO\ LQIRUPDWLYH WKDW < LV VPDOO DQG VR ; LV OLNHO\ WR EH VPDOO� 7KHUHIRUH� RQ

WKH VXUIDFH WKH QD�rYH %D\HV DVVXPSWLRQ GRHV QRW VHHP UHDVRQDEOH� :H WKHQ PXVW

UHO\ RQ LWV UREXVWQHVV WRZDUG VXFK YLRODWLRQV DQG ERRVWLQJ
V DELOLW\ WR FRPSHQVDWH IRU

LQFRUUHFWO\ VSHFLnHG PRGHOV� ,QGHHG ZH ZLOO VHH WKDW WKLV LQ IDFW KDSSHQV� $V ZH ZLOO

VHH KHUH� DVVXPLQJ WKLV IDFWRUL]DWLRQ LPSOLHV WKDW WKH QD�rYH %D\HV UHJUHVVLRQ PRGHO

nWV DQ DGGLWLYH PRGHO WR D WUDQVIRUPDWLRQ RI WKH UHVSRQVH YDULDEOH�

3URSRVLWLRQ ��� �1D�rYH %D\HV UHJUHVVLRQ nWV DQ DGGLWLYH PRGHO� ,I

3 �6  VM< e� LV D FRQWLQXRXV IXQFWLRQ RI V DQG WKH IDFWRUL]DWLRQ LQ HTXDWLRQ ��� KROGV�

WKHQ WKH SUHGLFWLRQ UXOH LQ HTXDWLRQ ��� LV DQ DGGLWLYH PRGHO IRU D WUDQVIRUPDWLRQ RI

WKH UHVSRQVH YDULDEOH < �

3URRI�

1RWH WKDW IRU HTXDWLRQ ��� WKHUH H[LVWV V� DQG V� IRU HYHU\ ; VXFK WKDW

3 �< e  �M;�6  V�� �
�

�
DQG 3 �< e  �M;�6  V�� w �

�
� �����

7KLV IROORZV E\ WKH FRQVWUXFWLRQ RI 6

OLP
6�b�

3 �6M< e  ��  � DQG OLP
6��

3 �6M< e  ��  � �����



��

7KLV LPSOLHV WKDW

OLP
6�b�

3 �< e  �M;�6�  � DQG OLP
6��

3 �< e  �M;�6�  � ������

7KHUHIRUH� IRU WKH QD�rYH %D\HV PRGHO� ��� KROGV IRU VRPH V� DQG V��

6XEVWLWXWLQJ ��� LQWR ��� WKH FRPSXWDWLRQ RI WKH UHJUHVVLRQ SUHGLFWLRQ XQGHU WKLV

PRGHO EHFRPHV

A<  LQI
V

��
�V � ORJ 3 �VM<

e  ��

3 �VM< e  ��
� ORJ 3 �<

e  ��

3 �< e  ��
�

G;
M �

ORJ
3 �;MM< e  ��

3 �;MM< e  ��

� 
� ������

1RWH WKDW HTXDWLRQ ���� EHDUV VRPH UHVHPEODQFH WR HTXDWLRQ ���� :H ZLOO FDOO WKH

IXQFWLRQ WR WKH OHIW RI WKH LQHTXDOLW\ C�V�� C�V� LV QHFHVVDULO\ QRQ�LQFUHDVLQJ VLQFH DV V

LQFUHDVHV LW PXVW EHFRPH PRUH OLNHO\ WKDW < e  �� 7KHQ� ODUJH YDOXHV RQ WKH ULJKW VLGH

DUH HYLGHQFH LQ IDYRU RI < e  �� 6LQFH ��� LV WUXH IRU WKH QD�rYH %D\HV PRGHO� LI C�V�

LV D FRQWLQXRXV IXQFWLRQ RI V �DV ZRXOG EH WKH FDVH IRU D VPRRWK GHQVLW\ HVWLPDWRU��

WKHQ E\ WKH LQWHUPHGLDWH YDOXH WKHRUHP WKHUH H[LVWV VRPH YDOXH RI V IRU ZKLFK WKH

HTXDOLW\ KROGV� ,Q WKLV FDVH� ���� VLPSOLnHV DV

ORJ
36M< e �� A< M< e  ��

36M< e �� A< M< e  ��
 ORJ

3 �< e  ��

3 �< e  ��
�

G;
M �

ORJ
3 �;MM< e  ��

3 �;MM< e  ��
������

RU C� A< �  I� �
3G

M � IM�;M��

7KXV� LI C�V� LV FRQWLQXRXV� WKH QD�rYH %D\HV UHJUHVVLRQ PRGHO LV DQ DGGLWLYH PRGHO

�+DVWLH DQG 7LEVKLUDQL ����� IRU D WUDQVIRUPDWLRQ RI WKH UHVSRQVH�

(

(VWLPDWLRQ RI WKH DGGLWLYH UHJUHVVLRQ PRGHO VKRZQ LQ ���� LV QRW WUDGLWLRQDO VLQFH

WKH PRGHO UHOLHV RQ SUREDELOLW\ HVWLPDWHV UDWKHU WKDQ RQ EDFNnWWLQJ �)ULHGPDQ DQG

6WXHW]OH ������ $OVR� LQ WKH XVXDO DGGLWLYH PRGHO IUDPHZRUN� WUDQVIRUPDWLRQV RI

WKH UHVSRQVH XVXDOO\ WDNH WKH IRUP RI D WUDQVIRUPDWLRQ WKDW VWDELOL]HV WKH YDULDQFH

�$9$6�� +HUH� nWWLQJ D WUDQVIRUPDWLRQ RI WKH UHVSRQVH LV D FRPSRQHQW RI WKH PRGHO

HVWLPDWLRQ SURFHGXUH� 6RPH HDUOLHU ZRUN RQ ERRVWHG QD�rYH %D\HV FODVVLnFDWLRQ �(ONDQ
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����� VKRZHG WKDW LW ZDV HTXLYDOHQW WR D QRQ�OLQHDU IRUP RI ORJLVWLF UHJUHVVLRQ� 5HFHQW

ZRUN E\ �)ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL ����� VKRZV WKDW ERRVWLQJ nWV DQ DGGLWLYH

ORJLVWLF UHJUHVVLRQ PRGHO ZLWK D PRGLnHG nWWLQJ SURFHGXUH�

��� 3DUDPHWHU HVWLPDWLRQ

7KH PRGHO FRPSRQHQWV RI WKH XVXDO �QRQ�ERRVWHG� QD�rYH %D\HV FODVVLnHU� FRQVLVWLQJ

RI 3 �< e  ��� 3 �6M< e  ��� 3 �6M< e  ��� 3 �;MM< e  ��� DQG 3 �;MM< e  ���

DUH IDLUO\ VWUDLJKWIRUZDUG WR HVWLPDWH� 7KH FODVVLnFDWLRQ GDWDVHW� 'e� KDV P d 1

REVHUYDWLRQV� ,I < � >�� �@ WKHQ ZH OHW P EH ODUJH HQRXJK VR WKDW WKH SUHFLVLRQ RI

6 H[FHHGV WKH SUHFLVLRQ RI < DQG nW WKH XVXDO QD�rYH %D\HV FODVVLnHU� )RU H[DPSOH�

DQ POH IRU 3 �< e  �� LV VLPSO\ WKH FRXQW RI URZV IRU ZKLFK < e  � GLYLGHG E\

Pd1 � (VWLPDWRUV IRU 3 �;MM< e� ZKHQ ;M LV GLVFUHWH LV DOVR D VLPSOH UDWLR RI FRXQWV�

(VWLPDWLRQ RI 3 �6M< e� DQG 3 �;MM< e� ZKHQ ;M LV FRQWLQXRXV PLJKW UHTXLUH D GHQVLW\

HVWLPDWH RU GLVFUHWL]DWLRQ�

&OHDUO\� PDQDJLQJ VXFK D GDWDVHW RU UHVWULFWLQJ WKLV PHWKRG WR < � >�� �@ OLPLWV LWV
DSSOLFDELOLW\� )LUVW , ZLOO VKRZ WKDW LW LV QRW QHFHVVDU\ WR DFWXDOO\ FUHDWH 'e DQG WKHQ

GHDO ZLWK WKH >���@ UHVWULFWLRQ�

(VWLPDWLRQ UHPDLQV WUDFWDEOH DV P � � DQG WKH UHVROXWLRQ RI 6 DQG < e EHFRPH

PRUH UHnQHG� 7R GHPRQVWUDWH WKLV FRQVLGHU WKH VLPSOHVW SDUW RI WKH SUREOHP� WKDW RI

HVWLPDWLQJ 3 �< e  ��� DV P � �� /HW 6M  Mb�
Pb�

� M  �� c c c �P� DQG GcH LQGLFDWHV WKH
JUHDWHVW LQWHJHU IXQFWLRQ�

A3 �< e  ��  OLP
P��

�

Pd1

1;
L �

P;
M �

,�< e
L �6M�  ��

 
�

1

1;
L �

OLP
P��

�

P

P;
M �

,�6M ! \L�

 
�

1

1;
L �

OLP
P��

�

P
G�Pb ����b \L�H

 �b x\ ������
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7KLV VD\V WKDW LI ZH UDQGRPO\ VHOHFW DQ REVHUYDWLRQ� L� IURP ' DQG GUDZ D QXPEHU�

6� IURP D 8QLIRUP>���@� A3 �< e
L �6�  ��  �b x\� ,Q WKH SUHVHQFH RI VXpFLHQW GDWD ZH

ZRXOG EHOLHYH WKDW WKLV ZRXOG EH FORVH WR 3 �6 ! < � LI < ZDV D QHZ REVHUYDWLRQ GUDZQ

IURP WKH VDPH GLVWULEXWLRQ DV WKH REVHUYDWLRQV FRPSULVLQJ '� 6RPH GLpFXOWLHV DULVH�

KRZHYHU� HYHQ LQ WKLV VLPSOHVW FRPSRQHQW RI WKH PRGHO� ZKHQ ZH FRQVLGHU < � �� ,Q
SDUWLFXODU� WKH 6M
V DUH QRW GHnQDEOH� &OHDUO\ ZH FDQQRW JHQHUDWH P HTXDOO\ VSDFHG

6M
V RQ �b����� 7R DFFRPPRGDWH WKLV ZH DVVLJQ D nQLWHO\ LQWHJUDEOH ZHLJKW IXQFWLRQ
WR HDFK REVHUYDWLRQ� ZL�V�� SUHVXPDEO\ ZLWK PRVW RI WKH PDVV LQ WKH QHLJKERUKRRG RI

\L� :H FRQVWUDLQ WKHVH ZHLJKW IXQFWLRQV VR WKDW

ZL�V� w � DQG
1;
L �

= �

b�
ZL�V�GV  � ������

DQG� DW OHDVW LQLWLDOO\� ZH ZLOO n[
5�
b�ZL�V�GV  

�
1
� :LWKRXW WKHVH ZHLJKW IXQFWLRQV�

WKH FODVVLnHU HVWLPDWLRQ ?WULHG� HTXDOO\ KDUG WR FRUUHFWO\ FODVVLI\ HDFK REVHUYDWLRQ LQ

'e� 6LQFH ZH RQO\ ZDQW WR XVH WKLV FODVVLnHU IRU UHJUHVVLRQ SUHGLFWLRQ ZH DUH UHDOO\

RQO\ LQWHUHVWHG LQ LWV SHUIRUPDQFH LQ WKH QHLJKERUKRRG RI WKH \L
V� 7R DFFRPSOLVK WKLV

ZH VHOHFW ZL�V� VR WKDW PRVW RI WKH PDVV UHVWV QHDU \L DQG nW WKH FODVVLnHU XVLQJ WKHVH

ZHLJKW IXQFWLRQV�

)LWWLQJ WKH FODVVLnHU LQFRUSRUDWLQJ WKHVH ZHLJKW IXQFWLRQV LQWURGXFHV WKH QHHG IRU

SURGXFW LQWHJUDWLRQ �'ROODUG DQG )ULHGPDQ ������ 3URGXFW LQWHJUDWLRQ� {� H[WHQGV

WKH SURGXFW�
4
� DV LQWHJUDWLRQ�

5
� H[WHQGV WKH VXP�

3
� 7KH YDOXHV RI �L� V� LQGH[ WKH

REVHUYDWLRQV LQ 'e� :H FDQ WKHQ FRPSRVH WKH OLNHOLKRRG IXQFWLRQ DV D SURGXFW ZLWK

UHVSHFW WR WKH GLVFUHWH L DQG D SURGXFW LQWHJUDO ZLWK UHVSHFW WR WKH FRQWLQXRXV V RYHU

WKH MRLQW GHQVLW\ RI HDFK RI WKH REVHUYDWLRQV LQ 'e�

/�t�  
1<
L �

�

{
b�

I�\eL �V�� V� [LMt�1ZL�V�GV ������

+HUH t UHSUHVHQWV WKH FROOHFWLRQ RI SDUDPHWHUV WKDW ZH QHHG WR HVWLPDWH� 1RWH WKDW

DW WKLV SRLQW WKH QD�rYH %D\HV DVVXPSWLRQ KDV QRW HQWHUHG� EXW ZH KDYH PDGH DQRWKHU

QRQ�WULYLDO DVVXPSWLRQ� 7R ZULWH WKH OLNHOLKRRG DV LQ ���� ZH KDYH DVVXPHG WKDW WKH
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REVHUYDWLRQV LQ 'e DUH PXWXDOO\ LQGHSHQGHQW� 7KLV LV FHUWDLQO\ QRW WUXH EXW ZH ZLOO

VHH WKDW ZLWK ERRVWLQJ LW SHUIRUPV ZHOO QRQHWKHOHVV�

����� 'HULYDWLRQ RI WKH SDUDPHWHUV

3URFHHGLQJ WKHQ� WKH ORJ�OLNHOLKRRG LV

C�t�  
1;
L �

= �

b�
1ZL�V� ORJ I�\

e
L �V�� V� [LMt�GV� ������

7KH QD�rYH %D\HV IDFWRUL]DWLRQ DVVXPHV WKDW V "" [� "" c c c "" [QM\eL �V� DQG VR

C�t�  
1;
L �

= �

b�
1ZL�V� ORJ �I�\

e
L �V�Mt�I�VM\eL �V�� t�I�[LM\eL �V�� t�� GV�

7KH SDUDPHWHU YHFWRU t FRQWDLQV WKH FRPSRQHQWV RI WKH QD�rYH %D\HV UHJUHVVLRQ

PRGHO� t  I3 �\e  ��� I�VM\e�� 3 �[  [�M\e�J� 7KH ODVW WHUP LV I�[M\e� LI [ LV
FRQWLQXRXV� :H FDQ XVH PD[LPXP OLNHOLKRRG WR REWDLQ HVWLPDWHV RI WKHVH WKUHH SD�

UDPHWHUV� ZKLFK IRU WKH PRPHQW ZH ZLOO ODEHO S� I�VM��� I�VM��� I�[M�� DQG I�[M���
7KH GHULYDWLRQ ZLOO EHJLQ ZLWK D PD[LPXP OLNHOLKRRG HVWLPDWRU IRU S�

#C�t�

#S
 

1;
L �
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b�
1ZL�V�

G

GS
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r
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e

L
�V���b S��b\

e

L
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s
GV

 
1;
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b�
1ZL�V�

�
\eL �V�

S
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�b S

�
GV

 
1;
L �

= \L

b�
1ZL�V�

�
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S
b �b �
�b S

�
GV�

1;
L �

= �

\L

1ZL�V�

�
�

S
b �b �
�b S

�
GV

%\ GHnQLWLRQ� \eL �V� LV LGHQWLFDOO\ � RQ �b�� \L� DQG � HOVHZKHUH�

 b 1

�b S

1;
L �

= \L

b�
ZL�V�GV�

1

S

1;
L �

= �

\L

ZL�V�GV
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6HWWLQJ WKH DERYH H[SUHVVLRQ HTXDO WR ]HUR ZH REWDLQ WKH POH�

AS  3 �\e  ��  

31
L �

5�
\L

ZL�V�GV31
L �

5�
b�ZL�V�GV

������

1RWH WKDW ZKHQ ZL�V�  
�
1
,�� � V � �� HTXDWLRQ ���� LV HTXLYDOHQW WR HTXDWLRQ �����

0D[LPXP OLNHOLKRRG HVWLPDWLRQ IRU I�VM\e� WDNHV PRUH FDUH� 6LQFH LW LV D GHQVLW\
IXQFWLRQ� ZH ZLOO EH REWDLQLQJ D PD[LPXP IXQFWLRQ HVWLPDWH� 7KH FRPSRQHQW RI WKH

ORJ�OLNHOLKRRG FRQFHUQLQJ I�VM\e� LV

C�I�VM\e��  
1;
L �

= �

b�
1ZL�V�

r
�\e

L
�V� � ORJ I�VM�� � �\e

L
�V� � ORJ I�VM��

s
GV

�

, ZLOO REWDLQ POHV IRU I�VM�� DQG I�VM�� VHSDUDWHO\� )RU AI�VM�� PD[LPL]LQJ
1;
L �

= �

b�
1ZL�V��\e

L
�V� � ORJ I�VM��GV ������

VXEMHFW WR WKH FRQVWUDLQW

�b
= �

b�
I�VM��GV  � ������

UHVXOWV LQ DQ POH IRU I�VM��� 8WLOL]LQJ WKH /DJUDQJH PXOWLSOLHU w� WKLV FRQVWUDLQHG
PD[LPL]DWLRQ LV HTXLYDOHQW WR PD[LPL]LQJ

1;
L �

= �

b�
1ZL�V��\e

L
�V� � ORJ I�VM��GV� w

t
�b

= �

b�
I�VM��GV

u

 
= �

b�

�
1;
L �

1ZL�V��\e
L
�V� �

�
ORJ I�VM��GV� w

t
�b

= �

b�
I�VM��GV

u

 
= �

b�

��
1;
L �

1ZL�V��\e
L
�V� �

�
ORJ I�VM��b wI�VM��

�
GV� w ������

0D[LPL]LQJ HTXDWLRQ ���� LV HTXLYDOHQW WR PD[LPL]LQJ WKH LQWHJUDQG SRLQWZLVH

ZLWK UHVSHFW WR I�VM�� IRU HDFK V� 'LmHUHQWLDWLQJ WKH LQWHJUDQG DQG VHWWLQJ LW HTXDO

WR ]HUR JLYHV WKH POH�

1;
L �

1ZL�V��\e
L
�V� �

�
AI�VM�� b w  �



��

� AI�VM��  
13
L �

1ZL�V��\e
L
�V� �

w
������

&RPELQLQJ WKH UHVXOW LQ HTXDWLRQ ���� ZLWK WKH FRQVWUDLQW LQ ���� , FDQ VXEVWLWXWH

WKH YDOXH RI WKH /DJUDQJH PXOWLSOLHU w� WKH QRUPDOL]LQJ FRQVWDQW IRU I�VM���
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6LPLODU FDOFXODWLRQV IRU WKH POH RI I�VM�� \LHOG
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)RU GLVFUHWH [ PD[LPXP OLNHOLKRRG HVWLPDWHV DUH REWDLQDEOH LQ D VLPLODU IDVKLRQ WR

S� 7KH SRUWLRQ RI WKH OLNHOLKRRG IRU I�[M�� WDNHV RQ D G�GLPHQVLRQDO PXOWLQRPLDO�OLNH
IRUP� WKH SUREDELOLW\ RI WDNLQJ RQ HDFK SRVVLEOH VWDWH GHQRWHG DV 3 �[�M�M���
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%XW ���� LV MXVW D ZHLJKWHG PXOWLQRPLDO ORJ�OLNHOLKRRG ZLWK HDFK REVHUYDWLRQ ZHLJKWHG

E\
5 \L
b�1ZL�V�GV� 7KH POHV WKHQ DUH VLPSO\
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:KHQ ; LV D FRQWLQXRXV SUHGLFWRU WKH HVWLPDWLRQ RI I�[M\e� UHTXLUHV GLVFUHWL]DWLRQ
RU QRQ�SDUDPHWULF GHQVLW\ VPRRWKLQJ� )RU GHQVLW\ VPRRWKLQJ RI I�[M�� ZH VLPSO\ QHHG
WR VPRRWK WKH KLVWRJUDP RI WKH REVHUYHG [L
V ZLWK ZHLJKWV
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7KH HVWLPDWRUV IRU WKH SDUDPHWHUV RI WKH QD�rYH %D\HV UHJUHVVLRQ PRGHO DOVR KDYH

DQRWKHU LQWHUSUHWDWLRQ DQG DQ DOWHUQDWH GHULYDWLRQ� /HW XV VDPSOH DQ REVHUYDWLRQ

IURP ' VXFK WKDW WKH SUREDELOLW\ RI VHOHFWLQJ REVHUYDWLRQ L LV 3 �L� � 5�
b�ZL�V�GV�

7KHQ OHW XV VDPSOH DQ 6 IURP 3 �VML� � ZL�V�� 8VLQJ WKHVH WZR SURSHUWLHV WKDW GHnQH

D VDPSOLQJ VFKHPH� ZH FDQ GHULYH WKH VDPH HVWLPDWRUV XVLQJ VWDQGDUG SUREDELOLW\

DUJXPHQWV� )RU H[DPSOH�
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��� 7KH ERRVWHG QD�rYH %D\HV DOJRULWKP

7KH HVWDEOLVKPHQW RI ZHLJKW IXQFWLRQV RQ HDFK REVHUYDWLRQ OHDGV GLUHFWO\ WR WKH DSSOL�

FDWLRQ RI ERRVWLQJ� 7KH PDQLSXODWLRQ RI ZHLJKWV LV D FHQWUDO LGHD RI ERRVWLQJ DQG� DV

SUHYLRXVO\ PHQWLRQHG� WKLV PDQLSXODWLRQ LPSURYHV PLVFODVVLnFDWLRQ UDWHV DQG� WKHUH�

IRUH LQ WKLV DSSOLFDWLRQ� UHJUHVVLRQ HUURU�

:KHQ ZH FRQVWUDLQ < � >�� �@ DV LQ )UHXQG DQG 6FKDSLUH ������� WKH ZHLJKW IXQF�
WLRQV IRU HDFK REVHUYDWLRQ RQ WKH nUVW LWHUDWLRQ PD\ EH XQLIRUP RQ >���@� ([WHQGLQJ

WKLV PHWKRG IURP >���@ WR WKH UHDO OLQH LQYROYHV PRGLI\LQJ WKH ZHLJKW IXQFWLRQ VR

WKDW WKH\ KDYH nQLWHO\ LQWHJUDEOH WDLO �H�J� D IXQFWLRQ WKDW GHFD\V H[SRQHQWLDOO\ IURP

V  \L� DV LQ ����� :H VXJJHVW LQLWLDOO\ XVLQJ /DSODFH GLVWULEXWLRQ ZHLJKW IXQFWLRQV RI

WKH IRUP ZL�V� � H[Sb �
}
MVb \LM� /HWWLQJ } EH ODUJH ZLWK UHVSHFW WR WKH VSUHDG RI WKH

GDWD �VR WKDW WKH /DSODFH GLVWULEXWLRQ LV IDLUO\ oDW� PD\ OHW WKH ERRVWLQJ DOJRULWKP

GULYH WKH PRGLnFDWLRQ RI WKH ZHLJKW IXQFWLRQV� )UHXQG DQG 6FKDSLUH ������ FRQVLGHU

RQO\ < � >�� �@ DQG SURSRVH LQLWLDOL]LQJ WKH ZHLJKW IXQFWLRQ WR EH ZL�V�  MVb\LM� 7KLV
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VHHPV WR EH D SRRU FKRLFH RI ZHLJKW IXQFWLRQ VLQFH LW WLHV WKH ZHLJKW IXQFWLRQ WR EH �

DW \  \L DQG LQFUHDVHV WKH ZHLJKW RQ WKH UHJLRQ IDU IURP \L� 7KH PRVW GLpFXOW UHJLRQ

WR FODVVLI\ PXVW EH LQ WKH QHLJKERUKRRG DURXQG \L� ,I WKH FODVVLnHU SHUIRUPV ZHOO DW

DOO WKHQ SUHGLFWLQJ ZKHWKHU \L LV VPDOOHU WKDQ V ZKHQ V LV PXFK ODUJHU WKDQ \L VKRXOG

EH DQ HDV\ WDVN� 7KH XVXDO LGHD EHKLQG ERRVWLQJ LV WR GRZQZHLJKW WKH HDV\ WR FODVVLI\

UHJLRQV� /LWWOH WR RXU VXUSULVH� LQ H[SHULPHQWV ZLWK WKH DOJRULWKP ZKHQ LQLWLDOL]HG WR

EH XQLIRUP RQ >���@� ERRVWLQJ LQFUHDVHG WKH PDVV RI WKH ZHLJKW IXQFWLRQ LQ WKH QHLJK�

ERUKRRG EHWZHHQ WKH SUHGLFWHG \
V DQG WKH WUXH \L
V� WKH UHJLRQ RI PLVFODVVLnFDWLRQ LQ

'e� 7KH IXQFWLRQV DOPRVW DOZD\V PRYHG WR D /DSODFH�OLNH IRUP� 7KLV SKHQRPHQRQ LV

SUHFLVHO\ RSSRVLWH WR )UHXQG DQG 6FKDSLUH
V FKRLFH RI LQLWLDO ZHLJKWLQJ�

7KH WRWDO ZHLJKWHG HPSLULFDO PLVFODVVLnFDWLRQ UDWH RQ LWHUDWLRQ W LV

qW  3'e�< e�6�� KeW �;�6��
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)LJXUH ��� FRPSLOHV WKH SUHFHGLQJ UHVXOWV LQWR WKH ERRVWHG QD�rYH %D\HV UHJUHVVLRQ

DOJRULWKP� 7KH UHZHLJKWLQJ VWHS � RI WKH DOJRULWKP FDQ EH UDWKHU FRPSOLFDWHG VLQFH

WKH QD�rYH %D\HV FODVVLnHU SXWV RXW D SUREDELOLVWLF SUHGLFWLRQ� ,I ZH DEDQGRQ WKH DGGHG

LQIRUPDWLRQ DYDLODEOH LQ WKH SUREDELOLW\ HVWLPDWHV LQ VWHS � DQG LQVWHDG PHUHO\ XVH D

WKUHVKROG FODVVLnFDWLRQ UXOH ,� A3 �< e  �M[L� V� ! �
�
� WKHQ WKH ZHLJKW XSGDWH LV PXFK

VLPSOHU� :LWK WKLV ��� SUHGLFWLRQ WKH XSGDWH VWHS VFDOHV WKH ZHLJKW IXQFWLRQ E\ n

H[FHSW RQ WKH LQWHUYDO EHWZHHQ \L DQG A\L �QRWH WKDW WKH GLVFRQWLQXLW\ LQ WKH LQGLFDWRU

IXQFWLRQ RFFXUV DW A\L�� 7KLV LV WKH XSGDWH VFKHPH XVHG LQ $GD%RRVW�5� 7R LPSOHPHQW

WKLV DOWHUQDWH VFKHPH� WKH DOJRULWKP VWRUHV A\
�W�
L DQG nW RQ HDFK ERRVWLQJ LWHUDWLRQ� 7KH

LQWHJUDOV LQ WKH HVWLPDWLRQ RI WKH QD�rYH %D\HV PRGHO DQG WKH LQWHJUDO DW VWHS � RI WKH

ERRVWLQJ SURFHGXUH WKHQ EHFRPH FRPSXWDEOH LQ FORVHG IRUP DV LQWHJUDOV RI SLHFHZLVH

VFDOHG VHFWLRQV RI WKH /DSODFH GLVWULEXWLRQ�
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,QSXW� VHTXHQFH RI H[DPSOHV I�[�� \��� c c c � �[Q� \Q�J ZKHUH \L � � DQG 7 LV WKH QXPEHU
RI ERRVWLQJ LWHUDWLRQV

,QLWLDOL]H� ZL�V� � H[S� �} MVb \LM�� D /DSODFH GHQVLW\ ZLWK PHDQ \L DQG VFDOH }

)RU W  �� �� c c c � 7

�� 8VLQJ ZL�V�� HVWLPDWH WKH FRPSRQHQWV RI WKH QD�rYH %D\HV UHJUHVVLRQ PRGHO� KW�[��

�� &DOFXODWH WKH ORVV RI WKH PRGHO DV qW  
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)LJXUH ���� 7KH ERRVWHG QD�rYH %D\HV UHJUHVVLRQ DOJRULWKP
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��� ([SHULPHQWDO UHVXOWV

7KH H[SHULPHQWDO ZRUN ZLWK WKH ERRVWHG QD�rYH %D\HV UHJUHVVLRQ XVHV D GLVFUHWH DSSUR[�

LPDWLRQ WR WKH DOJRULWKP GHYHORSHG LQ WKH SUHYLRXV VHFWLRQ� :H DFWXDOO\ FRQVWUXFWHG

'e ZLWK 6 DV D nQLWH VHTXHQFH RI HYHQO\ VSDFHG YDOXHV �P  ��� LQ RXU H[SHULPHQWV��

LQLWLDOL]HG WKH ZHLJKW IXQFWLRQV WR EH XQLIRUP RQ >���@� DQG nW WKH ERRVWHG QD�rYH

%D\HV FODVVLnHU� ([SHULPHQWLQJ LQ WKLV ZD\ JDYH XV VRPH LQWXLWLRQ RQ WKH SHUIRU�

PDQFH RI WKH PHWKRG DQG KRZ $GD%RRVW PRGLnHV WKH ZHLJKWV RI WKH KDUG WR FODVVLI\

UHJLRQV� :H VKRZ HPSLULFDOO\ WKDW WKH ERRVWHG QD�rYH %D\HV UHJUHVVLRQ FDQ FDSWXUH

PDQ\ LQWHUHVWLQJ UHJUHVVLRQ VXUIDFHV� %HFDXVH RXU H[SHULPHQWDWLRQ XVHG WKLV GLVFUHWH

DSSUR[LPDWLRQ� ZH DUH RQO\ DEOH WR KDQGOH D UHVSRQVH ERXQGHG RQ >���@� 7KHUHIRUH�

LQ DOO H[SHULPHQWV ZH VKLIWHG DQG VFDOHG WKH UHVSRQVH WR WKH XQLW LQWHUYDO� )RU WKH

FRQWLQXRXV SUHGLFWRUV ZH XVHG D QRQ�SDUDPHWULF GHQVLW\ HVWLPDWRU �/2&),7� /RDGHU

����� WR HVWLPDWH 3 �;MM< e� DQG 3 �6M< e�� /2&),7 LV D ORFDO GHQVLW\ HVWLPDWRU WKDW

FDQ KDQGOH REVHUYDWLRQ ZHLJKWV�

)RU HDFK VLPXODWHG WHVW IXQFWLRQ ZH JHQHUDWHG ��� REVHUYDWLRQV DV D WUDLQLQJ

GDWDVHW DQG ��� REVHUYDWLRQV IRU D YDOLGDWLRQ VHW� )RU WKH WZR UHDO GDWDVHWV ZH

UDQGRPO\ VHOHFWHG KDOI RI WKH REVHUYDWLRQV DV WUDLQLQJ DQG WKH UHPDLQLQJ KDOI DV D

YDOLGDWLRQ VHW� )URP WKH WUDLQLQJ GDWDVHW ZH nW WKH ERRVWHG QD�rYH %D\HV UHJUHVVLRQ

PRGHO� D OHDVW VTXDUHV SODQH� D JHQHUDOL]HG DGGLWLYH PRGHO� DQG D &$57 PRGHO� :H

UHSOLFDWHG HDFK H[SHULPHQW WHQ WLPHV DQG PHDVXUHG WKH SHUIRUPDQFH RQ WKH YDOLGDWLRQ

VHW XVLQJ PHDQ VTXDUHG ELDV�
31
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$V WKH ERRVWLQJ LWHUDWLRQV SURFHHGHG ORJ nW DOZD\V DSSURDFKHG ]HUR VR WKDW HDFK

DGGLWLRQDO LWHUDWLRQ FRQWULEXWHG OHVV DQG OHVV WR HUURU LPSURYHPHQW� :H FRQWLQXHG WR

ERRVW XQWLO ORJ nW ZDV IDLUO\ VPDOO� 7KLV VWRSSLQJ FULWHULD JHQHUDOO\ GLG QRW DmHFW WKH

SHUIRUPDQFH RQ WKH YDOLGDWLRQ VHW�

:H WHVWHG XVLQJ WKH IROORZLQJ IXQFWLRQV�
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�� %DQN GDWDVHW �*HRUJH DQG 0F&XOORFK �����

7KLV GDWDVHW FRQWDLQV nQDQFLDO LQIRUPDWLRQ RQ ��� EDQNV LQ WKH JUHDWHU 1HZ

<RUN DUHD� :H VHOHFWHG HOHYHQ RI WKH YDULDEOHV IRU SUHGLFWLQJ WKH QXPEHU RI QHZ

DFFRXQWV VROG LQ D n[HG WLPH SHULRG�

�� %RG\ IDW GDWDVHW �3HQURVH� 1HOVRQ� DQG )LVKHU �����

7KLV GDWDVHW FRQWDLQV SK\VLFDO PHDVXUHPHQWV RQ ��� PHQ� )URP D VHW RI QRQ�

LQYDVLYH ERG\ PHDVXUHPHQWV ZH DWWHPSW WR SUHGLFW ERG\ IDW SHUFHQWDJH�

)RU DOO WKH GDWDVHWV ZH OLQHDUO\ VFDOHG WKH UHVSRQVH VR WKDW \ IHOO LQ WKH LQWHUYDO >���@�

��� 3HUIRUPDQFH UHVXOWV
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)LJXUH ���� +\SHUSODQH
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)LJXUH ���� )ULHGPDQ ��

,Q WKH nUVW H[DPSOH� WKH SODQH� WKH OHDVW�VTXDUHV OLQHDU PRGHO LV WKH EHVW SUHGLFWLYH

PRGHO WR nW� 1DWXUDOO\� DQ\ RWKHU PRGHO FDQQRW RXWSHUIRUP WKH RUGLQDU\ OHDVW VTXDUHV

SODQH LQ WHUPV RI JHQHUDOL]DWLRQ HUURU� EXW ZH GR GHVLUH WKDW WKH ERRVWHG QD�rYH %D\HV

UHJUHVVLRQ PRGHO ZRXOG VWLOO SHUIRUP UHODWLYHO\ ZHOO� )LJXUH ��� VKRZV WKDW LQGHHG

%1%�5 GLG QRW SHUIRUP DV ZHOO DV /0 RU *$0 EXW LWV SHUIRUPDQFH ZDV VDWLVIDFWRU\�

)ULHGPDQ� *URVVH� DQG 6WXHW]OH ������ SURSRVHG )ULHGPDQ �� WR WHVW OHDUQLQJ

QRLV\ IXQFWLRQV WKDW DUH DGGLWLYH ZLWK LQWHUDFWLRQV� )XUWKHUPRUH� LW LQWURGXFHV nYH
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7DEOH ���� 3HUIRUPDQFH UHVXOWV � VLPXODWHG GDWDVHWV

)XQFWLRQ 0RGHO 0HDQ VTXDUHG ELDV VWDQGDUG GHYLDWLRQ

%1%�5 ������ ������

3ODQH *$0 ������ ������

/0 ������ ������

&$57 ������ ������

%1%�5 ������ �����

)ULHGPDQ �� *$0 ������ �����

/0 ������ �����

&$57 ������ �����

%1%�5 ������ �����

)ULHGPDQ �� *$0 ������ �����

/0 ������ �����

&$57 ������ �����

%1%�5 ������ �����

)ULHGPDQ �� *$0 ������ �����

1  ��� /0 ������ �����

&$57 ������ �����

%1%�5 ����� ������

)ULHGPDQ �� *$0 ����� ������

1  ��� /0 ����� ������

&$57 ����� ������



��

0.
00

4
0.

00
8

0.
01

2
0.

01
6

BNB.R GAM LM CART

)LJXUH ���� )ULHGPDQ ��

0.
01

0
0.

02
0

0.
03

0

BNB.R GAM LM CART

)LJXUH ���� )ULHGPDQ ��

YDULDEOHV� [� WR [��� ZKLFK DUH SXUHO\ H[WUDQHRXV YDULDEOHV� :H IRXQG WKDW %1%�5

RXWSHUIRUPHG WKH OLQHDU PRGHO DQG &$57 EXW *$0 VWLOO RXWSHUIRUPHG %1%�5� )LJ�

XUH ��� VKRZV WKH SHUIRUPDQFH RYHU �� YDOLGDWLRQ GDWDVHWV�

)ULHGPDQ ������ SURSRVHG OHDUQLQJ IXQFWLRQV )ULHGPDQ �� DQG )ULHGPDQ ��� WKH

LPSHGDQFH DQG SKDVH VKLIW RI D VSHFLnF FLUFXLW ZKHUH [�� [�� [�� [� UHODWH WR D UHVLVWRU�

D JHQHUDWRU� DQ LQGXFWRU� DQG D FDSDFLWRU� )LJXUH ��� DQG nJXUH ��� VKRZ WKH SHUIRU�

PDQFH RQ )ULHGPDQ �� DQG ��� 2Q IXQFWLRQ )ULHGPDQ �� %1%�5 RXWSHUIRUPHG WKH

OLQHDU PRGHO DQG &$57 DQG SHUIRUPHG D OLWWOH ZRUVH WKDQ *$0� $PRQJ DOO WKH VLP�

XODWHG IXQFWLRQ H[SHULPHQWV %1%�5 ZDV PRVW FRPSHWLWLYH ZLWK *$0 RQ )ULHGPDQ

���

7DEOH ��� VXPPDUL]HV WKH SHUIRUPDQFH RQ WKH VLPXODWHG GDWDVHWV DQG WDEOH ��� WKH

UHDO GDWDVHWV� 2Q WKH EDQN GDWDVHW *$0 SHUIRUPHG HVSHFLDOO\ SRRUO\ DQG %1%�5 ZDV

WKLUG WR /0 DQG &$57� 8QOLNH WKH VLPXODWHG H[DPSOHV� WKHVH GDWDVHWV GR QRW KDYH

D FRQWUROOHG HUURU VWUXFWXUH� $W WKLV SRLQW ZH DUH XQFHUWDLQ KRZ VHQVLWLYH %1%�5

LV WR YHU\ QRLV\ GDWD� :H DOVR EULHo\ LQYHVWLJDWHG KRZ FKDQJHV LQ WKH VDPSOH VL]H

DmHFW WKH SHUIRUPDQFH E\ LQFOXGLQJ D VHFRQG DQDO\VLV RI )ULHGPDQ �� ZLWK 1  ����

&$57� DV D %D\HV ULVN FRQVLVWHQW UHJUHVVLRQ SURFHGXUH� QDWXUDOO\ JDLQV VXEVWDQWLDOO\

LQ SHUIRUPDQFH� *$0 DQG %1%�5 LPSURYH VOLJKWO\� DOWKRXJK QRW E\ D VLJQLnFDQW
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7DEOH ���� 3HUIRUPDQFH UHVXOWV � UHDO GDWDVHWV

)XQFWLRQ 0RGHO 0HDQ VTXDUHG ELDV VWDQGDUG GHYLDWLRQ

%1%�5 ����� ������

%DQN *$0 ����� ������

/0 ����� ������

&$57 ����� ������

%1%�5 ����� �����

%RG\ IDW *$0 ����� �����

/0 ����� �����

&$57 ����� �����

DPRXQW�

��� &RQFOXVLRQV

,Q WKLV FKDSWHU ZH EURXJKW WRJHWKHU LGHDV IURP ERRVWLQJ� QD�rYH %D\HV OHDUQLQJ� DGGLWLYH

PRGHOLQJ� DQG LQGXFHG UHJUHVVLRQ PRGHOV IURP FODVVLnFDWLRQ PRGHOV� :H GHULYHG

WKH QD�rYH %1%�5 DOJRULWKP WR nW D ERRVWHG QD�rYH %D\HV UHJUHVVLRQ PRGHO� 8VLQJ

D GLVFUHWH DSSUR[LPDWLRQ WR %1%�5� ZH FRPSDUHG LWV SHUIRUPDQFH WR WKUHH RWKHU

LQWHUSUHWDEOH PXOWLYDULDWH UHJUHVVLRQ SURFHGXUHV WKDW DUH ZLGHO\ XVHG� $OWKRXJK WKH

UHVXOWV VKRZ WKDW DW WKLV VWDJH RI GHYHORSPHQW %1%�5 LV QRW DV FRPSHWLWLYH DV RWKHU�

PRUH HVWDEOLVKHG PHWKRGV� ZH EHOLHYH WKH QRYHOW\ DQG WKH XQH[SHFWHG VDWLVIDFWRU\

SHUIRUPDQFH ZDUUDQWV IXUWKHU UHVHDUFK�

7KH PRVW LPSRUWDQW DVSHFW IURP D UHVHDUFK SHUVSHFWLYH LV WKDW DSSO\LQJ WKH

ERRVWHG QD�rYH %D\HV FODVVLnHU LQ WKLV IDVKLRQ SURYLGHV DQ HDUO\ OLQN EHWZHHQ WKH DG�

YDQFHV ERRVWLQJ KDV PDGH IRU FODVVLnFDWLRQ SUREOHPV WR LWV SRWHQWLDO DSSOLFDWLRQ LQ

UHJUHVVLRQ FRQWH[WV� &KDQJHV LQ WKH EDVH FODVVLnHU� DQ LPSURYHG LPSOHPHQWDWLRQ� DQG



��

IXUWKHU UHVHDUFK LQWR WKH SURSHUWLHV RI ERRVWLQJ PD\ LQWURGXFH D QHZ� ULFK FODVV RI

UHJUHVVLRQ PRGHOV�



��

&KDSWHU �

%2267,1* (;321(17,$/ )$0,/< $1'

3523257,21$/ +$=$5'6 5(*5(66,21 02'(/6

7KH FKDSWHU GLVFXVVHV WKH H[WHQVLRQ RI ERRVWLQJ PHWKRGV WR H[SRQHQWLDO IDPLO\ DQG

SURSRUWLRQDO KD]DUGV UHJUHVVLRQ PRGHOV FRPPRQO\ nW XVLQJ VRPH IRUP RI JHQHUDOL]HG

OLQHDU PRGHOV �*/0� �0F&XOODJK DQG 1HOGHU ����� RU JHQHUDOL]HG DGGLWLYH PRGHOV

�*$0� �+DVWLH DQG 7LEVKLUDQL ������ 8VLQJ JUDGLHQW DVFHQW RSWLPL]DWLRQ PHWKRGV

ZH FDQ HVWLPDWH UHJUHVVLRQ IXQFWLRQV IRU PDQ\ PRGHOV XVHG LQ VWDQGDUG VWDWLVWLFDO

SUDFWLFH� 6SHFLnFDOO\ WKLV FKDSWHU ZLOO FRQVLGHU ERRVWHG YHUVLRQV RI WKH JHQHUDOL]HG

OLQHDU PRGHO� VXFK DV ORJLVWLF� 3RLVVRQ� *DXVVLDQ� DV ZHOO DV SURSRUWLRQDO KD]DUGV

UHJUHVVLRQ LQFOXGLQJ WKH &R[ PRGHO� 7KH PRGXODU VWUXFWXUH RI ERRVWLQJ DOJRULWKPV

DOVR H[SRVHV WKHVH PRGHOV WR UREXVW UHJUHVVLRQ WHFKQLTXHV� PDNHV LPSOHPHQWDWLRQV

IRU PDVVLYH GDWDVHWV IHDVLEOH� DQG FDQ HVWLPDWH QRQ�SDUDPHWULF UHJUHVVLRQ IXQFWLRQV

XWLOL]LQJ H[LVWLQJ nWWLQJ DOJRULWKPV IRU WKHLU OLQHDU FRXQWHUSDUWV�

��� ([SRQHQWLDO IDPLO\ PRGHOV

2IWHQWLPHV LQ GDWD DQDO\VHV ZH ZLVK WR PRGHO RU HVWLPDWH WKH H[SHFWHG YDOXH RI D

UDQGRP YDULDEOH� < � DV D IXQFWLRQ RI VRPH REVHUYDEOH FRYDULDWHV RU SUHGLFWRUV� [� 7R

DLG LQ WKH HVWLPDWLRQ RI (�< M[�� ZH DVVXPH D GLVWULEXWLRQDO IRUP IRU < M[ DQG D FODVV RI
IXQFWLRQV RI ZKLFK (�< M[� LV DVVXPHG WR EH D PHPEHU� $VVXPLQJ WKDW WKH GLVWULEXWLRQ
RI < M[ LV D PHPEHU RI WKH H[SRQHQWLDO IDPLO\ DQG WKDW (�< M[� LV DQ LQYHUWLEOH IXQFWLRQ
RI D OLQHDU FRPELQDWLRQ RI WKH FRYDULDWHV� ZH DUULYH DW WKH JHQHUDOL]HG OLQHDU PRGHO�

1HOGHU DQG :HGGHUEXUQ ������ RULJLQDOO\ XVHG WKH SKUDVH ?JHQHUDOL]HG OLQHDU PRGHO�
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DQG 0F&XOODJK DQG 1HOGHU ������ VHW XS WKH IUDPHZRUN IRU WKH JHQHUDOL]HG OLQHDU

PRGHO DV IROORZV�

�� 'LVWULEXWLRQDO DVVXPSWLRQ� < M[ KDV D GLVWULEXWLRQ LQ WKH H[SRQHQWLDO IDPLO\ RI
WKH IRUP

I�\Mt� �� [�  H[S
�
\t b E�t�

D���
b F�\� ��

�
�����

ZKHUH E�t� LV WKH FXPXODQW JHQHUDWLQJ IXQFWLRQ VR WKDW E��t�  (�< M[�  x�

�� 0RGHO IRU WKH PHDQ� 7KH FRQGLWLRQDO PHDQ RI WKH UHVSRQVH LV WKH PRGHOHG

IXQFWLRQDO�

xL  (�< M;L�

�� 6\VWHPDWLF FRPSRQHQW� 7KH FRYDULDWHV� [�� [�� c c c � [G� IRUP D OLQHDU SUHGLFWRU

sL  
G;

M �

nM[LM �����

�� $ OLQN IXQFWLRQ� 7KH OLQN IXQFWLRQ LV D PRQRWRQH� GLmHUHQWLDEOH IXQFWLRQ UHODWLQJ

WKH OLQHDU SUHGLFWRU WR WKH UHVSRQVH�

J�xL�  sL

:KHQ J LV VXFK WKDW t  s� LW LV NQRZQ DV WKH FDQRQLFDO OLQN IXQFWLRQ�

0DQ\ XVHIXO VWDWLVWLFDO PRGHOV IDOO LQWR WKLV FODVV LQFOXGLQJ OLQHDU UHJUHVVLRQ� OLQHDU

ORJLVWLF UHJUHVVLRQ� ORJ�OLQHDU PRGHOV� DQG� LQ VRPH IRUP� OLQHDU SURSRUWLRQDO KD]DUGV

UHJUHVVLRQ� )LWWLQJ D PRGHO XQGHU WKLV IUDPHZRUN LV HTXLYDOHQW WR VHOHFWLQJ WKH nL
V�

XVXDOO\ E\ PD[LPL]LQJ WKH DSSURSULDWH OLNHOLKRRG� 7KH OLQHDULW\ DVVXPSWLRQ LV FRQ�

YHQLHQW VLQFH LW FRPSUHVVHV DOO WKH LQIRUPDWLRQ FRQFHUQLQJ D SDUWLFXODU YDULDEOH LQWR
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RQH QXPEHU� OHQGLQJ HDV\ LQWHUSUHWDELOLW\ WR WKH PRGHO� )XUWKHUPRUH� HVWLPDWLRQ LQ

OLQHDU PRGHOV LV H[WUHPHO\ HpFLHQW�

:KHQ DFFXUDWH SUHGLFWLRQ LV RXU JRDO WKH OLQHDU DVVXPSWLRQ FDQ EH D SRWHQWLDO

ZHDNQHVV RI WKLV PHWKRG� ,I WKH WUXH� XQGHUO\LQJ UHJUHVVLRQ IXQFWLRQ LV QRQ�OLQHDU WKHQ

*/0 LQWURGXFHV D ELDV WKDW PRUH GDWD FDQQRW FRUUHFW� $Q LGHDO UHJUHVVLRQ SURFHGXUH

ZRXOG DOORZ (�< M[� WR WDNH RQ DQ DUELWUDU\ XQNQRZQ IXQFWLRQDO IRUP� ) �[�� DQG
WKHQ DWWHPSW WR HVWLPDWH ) QRQ�SDUDPHWULFDOO\� &OHDUO\ LQ SUDFWLFH VXFK oH[LELOLW\

LV LQIHDVLEOH VLQFH ZH ZRXOG QHHG WR HVWLPDWH DQ LQnQLWH GLPHQVLRQDO SDUDPHWHU� ) �

XVLQJ D nQLWH GDWDVHW� ,Q WKLV FDVH� D XQLTXH IXQFWLRQ HVWLPDWH� A) � WKDW PD[LPL]HV

WKH OLNHOLKRRG GRHV QRW H[LVW�

*HQHUDOL]HG DGGLWLYH PRGHOV �+DVWLH DQG 7LEVKLUDQL ����� H[WHQG WKH JHQHUDOL]HG

OLQHDU PRGHO IUDPHZRUN E\ ORRVHQLQJ WKH OLQHDULW\ DVVXPSWLRQ LQ HTXDWLRQ ���� 5DWKHU

WKDQ DVVXPH WKDW J�x� LV D OLQHDU FRPELQDWLRQ RI WKH SUHGLFWRUV� *$0 DVVXPHV WKDW

J�xL�  
G;

M �

IM�[LM� �����

ZKHUH WKH G IXQFWLRQV IM�� DUH XQNQRZQ IXQFWLRQV RI RQO\ RQH RI WKH SUHGLFWRU YDUL�

DEOHV� 7R HQVXUH D XQLTXH VROXWLRQ IRU WKH PD[LPXP OLNHOLKRRG HVWLPDWHV RI WKH IM
V

*$0 IRUFHV WKHP WR EH VPRRWK DQG WR KDYH � DYHUDJH� ,Q PDQ\ SUDFWLFDO DSSOLFD�

WLRQV� VPRRWKQHVV LV UHDVRQDEOH WR DVVXPH DQG RQO\ WKH GHJUHH RI VPRRWKQHVV QHHG

EH FRQVLGHUHG �XVXDOO\ VHW E\ FURVV�YDOLGDWLRQ�� $OJRULWKPV IRU HVWLPDWLQJ WKH IM��
V

LQYROYH WKH XVH RI VPRRWKHUV DQG WKH EDFNnWWLQJ DOJRULWKP �)ULHGPDQ DQG 6WXHW]OH

������

$OWKRXJK *$0 UHOD[HV WKH OLQHDULW\ DVVXPSWLRQ LW VWLOO RmHUV LQWHUSUHWDELOLW\�

+RZHYHU� LW GRHV FRQWDLQ DQ XQFRUUHFWDEOH ELDV ZKHQ WKH WUXH XQGHUO\LQJ IXQFWLRQ LV

QRW DGGLWLYH� 7UHH VWUXFWXUHG UHJUHVVRUV VXFK DV &$57 �%UHLPDQ� )ULHGPDQ� 2OVKHQ�

DQG 6WRQH ����� PD\ EH XVHG WR FUHDWH ULVN�FRQVLVWHQW QRQ�SDUDPHWULF HVWLPDWRUV RI

) � 7KH JUHHG\ UHFXUVLYH SDUWLWLRQLQJ VWUDWHJ\ FKRRVHV� DPRQJ DOO SRVVLEOH VSOLWV DORQJ

FRYDULDWH D[HV� WKH VSOLW WKDW RmHUV WKH JUHDWHVW LQFUHDVH LQ WKH OLNHOLKRRG� 7KH GHSWK
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RI WKH WUHH FRQWUROV WKH GHJUHH RI nW WR WKH WUDLQLQJ GDWD� $V GDWD DFFXPXODWHV DQG WKH

GHSWK RI WKH WUHH LQFUHDVHV� WKH UHFXUVLYH SDUWLWLRQLQJ HVWLPDWRU FRQYHUJHV WR WKH WUXH

XQGHUO\LQJ UHJUHVVLRQ IXQFWLRQ �*RUGRQ DQG 2OVKHQ ������ 7UHH VWUXFWXUHG UHJUHVVRUV

KDYH EHHQ DSSOLHG WR VXUYLYDO SUREOHPV LQ 6HJDO ������ DQG 5LSOH\ DQG 5LSOH\ �������

+RZHYHU� WUHH UHJUHVVRUV VXmHU IURP ?KLJK YDULDELOLW\� �%UHLPDQ ����E�� 7KDW LV�

VPDOO FKDQJHV LQ WKH GDWDVHW PD\ SURGXFH YHU\ GLmHUHQW WUHHV DQG SUHGLFWLRQV� 7KLV

FDQ EH PLWLJDWHG E\ YDULDQFH UHGXFWLRQ WHFKQLTXHV VXFK DV EDJJLQJ �%UHLPDQ ����D�

)ULHGPDQ DQG +DOO ����� DQG %D\HVLDQ PHWKRGV �&KLSPDQ� *HRUJH� DQG 0F&XOORFK

����� 'HQLVRQ� 0DOOLFN� DQG 6PLWK ������ $OWKRXJK WUHH PHWKRGV RYHUFRPH WKH DG�

GLWLYH DVVXPSWLRQ QHFHVVDU\ IRU *$0� LW SURGXFHV GLVFRQWLQXRXV UHJUHVVLRQ IXQFWLRQ

HVWLPDWHV �EDJJHG WUHHV FDQ EH VPRRWKHU�� 0XOWLYDULDWH DGDSWLYH UHJUHVVLRQ VSOLQHV

RU 0$56 �)ULHGPDQ ����� XVHV DGDSWLYH NQRW SODFHPHQW UDWKHU WKDQ GLVFRQWLQXLW\

SODFHPHQW WR SURGXFH IXQFWLRQ HVWLPDWHV� 0$56 LV DGDSWDEOH WR JHQHUDOL]HG OLQHDU

PRGHOV DQG VXUYLYDO PRGHOV �,QWUDWRU DQG .RRSHUEHUJ ������

��� %RRVWLQJ PHWKRGV IRU UHJUHVVLRQ SUREOHPV

%RRVWLQJ� UDSLGO\ PDGH SRSXODU LQ WKH PDFKLQH OHDUQLQJ FRPPXQLW\� LV D WRSLF VORZO\

PDNLQJ LWV ZD\ LQWR PDLQVWUHDP VWDWLVWLFV UHVHDUFK� &RPSXWDWLRQDO OHDUQLQJ WKHRULVWV

GHVLUHG D PHWKRG IRU WUDQVIRUPLQJ D FROOHFWLRQ RI ZHDN FODVVLnHUV LQWR RQH VWURQJ FODV�

VLnHU �6FKDSLUH ����� )UHXQG ������ 7KLV ZRUN FXOPLQDWHG LQ WKH ZRUN E\ )UHXQG

DQG 6FKDSLUH ������ ZKR LQWURGXFHG WKH $GD%RRVW DOJRULWKP� 7KH\ GLVFRYHUHG DQ

DOJRULWKP ZKLFK VHTXHQWLDOO\ nWV ?ZHDN� FODVVLnHUV WR GLmHUHQW ZHLJKWLQJV RI WKH RE�

VHUYDWLRQV LQ D GDWDVHW� 7KRVH REVHUYDWLRQV WKDW WKH SUHYLRXV FODVVLnHU SRRUO\ SUHGLFWV

UHFHLYH KLJKHU ZHLJKW RQ WKH QH[W LWHUDWLRQ� 7KH nQDO $GD%RRVW FODVVLnHU LV D ZHLJKWHG

DYHUDJH RI DOO WKH ZHDN FODVVLnHUV� ,Q D ZLGH YDULHW\ RI FODVVLnFDWLRQ SUREOHPV� WKHLU

ZHLJKWLQJ VFKHPH DQG nQDO FODVVLnHU PHUJH KDYH SURYHQ WR EH DQ HmHFWLYH PHWKRG IRU

UHGXFLQJ ELDV DQG YDULDQFH� DQG LPSURYLQJ PLVFODVVLnFDWLRQ UDWHV �%DXHU DQG .RKDYL
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����� 'LHWWHULFK ������ (PSLULFDO HYLGHQFH KDV VKRZQ WKDW WKH EDVH FODVVLnHU FDQ

EH IDLUO\ VLPSOLVWLF �VKDOORZ FODVVLnFDWLRQ WUHHV� DQG \HW� ZKHQ ERRVWHG� FDQ FDSWXUH

FRPSOH[ GHFLVLRQ ERXQGDULHV �%UHLPDQ ������

$W WKH FRQFOXVLRQ RI WKHLU SDSHU� )UHXQG DQG 6FKDSLUH ������ RXWOLQH WKHLU LGHDV IRU

DSSO\LQJ WKH $GD%RRVW DOJRULWKP WR UHJUHVVLRQ SUREOHPV� +RZHYHU� 'UXFNHU ������

nUVW SURSRVHG DQG WHVWHG SUDFWLFDO PHWKRGV IRU ERRVWLQJ UHJUHVVLRQ� +LV DG KRFPHWKRG

IROORZHG WKH VDPH VSLULW RI WKH $GD%RRVW DOJRULWKP E\ UHSHDWHGO\ SHUIRUPLQJ ZHLJKWHG

WUHH UHJUHVVLRQ IROORZHG E\ XSZHLJKWLQJ WKH SRRUO\ SUHGLFWHG REVHUYDWLRQV DQG GRZQ�

ZHLJKWLQJ WKH ZHOO SUHGLFWHG RQHV� &RPSDUHG ZLWK nWWLQJ MXVW RQH WUHH� KLV PHWKRG

VHHPV WR EH FRPSHWLWLYH� %UHLPDQ ������ VXJJHVWV KRZ RQH PLJKW GHDO ZLWK ERRVWLQJ

UHJUHVVLRQ SUREOHPV ZLWK KLV DUF�JY PHWKRGRORJ\� +LV PRUH UHFHQW ZRUN RQ DGDSWLYH

EDJJLQJ �%UHLPDQ ������ ZKLFK LV TXLWH VLPLODU WR ERRVWLQJ LGHDV� DSSHDUV WR EH D

YHU\ SURPLVLQJ GLUHFWLRQ� %RWK ERRVWLQJ DQG DGDSWLYH EDJJLQJ SURFHHG VLPLODUO\ DQG

ERWK VKRZ LPSURYHPHQWV LQ WHUPV RI ELDV DQG YDULDQFH�

5LGJHZD\� 0DGLJDQ� DQG 5LFKDUGVRQ ������ SURSRVHG PDSSLQJ WKH UHJUHVVLRQ

SUREOHP LQWR D FODVVLnFDWLRQ SUREOHP� DSSO\LQJ WKHLU ERRVWHG QD�rYH %D\HV FODVVLnHU�

DQG WUDQVIRUPLQJ WKH UHVXOWLQJ FODVVLnHU EDFN DV D UHJUHVVLRQ IXQFWLRQ� 7KH\ VKRZHG

WKDW WKLV PHWKRG nWV DQ DGGLWLYH PRGHO VLPLODU WR WKH IRUP ��� EXW DOVR HVWLPDWHV D

WUDQVIRUPDWLRQ RI WKH UHVSRQVH YDULDEOH� 7KHLU HPSLULFDO UHVXOWV VKRZ WKDW LW SHUIRUPV

VLPLODUO\ WR *$0 DQG RXWSHUIRUPV &$57 LQ IRXU VLPXODWHG H[DPSOHV EXW SHUIRUPV

VOLJKWO\ ZRUVH WKDQ &$57 RQ RQH RI WKH WZR UHDO GDWDVHWV LQYHVWLJDWHG�

)URP WKH VWDWLVWLFLDQ
V SRLQW RI YLHZ� D EUHDNWKURXJK LQ ERRVWLQJ RFFXUHG LQ )ULHG�

PDQ� +DVWLH� DQG 7LEVKLUDQL ������� $OWKRXJK VWLOO IRFXVHG RQ FODVVLnFDWLRQ SURE�

OHPV� WKH\ VKRZHG WKDW )UHXQG DQG 6FKDSLUH
V $GD%RRVW DOJRULWKP LV DQ RSWLPL]DWLRQ

PHWKRG IRU nQGLQJ D FODVVLnHU WKDW PLQLPL]HV D SDUWLFXODU H[SRQHQWLDO ORVV IXQFWLRQ�

2WKHU DXWKRUV DOVR KDYH PDGH WKH FRQQHFWLRQ EHWZHHQ ERRVWLQJ DQG RSWLPL]DWLRQ

�%UHLPDQ ����� 0DVRQ� %D[WHU� %DUWOHWW� DQG )UHDQ ������ )ULHGPDQ HW DO� SUR�

FHHGHG WR VKRZ WKDW WKLV H[SRQHQWLDO ORVV IXQFWLRQ XVHG LQ $GD%RRVW LV FORVHO\ UHODWHG
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WR WKH %HUQRXOOL OLNHOLKRRG DQG GHYHORSHG D QHZ ERRVWLQJ DOJRULWKP WKDW nQGV D FODV�

VLnHU WKDW PD[LPL]HV D %HUQRXOOL OLNHOLKRRG� 7KH LPSRUWDQW nQGLQJ RI WKLV ZRUN LV

WKDW LW OLQNV ZRUN LQ FRPSXWDWLRQDO OHDUQLQJ WKHRU\ WR D OLNHOLKRRG EDVHG PHWKRG RI

VWDQGDUG VWDWLVWLFDO SUDFWLFH�

$W WKH KHDUW RI WKHLU ZRUN� )ULHGPDQ HW DO� ZLVK WR FRQVWUXFW D FODVVLnHU WKDW WDNHV

LQ FRYDULDWHV� [� DQG DWWHPSWV WR SUHGLFW D ELQDU\ RXWFRPH� \ � I�� �J� 7KH FODVVLnHU�
A) �[�� UHWXUQV D QHJDWLYH YDOXH WR SUHGLFW D � DQG UHWXUQV D SRVLWLYH YDOXH WR SUHGLFW

D �� ,GHDOO\ ZH ZDQW WKLV A) �[� WR KDYH ODUJH %HUQRXOOL OLNHOLKRRG RQ DYHUDJH RYHU DOO

IXWXUH REVHUYDEOHV� ,I ZH OHW -�) � EH WKH H[SHFWHG %HUQRXOOL OLNHOLKRRG RI D SDUWLFXODU

FODVVLnHU� ) � WKHQ PDWKHPDWLFDOO\ A) �[� VKRXOG EH

A) �[�  DUJPD[
) �[�

-�) �

 DUJPD[
) �[�
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K
\) �[�b ORJ

r
� � H) �[�

s nnn[L �����

,I ZH KDYH D FXUUHQW HVWLPDWH IRU ) �[� DQG ZH ZLVK WR LPSURYH XSRQ LW� ZH PLJKW

DGG D QHZ IXQFWLRQ WR ) VOLJKWO\ PRGLI\LQJ LW WR IXUWKHU LQFUHDVH -�) �� WKH OLNHOLKRRG

VKRZQ LQ ���� :H FDQ VHOHFW RQH RI PDQ\ RSWLPL]DWLRQ PHWKRGV WR nQG DQ I WKDW

LQFUHDVHV -�) � I�� )ULHGPDQ HW DO� FKRVH WR GHULYH D 1HZWRQ DOJRULWKP� 7KDW LV�

JLYHQ D FXUUHQW HVWLPDWH IRU ) �[� WKH 1HZWRQ XSGDWH IRU A) �[� LV

A) �[� � A) �[�b
#

#I
-� A) � I�MI �

#�
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ZKHUH Z�[� \�  S�[���b S�[�� DQG S�[�  
�

� � Hb A) �[�
�����

1HZWRQ RSWLPL]DWLRQ� WKHUHIRUH� WHOOV XV WR UHSHDWHGO\ VXEVWLWXWH ZHLJKWHG FRQGLWLRQDO

FODVV SUREDELOLW\ HVWLPDWHV WR LPSURYH ) �[�� 1RWH WKDW WKH ZHLJKWLQJ LQ ��� LPSOLHV

WKDW ODUJHVW ZHLJKWV DUH SLOHG RQWR WKH GLpFXOW WR FODVVLI\ REVHUYDWLRQV� WKRVH QHDU

S�[�  �
�
� 7KLV LV VLPLODU LQ VSLULW WR WKH $GD%RRVW DOJRULWKP� 6LQFH ZH GR QRW NQRZ

WKH YDOXH RI WKH H[SHFWDWLRQV LQ ��� ZH FDQ DSSUR[LPDWH WKHP E\ FKRRVLQJ RQH RI
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RXU IDYRULWH UHJUHVVLRQ PHWKRGV� 6XEVWLWXWLQJ D OLQHDU PRGHO LQ ��� IRU WKH ZHLJKWHG

H[SHFWDWLRQ UHGXFHV WR WKH LWHUDWLYHO\ UHZHLJKWHG OHDVW VTXDUHV DOJRULWKP �*UHHQ �����

IRU nWWLQJ OLQHDU ORJLVWLF UHJUHVVLRQ PRGHOV� )ULHGPDQ HW DO� XVH &$57 UHJUHVVLRQ LQ

WKHLU H[SHULPHQWDO UHVXOWV DQG VKRZ VXEVWDQWLDO LPSURYHPHQW LQ DFFXUDF\ RYHU D QRQ�

ERRVWHG &$57 FODVVLnHU�

2QFH ERRVWLQJ DQG OLNHOLKRRG PHWKRGV EHFRPH UHODWHG WKH GRRU RSHQV WR PDQ\

RWKHU VWDWLVWLFDO PRGHOV� $QG VR WKH nQGLQJV RI )ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL

������ OHDG XV GLUHFWO\ LQWR PHWKRGRORJ\ IRU JHQHUDWLQJ ERRVWLQJ DOJRULWKPV IRU D

ODUJH FODVV RI RWKHU OLNHOLKRRG EDVHG PRGHOV�

����� )ULHGPDQ
V JUDGLHQW ERRVWLQJ PDFKLQH

)ULHGPDQ �����D� DQG WKH FRPSDQLRQ SDSHU )ULHGPDQ �����E� H[WHQGHG WKH ZRUN RI

)ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL ������ DQG ODLG WKH JURXQG ZRUN IRU D QHZ JHQHUD�

WLRQ RI ERRVWLQJ DOJRULWKPV� 8VLQJ WKH FRQQHFWLRQ EHWZHHQ ERRVWLQJ DQG RSWLPL]DWLRQ

PDGH LQ )ULHGPDQ HW DO� ������� WKLV QHZ ZRUN SURSRVHV WKH *UDGLHQW %RRVWLQJ 0D�

FKLQH�

,Q DQ\ IXQFWLRQ HVWLPDWLRQ SUREOHP ZH ZLVK WR nQG D UHJUHVVLRQ IXQFWLRQ� A) �[��

WKDW PLQLPL]HV WKH H[SHFWDWLRQ RI VRPH ORVV IXQFWLRQ� k�\� ) �� DV VKRZQ LQ HTXD�

WLRQ �����

A) �[�  DUJPLQ
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) �[�
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:H ZLOO IRFXV RQ nQGLQJ HVWLPDWHV RI ) �[� VXFK WKDW

A) �[�  DUJPLQ
) �[�

(\M[ >k�\� ) �[��M[@ ������

3DUDPHWULF UHJUHVVLRQ PRGHOV DVVXPH WKDW ) �[� LV D IXQFWLRQ ZLWK D nQLWH QXPEHU

RI SDUDPHWHUV� n� DQG HVWLPDWHV WKHP E\ VHOHFWLQJ WKRVH YDOXHV WKDW PLQLPL]H D ORVV
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�� &RPSXWH WKH QHJDWLYH JUDGLHQW DV WKH ZRUNLQJ UHVSRQVH

]L  b #

#) �[L�
k�\L� ) �[L��M

) �[L� A) �[L�
�����

�� )LW D UHJUHVVLRQ PRGHO� I�[�� SUHGLFWLQJ ]L IURP WKH FRYDULDWHV [L�

�� &KRRVH D JUDGLHQW GHVFHQW VWHS VL]H DV

|  DUJPLQ
|

1;
L �

k�\L� A) �[L� � |I�[L�� �����

�� 8SGDWH WKH HVWLPDWH RI ) �[� DV

A) �[�� A) �[� � |I�[� ������

)LJXUH ���� )ULHGPDQ
V *UDGLHQW %RRVW DOJRULWKP



��

IXQFWLRQ �L�H� VTXDUHG HUURU ORVV� RYHU D WUDLQLQJ VDPSOH RI 1 REVHUYDWLRQV RQ �\� [�

SDLUV DV LQ �����

An  DUJPLQ
n

1;
L �

k�\L� ) �[L� n�� ������

:KHQ ZH ZLVK WR HVWLPDWH ) �[� QRQ�SDUDPHWULFDOO\ WKH WDVN EHFRPHV PRUH GLpFXOW�

$JDLQ ZH FDQ SURFHHG VLPLODUO\ WR ��� DQG PRGLI\ RXU FXUUHQW HVWLPDWH RI ) �[� E\

DGGLQJ D QHZ IXQFWLRQ I�[� LQ D JUHHG\ IDVKLRQ� /HWWLQJ )L  ) �[L�� ZH VHH WKDW ZH

ZDQW WR GHFUHDVH WKH 1 GLPHQVLRQDO IXQFWLRQ

-�)�  
1;
L �

k�\L� ) �[L��
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7KH QHJDWLYH JUDGLHQW RI -�)� LQGLFDWHV WKH GLUHFWLRQ RI WKH ORFDOO\ JUHDWHVW GHFUHDVH

LQ -�)�� *UDGLHQW GHVFHQW ZRXOG WKHQ KDYH XV PRGLI\ ) DV

A) � A)b |U-�)� ������

ZKHUH | LV WKH VL]H RI WKH VWHS DORQJ WKH GLUHFWLRQ RI JUHDWHVW GHVFHQW� &OHDUO\� WKLV

VWHS DORQH LV IDU IURP RXU GHVLUHG JRDO� )LUVW� LW RQO\ nWV ) DW YDOXHV RI [ IRU ZKLFK

ZH KDYH REVHUYDWLRQV� 6HFRQG� LW GRHV QRW WDNH LQWR DFFRXQW WKDW REVHUYDWLRQV ZLWK

VLPLODU [ DUH OLNHO\ WR KDYH VLPLODU YDOXHV RI ) �[�� %RWK WKHVH SUREOHPV ZRXOG KDYH

GLVDVWURXV HmHFWV RQ JHQHUDOL]DWLRQ HUURU� +RZHYHU� )ULHGPDQ VXJJHVWV VHOHFWLQJ D FODVV

RI IXQFWLRQV WKDW XVH WKH FRYDULDWH LQIRUPDWLRQ WR DSSUR[LPDWH WKH JUDGLHQW� 7KLV OLQH

RI UHDVRQLQJ SURGXFHV KLV *UDGLHQW %RRVWLQJ DOJRULWKP VKRZQ LQ nJXUH ���� $W HDFK

LWHUDWLRQ WKH DOJRULWKP GHWHUPLQHV WKH GLUHFWLRQ� WKH JUDGLHQW� LQ ZKLFK LW QHHGV WR

LPSURYH WKH nW WR WKH GDWD DQG VHOHFWV D SDUWLFXODU PRGHO IURP WKH DOORZDEOH FODVV

RI IXQFWLRQV WKDW LV LQ PRVW DJUHHPHQW ZLWK WKH GLUHFWLRQ� ,Q WKH FDVH RI VTXDUHG�

HUURU ORVV� k�\L� ) �[L��  
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�� WKLV DOJRULWKP FRUUHVSRQGV H[DFWO\ WR

UHVLGXDO nWWLQJ� )ULHGPDQ DOVR XVHV WKLV DOJRULWKP WR GHYHORS QHZ ERRVWLQJ DOJRULWKPV
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IRU UREXVW UHJUHVVLRQ ZLWK OHDVW DEVROXWH GHYLDWLRQ DQG +XEHU ORVV IXQFWLRQV �+XEHU

������

$V LQ WKH IROORZLQJ VHFWLRQV , ZLOO DSSO\ WKHVH PHWKRGV GLUHFWO\ WR OLNHOLKRRG EDVHG

PRGHOV� :H ZLOO WUDQVIRUP ���� VR WKDW LW LQYROYHV D PD[LPL]DWLRQ LQVWHDG RI D PLQL�

PL]DWLRQ DQG FRQVLGHU YDULRXV ORJ�OLNHOLKRRG IXQFWLRQV IRU k�\� ) ��

����� *HQHUDOL]HG ERRVWHG PRGHOV E\ )LVKHU VFRULQJ

1RZ KDYLQJ WKH PDFKLQHU\ WR H[WHQG ERRVWLQJ WR OLNHOLKRRG EDVHG PRGHOV� ZH FDQ

UHWXUQ WR WKH SUREOHP RI ERRVWLQJ PRGHOV LQ WKH H[SRQHQWLDO IDPLO\ RI VHFWLRQ ���� ,Q

WKLV VHFWLRQ ZH ZLOO GHULYH D ERRVWLQJ DOJRULWKP EDVHG RQ D YDULDQW RI WKH 1HZWRQ�

5DSKVRQ RSWLPL]HU NQRZQ DV WKH VFRULQJ PHWKRG �)LVKHU ����� )LQQH\ ������

7KH H[WHQVLRQ WKDW JHQHUDOL]HG ERRVWHG PRGHOV PDNHV WR */0 LV WR IXUWKHU ORRVHQ

WKH OLQHDU DVVXPSWLRQ LQ HTXDWLRQ ���� RQO\ DVVXPLQJ WKDW

J�xL�  ) �[L�� [L�� � � � � [LG�� ������

7KH ERRVWLQJ DOJRULWKP VHDUFKHV LQ D JUHHG\ IDVKLRQ IRU D IXQFWLRQ A) WKDW PD[LPL]HV

WKH OLNHOLKRRG XQGHU WKH DVVXPHG PRGHO�

'HSHQGLQJ RQ KRZ ZH UHVWULFW WKH ERRVWLQJ SURFHGXUH� PRGHOLQJ J�x� LQ WKLV IDVK�

LRQ FDQ DOVR UHPRYH WKH EXUGHQ RI FKRRVLQJ D OLQN IXQFWLRQ� 7KH OLQN IXQFWLRQ LV RQO\

D YHKLFOH WR WUDQVIRUP YDOXHV IURP WKH OLQHDU RU DGGLWLYH PRGHO VFDOH WR WKH VFDOH RI

WKH FRQGLWLRQDO H[SHFWDWLRQ� 8QGHU ���� LW GRHV QRW PDWWHU ZKHWKHU ZH FKRRVH WR

PRGHO YLD D OLQN IXQFWLRQ� xL  Jb��) �[L��� RU GLUHFWO\ PRGHO WKH PHDQ� xL  ) �[L��

,Q SUDFWLFH� KRZHYHU� LW PD\ EH UHDVRQDEOH WR UHVWULFW ) WR EH DGGLWLYH ZLWK ORZ RUGHU

LQWHUDFWLRQV ZLWK DQ LQWHUSUHWDEOH OLQN IXQFWLRQ VXFK DV WKH ORJ�RGGV IRU WKH ORJLVWLF

PRGHO�

7R GHULYH D ERRVWLQJ DOJRULWKP IRU WKH JHQHUDO FDVH RI H[SRQHQWLDO IDPLO\ PRGHOV

ZH VLPSO\ QHHG WR VHOHFW D PRGHO E\ FKRRVLQJ D VSHFLnF FXPXODQW JHQHUDWLQJ IXQFWLRQ�

E�t�� DQG D OLQN IXQFWLRQ� J�x�� UHODWLQJ WKH UHJUHVVLRQ IXQFWLRQ� ) �[�� WR WKH FRQGL�



��

WLRQDO PHDQ� x� 7KH IROORZLQJ SURSRVLWLRQ GHULYHV WKH QHFHVVDU\ UHVXOWV WR SURGXFH D

ERRVWLQJ DOJRULWKP IRU WKH H[SRQHQWLDO IDPLO\ PRGHOV DQG nJXUH ��� VXPPDUL]HV WKLV

UHVXOW�

3URSRVLWLRQ ��� 7KH JHQHUDOL]HG ERRVWHG PRGHO DOJRULWKP LV D )LVKHU VFRULQJ DOJR�

ULWKP WKDW RSWLPL]HV WKH VDPSOH H[SHFWHG ORJ�OLNHOLKRRG RI DQ H[SRQHQWLDO IDPLO\ UHJUHV�

VLRQ PRGHO�

3URRI� /HW E�t� EH WKH FXPXODQW JHQHUDWLQJ IXQFWLRQ� x EH WKH H[SHFWHG YDOXH RI < �

DQG J�x� WKH OLQN IXQFWLRQ EHWZHHQ WKH FRQGLWLRQDO PHDQ DQG ) �[�� 7KH H[SHFWHG

ORJ�OLNHOLKRRG IRU WKH H[SRQHQWLDO IDPLO\ PRGHO LV
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8VLQJ WKH IDFW WKDW ( #C

#t
 � DQG ( #�C

#t�
�
r
( #C

#t

s�
 �� ZH FDQ VKRZ WKDW E��t�  x DQG

9DU�< �  E���t�D���� 7KH WHUP E���t� LV WKH YDULDQFH IXQFWLRQ ZKLFK ZH ZLOO ZULWH DV D

IXQFWLRQ RI x� 9 �x��

:H ZLOO LQLWLDOL]H WKH HVWLPDWHG UHJUHVVLRQ IXQFWLRQ� ) �[�� WR EH D FRQVWDQW DFURVV

DOO [� :H FDQ VWDUW ZLWK WKH FRQVWDQW WKDW PD[LPL]HV ����� 7KH YDOXH RI t WKDW

PD[LPL]HV ���� VDWLVnHV WKH HTXDWLRQ E��t�  x\� 6LQFH x  E��t� DQG J�x�  ) �[� WKHQ

ZH VKRXOG LQLWLDOL]H A) �[�  J�x\� IRU DOO YDOXHV RI [�

*LYHQ WKH FXUUHQW HVWLPDWH RI WKH UHJUHVVRU A) �[� ZH ZRXOG OLNH WR LPSURYH XSRQ

LW E\ DGGLQJ D QHZ IXQFWLRQ I�[� VR WKDW WKH H[SHFWHG OLNHOLKRRG LQ ���� LQFUHDVHV�

7KDW LV� LQLWLDOO\ DVVXPLQJ WKDW s  J�x�  A) �[� ZH ZLOO VHHN DQ I�[� VR WKDW ZKHQ

J�x�  A) �[� � I�[� WKH OLNHOLKRRG LQFUHDVHV� 7KH 1HZWRQ�5DSKVRQ YDULDQW NQRZQ DV

WKH VFRULQJ PHWKRG VXJJHVWV PRGLI\LQJ WKH FXUUHQW UHJUHVVRU DV

A) �[�� A) �[�b (< M[
#C� A)�I�

#I

(< M[
#�C� A)�I�

#I�

� ������

7KH VWUDWHJ\ WKDW , ZLOO XVH KHUH LV WR FDUU\ WKURXJK ZLWK WKH GHQRPLQDWRU H[SHFWDWLRQ

WR VLPSOLI\ FRPSXWDWLRQ� EXW SUHVHUYH WKH H[SHFWDWLRQ LQ WKH QXPHUDWRU IRU HVWLPDWLRQ
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,QLWLDOL]H A) �[�  J�x\� IRU DOO YDOXHV RI [�

)RU W LQ �� � � � � 7 GR

�� (VWLPDWH WKH SUHGLFWLRQV DV

xL  Jb�� A) �[L��� ������

�� &RPSXWH WKH ZRUNLQJ UHVSRQVH

]L  �\L b xL�J
��xL�� ������

�� )LW D UHJUHVVLRQ PRGHO� I�[�� SUHGLFWLQJ ]L XVLQJ [L ZLWK ZHLJKWV

ZL  
�

J��xL��9 �xL�
������

�� :LWK w � ��� �@ DV D OHDUQLQJ UDWH SDUDPHWHU� XSGDWH WKH ERRVWHG UHJUHVVRU DV

A) �[�� A) �[� � wI�[� ������

5HWXUQ WKH nQDO ERRVWHG UHJUHVVRU A) �[��

)LJXUH ���� 7KH JHQHUDOL]HG ERRVWHG DOJRULWKP E\ )LVKHU VFRULQJ
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ZLWK DQ HPSLULFDOO\ GHULYHG UHJUHVVLRQ IXQFWLRQ� 6WDUWLQJ ZLWK WKH QXPHUDWRU
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6LQFH (�< �  x� WDNLQJ WKH H[SHFWDWLRQ LQ WKLV WHUP FDXVHV WKH VHFRQG �DQG PRVW

FRPSOH[� SDUW RI WKH H[SUHVVLRQ WR YDQLVK UHGXFLQJ ���� WR
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,I ZH KDG DVVXPHG D FDQRQLFDO OLQN IXQFWLRQ WKHQ WKH IROORZLQJ KROGV

Jb��t�  E��t�

� J��x�  
�

E���t�
 

�

9 �x�
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DQG VR WKH VDPH WHUP YDQLVKHV ZLWKRXW UHTXLULQJ WKH H[SHFWDWLRQ� 8QGHU FDQRQLFDO

OLQN IXQFWLRQV WKH )LVKHU VFRULQJ DQG 1HZWRQ�5DSKVRQ DOJRULWKPV DUH HTXLYDOHQW�

$IWHU VLPSOLI\LQJ WKH GHQRPLQDWRU WHUP� ZH ZLOO SUHVHUYH WKH H[SHFWDWLRQ RSHU�

DWRU RQ WKLV FRQVWDQW IRU WKH PRPHQW HYHQ WKRXJK LW LQYROYHV QR UDQGRP YDULDEOHV�

6XEVWLWXWLQJ WKHVH UHVXOWV LQWR WKH )LVKHU VFRULQJ DOJRULWKP LQ HTXDWLRQ ���� ZH REWDLQ

A) �[�� A) �[� �
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K

\bx
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(
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D���9 �x�J��x��
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8VLQJ WKH GHnQLWLRQ RI ZHLJKWHG H[SHFWDWLRQ� (ZI�\� [�  
(>Z�[�\�I�[�\�@

(>Z�[�\�@
� ZH QRWH WKDW

���� LV D ZHLJKWHG FRQGLWLRQDO H[SHFWDWLRQ� :H FDQ UHZULWH ���� DV
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(
K
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 A) �[� � (Z >J
��x��\ b x�M[@ ZKHUH Z  �

D���9 �x�J��x��
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:KHQ ZH KDYH D nQLWH VDPSOH ZH FDQ HVWLPDWH WKH ZHLJKWHG FRQGLWLRQDO H[SHFWDWLRQ E\

DQ\ UHJUHVVLRQ SURFHGXUH �WUHHV� VPRRWKHUV� HWF�� WR XSGDWH RXU HVWLPDWHG UHJUHVVLRQ

IXQFWLRQ� 1RWH WKDW VLQFH D��� LV FRQVWDQW DFURVV DOO YDOXHV RI x LW YDQLVKHV ZKHQ WKH

ZHLJKWV DUH QRUPDOL]HG� 7KLV \LHOGV WKH JHQHUDOL]HG ERRVWHG DOJRULWKP LQ nJXUH ����

(

:H FDQ YDU\ VHYHUDO RI WKH VWHSV LQ WKH *%0 DOJRULWKP WR LPSURYH LWV SHUIRUPDQFH�

6SHFLnFDOO\ QRWHG KHUH LV WKH LQWURGXFWLRQ RI D OHDUQLQJ UDWH SDUDPHWHU� w� LQ �����

6HFWLRQ ��� ZLOO IXUWKHU GLVFXVV WKH OHDUQLQJ UDWH DV ZHOO DV RWKHU PRGLnFDWLRQV VXFK

DV EDJJLQJ IRU YDULDQFH UHGXFWLRQ DQG UREXVW PHWKRGV�

7KH OLQN IXQFWLRQ LV FDQRQLFDO LI J�x� LV VXFK WKDW t  s� 7KLV RFFXUV ZKHQ

Jb��t�  E��t�� 7DEOH ��� OLVWV VRPH FRPPRQ H[SRQHQWLDO PRGHOV� WKHLU FDQRQLFDO OLQN

IXQFWLRQV� DQG WKH DVVRFLDWHG YDULDQFH IXQFWLRQ� 1RWH WKDW LQ WKHVH FDQRQLFDO FDVHV

9 �x�J��x�  � IXUWKHU VLPSOLI\LQJ WKH ERRVWLQJ DOJRULWKP� 2QH VSHFLnF LQVWDQFH RI

WKLV DOJRULWKP LV DOUHDG\ NQRZQ DV VKRZQ LQ WKH IROORZLQJ FRUROODU\ WR SURSRVLWLRQ ����

&RUROODU\ ��� 7KH /RJLW%RRVW DOJRULWKP RI )ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL ������

LV D JHQHUDOL]HG ERRVWHG PRGHO DOJRULWKP IRU D FDQRQLFDO %HUQRXOOL PRGHO�
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7DEOH ���� 6RPH FDQRQLFDO H[SRQHQWLDO IDPLO\ PRGHOV

&DQRQLFDO OLQN 9DULDQFH IXQFWLRQ

'LVWULEXWLRQ J�x� 9 �x�

%HUQRXOOL ORJ x

�bx
x��b x�

1RUPDO x �

3RLVVRQ ORJ x x

3URRI� 7R ERRVW WKH FDQRQLFDO %HUQRXOOL PRGHO ZH VHOHFW J�x�  ORJ x

�bx
DQG 9 �x�  

x�� b x�� 7KHUHIRUH� J��x�  �
x��bx�

� 7KH *%0 DOJRULWKP WKHQ LQGLFDWHV WKDW RQH

VKRXOG LWHUDWLYH SHUIRUP ZHLJKWHG UHJUHVVLRQ SUHGLFWLQJ ]L  
\Lbx
x��bx�

ZLWK ZHLJKWV ZL  

x��b x�� 7KLV LV HTXLYDOHQW WR WKH H[SUHVVLRQ LQ ���� WKH /RJLW%RRVW DOJRULWKP�

(

����� *HQHUDOL]HG ERRVWHG PRGHOV E\ JUDGLHQW DVFHQW

6HFWLRQ ����� H[WHQGHG WKH ERRVWLQJ PHWKRGRORJ\ RI )ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL

������ IURP ORJLVWLF UHJUHVVLRQ WR DQ DUELWUDU\ H[SRQHQWLDO IDPLO\ PRGHO XVLQJ )LVKHU

VFRULQJ� 7KLV VHFWLRQ ZLOO H[SORUH WKH XVH RI JUDGLHQW DVFHQW PHWKRGV DNLQ WR )ULHGPDQ

�����D� IRU DSSOLFDWLRQ WR WKH H[SRQHQWLDO IDPLO\ PRGHO�

$JDLQ ZH ZLOO EH VHDUFKLQJ IRU D UHJUHVVLRQ IXQFWLRQ A) �[� WKDW PD[LPL]HV
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ZKHUH DJDLQ E��t�  x DQG J�x�  ) �[�� )RU WKH PRPHQW ZH ZLOO DVVXPH WKDW HDFK RI

WKH1 REVHUYDWLRQV KDV WKHLU RZQ YDOXH IRU ) � RU ) �[L�  )L� /DWHU ZH ZLOO LQFRUSRUDWH
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WKH FRYDULDWHV� :KHQ WKH VHW RI )L
V WDNH RQ VSHFLnF YDOXHV� WKH JUDGLHQW HYDOXDWHG DW

WKDW SRLQW LQGLFDWH WKH GLUHFWLRQ RI JUHDWHVW DVFHQW� *UDGLHQW DVFHQW PHWKRGV VXJJHVW

PRGLI\LQJ WKH FXUUHQW YDOXHV RI WKH )L
V E\

) � )� |U) ������

ZKHUH | LV WKH VWHS VL]H LQ WKH JUDGLHQW GLUHFWLRQ� &RPSXWLQJ WKH JUDGLHQW IURP ����

ZH REWDLQ
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ZKHUH xL  Jb��) �[L���

(TXDWLRQ ���� VD\V WKDW ZH VKRXOG DGG WR WKH FXUUHQW YDOXH RI HDFK )L D FRQVWDQW

WLPHV WKH IXQFWLRQ LQ ����� 1RWH WKDW ���� LV EDVLFDOO\ D VFDOHG UHVLGXDO� $W WKLV VWDJH

ZH FDQ LQFRUSRUDWH WKH FRYDULDWHV E\ DSSUR[LPDWLQJ WKLV JUDGLHQW XVLQJ DQ DUELWUDU\

OHDVW VTXDUHV UHJUHVVLRQ SURFHGXUH� 7KDW LV� ZH FDQ FRPSUHVV WKH JUDGLHQW LQIRUPDWLRQ

DQG ERUURZ VWUHQJWK IURP REVHUYDWLRQV WKDW DUH QHLJKERULQJ LQ WKH VSDFH RI FRYDULDWHV

E\ FRQVWUXFWLQJ D IXQFWLRQ� I�[�� WKDW SUHGLFWV ]L IURP [L� 5DWKHU WKDQ XSGDWH XVLQJ

���� ZH FDQ XSGDWH RXU UHJUHVVLRQ IXQFWLRQ E\

A) �[�� A) �[� � |I�[� ������

7KH UHPDLQLQJ GHWDLO LV WKH HVWLPDWLRQ RI WKH VWHS VL]H |� :H FDQ DJDLQ DSSHDO WR

PD[LPXP OLNHOLKRRG WR nQG DQ RSWLPDO YDOXH� 6HWWLQJ J�xL�  ) �[L� � |I�[L� ZH FDQ

GHWHUPLQH WKH PD[LPXP OLNHOLKRRG HVWLPDWRU IRU |� 1RWH WKDW QRZ ZH KDYH D VLPSOH

JHQHUDOL]HG OLQHDU PRGHO ZKHUH I�[L� LV D FRYDULDWH ZLWK FRHpFLHQW | DQG ) �[L� LV

DQ RmVHW WHUP� 8VLQJ H[LVWLQJ */0 VRIWZDUH ZH FDQ HVWLPDWH WKH RSWLPDO VWHS VL]H�
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,QLWLDOL]H A) �[�  J�x\� IRU DOO YDOXHV RI [�
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�� (VWLPDWH WKH SUHGLFWLRQV DV

xL  Jb�� A) �[L��� ������

�� &RPSXWH WKH ZRUNLQJ UHVSRQVH
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�:H FDQ DFWXDOO\ GURS WKH D��� VLQFH LW LV FRQVWDQW DFURVV DOO REVHUYDWLRQV DQG

VWHS � VFDOHV WKH JUDGLHQW RSWLPDOO\��

�� )LW D UHJUHVVLRQ PRGHO� I�[�� SUHGLFWLQJ ]L XVLQJ [L�

�� (VWLPDWH WKH RSWLPDO VWHS VL]H� | E\ nWWLQJ D */0 RI WKH VDPH FODVV ZKHUH I�[L�

LV WKH FRYDULDWH ZLWK FRHpFLHQW | DQG A) �[L� DV DQ RmVHW WHUP�

�� :LWK w � ��� �@ DV D OHDUQLQJ UDWH SDUDPHWHU� XSGDWH WKH ERRVWHG UHJUHVVRU DV

A) �[�� A) �[� � w|I�[� ������

5HWXUQ WKH nQDO ERRVWHG UHJUHVVRU A) �[��

)LJXUH ���� 7KH JHQHUDOL]HG ERRVWHG DOJRULWKP E\ JUDGLHQW DVFHQW



��

/DVWO\ ZH FDQ XVH ���� WR XSGDWH� )LJXUH ��� VXPPDUL]HV WKH JUDGLHQW DVFHQW *%0

DOJRULWKP�

:H PD\ KDYH VRPH FRYDULDWHV IRU ZKLFK ZH GR QRW GHVLUH ERRVWHG IXQFWLRQ HVWL�

PDWHV� 7KDW LV� VRPH FRYDULDWHV PLJKW EH LQGLFDWRU YDULDEOHV RU n[HG OLQHDU HmHFWV�

7KH ZHLJKWHG UHJUHVVLRQ VWHS IRU )LVKHU VFRULQJ RU WKH JUDGLHQW UHJUHVVLRQ VWHS LQ

JUDGLHQW DVFHQW ZRXOG LQYROYH RQO\ WKRVH FRYDULDWHV IRU ZKLFK ZH ZDQW ERRVWHG HV�

WLPDWHV� )RU WKH UHPDLQLQJ YDULDEOHV ZH FDQ DGG DQRWKHU VWHS WR HLWKHU WKH )LVKHU

VFRULQJ RU JUDGLHQW DVFHQW *%0 DOJRULWKPV ZKLFK nWV D */0 RI WKH VDPH FODVV ZLWK

WKH UHPDLQGHU RI WKH FRYDULDWHV DV SUHGLFWRUV DQG WKH FXUUHQW A) �[L� DV DQ RmVHW WHUP�

��� %RRVWLQJ PRGHOV IRU SURSRUWLRQDO KD]DUGV UHJUHVVLRQ

6WDWLVWLFDO PHWKRGV IRU VXUYLYDO DQDO\VLV PRGHO GDWD LQ ZKLFK WKH UHVSRQVH YDULDEOH LV D

OLIHWLPH RU IDLOXUH WLPH �&R[ ����� &R[ ����� 0F&XOODJK DQG 1HOGHU ����� .DOEoHLVFK

DQG 3UHQWLFH ������ $OWKRXJK WKHVH PHWKRGV DUH PRVWO\ WKRXJKW RI LQ WKH FRQWH[W

RI VXUYLYDO WLPHV RI SDWLHQWV LQ D PHGLFDO H[SHULPHQW� WKH\ PD\ DOVR DSSO\ LQ RWKHU

VLWXDWLRQV VXFK DV WKH WLPH WR IDLOXUH RI D PHFKDQLFDO FRPSRQHQW RU WKH WLPH XQWLO

FULPLQDO UHFLGLYLVP� )RU WKHVH SUREOHPV ZH VLPSO\ ZLVK WR HVWLPDWH WKH GLVWULEXWLRQ

RI IDLOXUH WLPH JLYHQ FRYDULDWHV� &HQVRULQJ� WKH FRQGLWLRQ RI DQ REVHUYDWLRQ WKDW LV \HW

WR IDLO DW WKH HQG RI WKH H[SHULPHQW� FRPSOLFDWHV WKH HVWLPDWLRQ SURFHVV�

����� 3URSRUWLRQDO KD]DUGV UHJUHVVLRQ

,I V�WM[� GHQRWHV WKH GLVWULEXWLRQ RI IDLOXUH WLPHV IRU DQ REVHUYDWLRQ ZLWK FRYDULDWHV
[� WKHQ 6�WM[�� LWV FGI� GHQRWHV WKH SUREDELOLW\ WKDW DQ REVHUYDWLRQ ZLWK FRYDULDWHV [
KDV IDLOHG EHIRUH WLPH W� 7KH KD]DUG IXQFWLRQ�

K�WM[�  V�WM[�
�b 6�WM[� � ������

UHWXUQV WKH ?LQVWDQWDQHRXV ULVN� RI IDLOXUH� RU K�WM[�pW LV WKH SUREDELOLW\ RI IDLOXUH LQ
WKH QH[W LQnQLWHVLPDOO\ VPDOO LQWHUYDO RI WLPH JLYHQ VXUYLYDO XS WR WLPH W� 1DWXUDOO\�
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YDULRXV FKRLFHV RI KD]DUG IXQFWLRQV LPSO\ GLmHUHQW IDLOXUH WLPH GLVWULEXWLRQV DQG YLFH�

YHUVD�

3URSRUWLRQDO KD]DUGV PRGHOV DVVXPH WKDW WKH KD]DUG IXQFWLRQ� K�WM[�� FDQ EH
IDFWRUHG LQ WR D FRPSRQHQW WKDW H[SOLFLWO\ GHSHQGV RQ WLPH DQG DQRWKHU� D UHJUHVVLRQ

IXQFWLRQ� WKDW GHSHQGV RQ WKH FRYDULDWHV�

K�WM[�  w�W�H) �[�� ������

:H DVVXPH WKDW WKH KD]DUG UDWLR EHWZHHQ WZR REVHUYDWLRQV GRHV QRW GHSHQG RQ WLPH

DQG LV RQO\ D IXQFWLRQ RI WKH GLmHUHQFH LQ WKHLU UHJUHVVLRQ IXQFWLRQV� &RPPRQ VWDWLVWL�

FDO SUDFWLFH DVVXPHV D OLQHDU PRGHO IRU ) �[�� ) �[�  nW[� $V IRU WKH EDVH�OLQH KD]DUG�

w�W�� ZH FDQ DVVXPH WKDW LW WDNHV RQ YDULRXV SDUDPHWULF IRUPV� $LWNLQ DQG &OD\WRQ

�$LWNLQ DQG &OD\WRQ ����� GHYHORS VHYHUDO VXUYLYDO PRGHOV LQ WKLV IDVKLRQ� $VVXPLQJ

w�W�  w UHVXOWV LQ DQ H[SRQHQWLDO GLVWULEXWLRQ IDLOXUH WLPH PRGHO� w�W� � mWmb� \LHOGV

D :HLEXOO GLVWULEXWLRQ� DQG w�W� � mHmW \LHOGV DQ H[WUHPH�YDOXH GLVWULEXWLRQ �VHH WD�

EOH ����� 6HFWLRQ ����� ZLOO GLVFXVV ERRVWLQJ WKH H[SRQHQWLDO IDLOXUH WLPH PRGHO DQG

WKH H[WHQVLRQ WR :HLEXOO DQG H[WUHPH�YDOXH PRGHOV�

:KHQ IRUPLQJ WKH OLNHOLKRRG� DVVXPLQJ D SDUDPHWULF IRUP IRU w�W�� HDFK REVHUYD�

WLRQ
V FRQWULEXWLRQ ZLOO GHSHQG RQ WKH IDLOXUH LQGLFDWRU� pL� 2EVHUYDWLRQV IRU ZKLFK

ZH REVHUYH D IDLOXUH WLPH FRQWULEXWH V�WM[�� )RU FHQVRUHG REVHUYDWLRQV ZH RQO\ NQRZ
WKDW WKH\ GLG QRW IDLO SULRU WR WLPH W DQG� WKHUHIRUH� WKH\ FRQWULEXWH � b 6�WM[�� WKH
SUREDELOLW\ RI WKDW WKH VXUYLYDO WLPH LV JUHDWHU WKDQ W� 7KH ORJ�OLNHOLKRRG IRU WKH

UHJUHVVLRQ IXQFWLRQ EDVHG RQ 1 SRVVLEO\ FHQVRUHG REVHUYDWLRQV LV

C�) MW� p� [�  
1;
L �

pL ORJ V�WLM[L� � ��b pL� ORJ��b 6�WLM[L��

 
1;
L �

pL ORJ
V�WLM[L�

�b 6�WLM[L� � ORJ��b 6�WLM[L�� ������

&RPELQLQJ ���� DQG ���� ZH VHH WKDW 6�WM[� VDWLVnHV WKH GLmHUHQWLDO HTXDWLRQ
6��WM[�
�b 6�WM[�  w�W�H) �[�� ������
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DQG WKHUHIRUH

ORJ��b 6�WM[��  b
= W

�
w�X�H) �[�GX� ������

6XEVWLWXWLQJ ���� LQWR ���� DQG UHDUUDQJLQJ ZH REWDLQ WKH ORJ�OLNHOLKRRG IRU WKH UH�

JUHVVLRQ IXQFWLRQ ) �[��

C�) MW� p� [�  
1;
L �

pL ORJ K�WLM[L�b
= WL

�
w�X�H) �[L�GX

 
1;
L �

pL>ORJ w�WL� � ) �[L�@b H) �[L�
= WL

�
w�X�GX ������

$W WKLV SRLQW ZH PD\ FKRRVH DPRQJ VHYHUDO SDUDPHWULF IRUPV IRU WKH EDVHOLQH KD]DUG�

w�W� DQG WKH UHJUHVVLRQ IXQFWLRQ� ) �[�� )RU H[DPSOH� DVVXPLQJ w�W�  w DQG ) �[�  

nW[ UHVXOWV LQ WKH ORJ�OLNHOLKRRG IRU WKH OLQHDU FHQVRUHG H[SRQHQWLDO UHJUHVVLRQ PRGHO�

&OHDUO\ WKH GUDZEDFN WR WKLV PRGHO IRUPXODWLRQ LV WKH QXLVDQFH EDVHOLQH KD]DUG

IXQFWLRQ� ,Q SUDFWLFH ZH DUH XVXDOO\ PRUH LQWHUHVWHG LQ JRRG HVWLPDWHV RI ) �[� WKDQ

WKH HQWLUH KD]DUG IXQFWLRQ� &R[ ������ DQG &R[ ������ GHYHORSHG D SDUWLDO OLNHOL�

KRRG DSSURDFK WKDW DYRLGV UHIHUHQFH WR WKH EDVHOLQH KD]DUG IXQFWLRQ LQ WKH HVWLPDWLQJ

HTXDWLRQV IRU ) �[�� +LV VWUDWHJ\ ZDV WR FRQVLGHU RQO\ WKRVH WLPHV SRLQWV DW ZKLFK

ZH REVHUYH D IDLOXUH� 3HWR DQG %UHVORZ� LQ WKHLU GLVFXVVLRQ RI &R[
V RULJLQDO SDSHU�

SURSRVH H[WHQVLRQV DQG DSSUR[LPDWLRQV ZKHQ WKHUH DUH VRPH WLHG IDLOXUH WLPHV� ,Q WKH

LQnQLWHVLPDO WLPH LQWHUYDO MXVW SULRU WR D SDUWLFXODU IDLOXUH WLPH� WL� VHYHUDO LQGLYLGXDOV

PLJKW EH DW ULVN� 7KLV VHW RI LQGLYLGXDOV� WKH ?ULVN VHW� DW WL� DUH WKRVH ZKR KDYH QRW

IDLOHG DQG KDYH QRW EHHQ FHQVRUHG XS WKLV SRLQW LQ WLPH� *LYHQ WKDW RQH LQGLYLGXDO LQ

WKH ULVN VHW IDLOHG DW WLPH WL� WKH SUREDELOLW\ WKDW D SDUWLFXODU LQGLYLGXDO LQ WKH ULVN

VHW ZDV WKDW IDLOXUH LV SURSRUWLRQDO WR WKHLU KD]DUG IXQFWLRQ� 6LQFH REVHUYDWLRQ L ZDV

WKH REVHUYDWLRQ WKDW IDLOHG LWV FRQWULEXWLRQ WR WKH SDUWLDO OLNHOLKRRG LV

w�WL�H
) �[L�31

M � ,�WM w WL�w�WL�H) �[M�
 

H) �[L�31
M � ,�WM w WL�H) �[M�

������

&RQYHQLHQWO\ WKH QXLVDQFH EDVHOLQH KD]DUG IXQFWLRQV� w�W�� FDQFHO� 7KH VXP LQ WKH

GHQRPLQDWRU LQ FRQMXQFWLRQ ZLWK WKH LQGLFDWRU IXQFWLRQ VXPV RYHU WKH KD]DUG IXQFWLRQV
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RI HDFK RI WKH REVHUYDWLRQV LQ WKH ULVN VHW DW WLPH WL� 6R WKLV LV VLPSO\ WKH SUREDELOLW\

WKDW REVHUYDWLRQ L ZDV VHOHFWHG IURP WKH ULVN VHW ZKHQ WKH SUREDELOLW\ RI VHOHFWLRQ LV

SURSRUWLRQDO WR H) �[M�� $W HDFK IDLOXUH WLPH WKLV VDPH SURFHVV RI VHOHFWLRQ IURP D ULVN

VHW RFFXUV DQG VR WKH SDUWLDO OLNHOLKRRG LV

3/�) MW� p� [�  
1<
L �

�
H) �[L�31

M � ,�WM w WL�H) �[M�

�pL
� ������

,Q SUDFWLFH ZH ZLVK WR FKRRVH ) �[� RU SDUDPHWHU YDOXHV IRU ) �[� WR PD[LPL]H WKH

ORJ�SDUWLDO OLNHOLKRRG�

ORJ3/�) MW� p� [�  
1;
L �

pL

�
�) �[L�b ORJ

�
# 1;
M �

,�WM w WL�H
) �[M�

�
$
�
� � ������

7KH ORJ�SDUWLDO OLNHOLKRRG WDNHV LQWR DFFRXQW RQO\ WKH RUGHU RI WKH IDLOXUH DQG FHQVRULQJ

WLPHV�

,Q WKH QH[W VHYHUDO VHFWLRQV , ZLOO GLVFXVV ERRVWLQJ SURSRUWLRQDO KD]DUGV PRGHOV� ,

ZLOO VWDUW ZLWK D GLVFXVVLRQ RI ERRVWLQJ SDUDPHWULF SURSRUWLRQDO KD]DUGV PRGHOV EHIRUH

PRYLQJ LQWR YDULRXV ZD\V RI ERRVWLQJ &R[
V VHPL�SDUDPHWULF PRGHO�

����� %RRVWLQJ SDUDPHWULF SURSRUWLRQDO KD]DUGV UHJUHVVLRQ PRGHOV

7KLV VHFWLRQ ZLOO GLVFXVV WKH DSSOLFDWLRQ RI ERRVWLQJ WR SURSRUWLRQDO KD]DUGV PRGHOV

ZKHQ ZH DVVXPH D SDUDPHWULF IRUP IRU WKH EDVHOLQH KD]DUG IXQFWLRQ� ,Q SDUWLFXODU�

, ZLOO GHDO ZLWK WKH WKUHH PRVW FRPPRQ SDUDPHWULF VXUYLYDO PRGHOV �H[SRQHQWLDO�

:HLEXOO� DQG H[WUHPH�YDOXH� EXW WKH PHWKRG LV JHQHUDO HQRXJK WR DGPLW DQ DUELWUDU\

IDLOXUH WLPH GHQVLW\ IXQFWLRQ� 0RVW LPSRUWDQWO\� WKLV VHUYHV DV D JHQWOH LQWURGXFWLRQ

LQWR ERRVWLQJ YLD SDUWLDO OLNHOLKRRG DQG KHOSV EULGJH WKH JDS EHWZHHQ WKH JHQHUDOL]HG

ERRVWHG PRGHOV DQG VXUYLYDO PRGHOV�

2Q D SRSXODWLRQ OHYHO ZH ZRXOG OLNH WR KDYH D UHJUHVVLRQ IXQFWLRQ� ) �[�� WKDW

PD[LPL]HV WKH SRSXODWLRQ IRUP RI HTXDWLRQ �����

(W�pM[>C�) MW� p� [�M[@  (W�pM[

�
p>ORJ w�W� � ) �[�@b H) �[�

= W

�
w�X�GX M[

w
������
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$GGLQJ WKH FRQVWDQW p ORJ
r5 W
� w�X�GX

s
DQG VXEWUDFWLQJ WKH FRQVWDQW p ORJw�W� ZH FDQ

VHH WKDW PD[LPL]LQJ ���� LV HTXLYDOHQW WR PD[LPL]LQJ

(W�pM[

�
p

�
) �[� � ORJ

t= W

�
w�X�GX

uw
b H) �[��ORJ

5 W
�
w�X�GX M[

w
� ������

7KLV LV D FDQRQLFDO 3RLVVRQ PRGHO IRU p ZLWK UHJUHVVLRQ IXQFWLRQ ) �[� DQG RmVHW

WHUP ORJ
5 W
� w�X�GX� 6LQFH ���� LV D FDQRQLFDO 3RLVVRQ ORJ�OLNHOLKRRG ZH NQRZ WKDW

J�x�  ORJx �IURP WDEOH ���� DQG WKDW J��x�9 �x�  �� :H FDQ DOPRVW GLUHFWO\ DSSO\

WKH )LVKHU VFRULQJ DOJRULWKP IURP nJXUH ���� 7KH LQWHJUDWHG KD]DUG DV DQ RmVHW WHUP

LV WKH RQO\ VOLJKW PRGLnFDWLRQ ZKLFK FDXVHV WKH SUHGLFWLRQ LQ VWHS � RI WKH DOJRULWKP

WR EH xL  H) �[L�
5 WL
� w�X�GX� 7KH ZRUNLQJ UHVSRQVH DQG ZHLJKWV WKHQ EHFRPH

]L  
pL

H) �[L�
5 WL
� w�X�GX

b � ������

ZL  H) �[L�
= WL

�
w�X�GX� ������

7KH nQDO XSGDWH WKHQ SURFHHGV DV LQ VWHS � RI WKH DOJRULWKP� )RU D VSHFLnF SDUDPHWULF

IDPLO\ ZH VLPSO\ QHHG WR VXEPLW WKH LQWHJUDWHG EDVHOLQH KD]DUG WR FRPSOHWH WKH DO�

JRULWKP� 7DEOH ��� SUHVHQWV WKH WKUHH PRVW FRPPRQ SDUDPHWULF SURSRUWLRQDO KD]DUGV

PRGHOV� )RU WKH H[SRQHQWLDO PRGHO WKH UHJUHVVLRQ IXQFWLRQ DEVRUEV WKH KD]DUG SDUDP�

HWHU w� ,Q ERWK WKH :HLEXOO DQG H[WUHPH�YDOXH FDVHV WKHUH UHPDLQV D IUHH SDUDPHWHU

m WKDW UHTXLUHV HVWLPDWLRQ DW WKH HQG RI HDFK ERRVWLQJ LWHUDWLRQ� 7R HVWLPDWH m LQ

WKH :HLEXOO FDVH ZH VLPSO\ QHHG WR nW D OLQHDU 3RLVVRQ PRGHO IRU pL ZLWK SUHGLFWRU

ORJ WL DQG RmVHW WHUP ) �[L�� 7KH HVWLPDWHG FRHpFLHQW RI ORJ WL ZLOO EH DQ 0/( IRU m�

7KH H[WUHPH�YDOXH FDVH LV VLPLODU ZLWK WKH H[FHSWLRQ RI XVLQJ W LQVWHDG RI ORJ W DV WKH

SUHGLFWRU�

����� &R[
V SURSRUWLRQDO KD]DUGV UHJUHVVLRQ DV 3RLVVRQ UHJUHVVLRQ

6HFWLRQ ����� GHYHORSHG ERRVWLQJ DOJRULWKPV IRU XVH ZLWK SDUDPHWULF VXUYLYDO PRGHOV

DQG QRWHG VWURQJ WLHV EHWZHHQ 3RLVVRQ UHJUHVVLRQ DQG SURSRUWLRQDO KD]DUGV UHJUHVVLRQ�

7KLV VHFWLRQ GLVFXVVHV -RKQ :KLWHKHDG
V �:KLWHKHDG ����� PHWKRG IRU XVLQJ WKH
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7DEOH ���� 6RPH SDUDPHWULF SURSRUWLRQDO KD]DUGV PRGHOV

'LVWULEXWLRQ w�W�
5 WL
� w�X�GX

([SRQHQWLDO w wW

:HLEXOO mWmb� Wm

([WUHPH�YDOXH mHmW HmW

3RLVVRQ UHJUHVVLRQ IRU nWWLQJ &R[
V SURSRUWLRQDO KD]DUGV PRGHO� 6HFWLRQ ����� WKHQ

DSSOLHV :KLWHKHDG
V LGHDV GLUHFWO\ WR WKH JHQHUDOL]HG ERRVWHG PRGHO IRU REWDLQLQJ

ERRVWHG HVWLPDWHV RI WKH UHJUHVVLRQ IXQFWLRQ�

:KLWHKHDG ������ VKRZHG WKDW� DW WKHLU PD[LPD� &R[
V SDUWLDO OLNHOLKRRG LV SUR�

SRUWLRQDO WR WKH 3RLVVRQ OLNHOLKRRG RI D WUDQVIRUPDWLRQ RI WKH GDWDVHW� :H FDQ IRUP

DQ DX[LOLDU\ GDWDVHW IURP WKH RULJLQDO VXUYLYDO GDWDVHW LQ WKH IROORZLQJ IDVKLRQ� (DFK

REVHUYDWLRQ LQ WKH DX[LOLDU\ GDWDVHW ZLOO KDYH WKH YDULDEOHV < � K� DQG D YHFWRU RI

FRYDULDWHV� [� &RQVLGHU WKH nUVW IDLOXUH WLPH� (YHU\ REVHUYDWLRQ LQ WKH ULVN VHW DW

WKH nUVW IDLOXUH WLPH ZLOO HQWHU WKH DX[LOLDU\ GDWDVHW ZLWK <  � LI WKH REVHUYDWLRQ

IDLOHG DW WKLV WLPH DQG <  � RWKHUZLVH� K  � ^ LQGLFDWLQJ WKH nUVW IDLOXUH WLPH�

DQG WKHLU FRYDULDWHV [� 3URFHVVLQJ WKH VHFRQG IDLOXUH� HYHU\ REVHUYDWLRQ LQ WKH ULVN

VHW DW WKH VHFRQG IDLOXUH WLPH ZLOO HQWHU WKH DX[LOLDU\ GDWDVHW VLPLODUO\ ZLWK <  �

LI WKH REVHUYDWLRQ IDLOHG DW WKLV WLPH DQG <  � RWKHUZLVH� K  � ^ LQGLFDWLQJ WKH

VHFRQG IDLOXUH WLPH� DQG WKHLU FRYDULDWHV [� 7KH IROORZLQJ H[DPSOH GHPRQVWUDWHV WKLV

WUDQVIRUPDWLRQ�

([DPSOH ��� �:KLWHKHDG WUDQVIRUPDWLRQ�

/HW W EH WKH IDLOXUH RU FHQVRULQJ WLPH� p EH WKH IDLOXUH LQGLFDWRU� DQG [� DQG [� EH WKH

FRYDULDWHV�
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7DEOH ���� 2ULJLQDO VXUYLYDO GDWDVHW

W p [� [�

��� � � �

��� � � �

��� � � �

��� � � �

��� � � �

)RU GHPRQVWUDWLRQ , ZLOO XVH WKH WR\ VXUYLYDO GDWDVHW LQ WDEOH ����

:H FDQ IRUP WKH DX[LOLDU\ GDWDVHW LQ WDEOH ��� DV SUHYLRXVO\ GHVFULEHG� 1RWH WKDW

K LQGH[HV WKH IDLOXUH WLPHV DQG� IRU HDFK YDOXH RI K� DOO WKH PHPEHUV RI WKH ULVN VHW DUH

UHSUHVHQWHG� 6LQFH WKHUH DUH QR WLHG REVHUYDWLRQ LQ WKLV H[DPSOH� <  � IRU RQO\ RQH

PHPEHU RI HDFK ULVN VHW� 7KLV PHWKRG HDVLO\ LQFRUSRUDWHV 3HWR
V PHWKRG IRU KDQGOLQJ

WLHG REVHUYDWLRQV E\ VHWWLQJ <  � IRU PRUH WKDQ RQH REVHUYDWLRQ LQ WKH ULVN VHW�

7DEOH ���� $X[LOLDU\ 3RLVVRQ GDWDVHW

< K [� [�

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �
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:KLWHKHDG ������ FRQVLGHUHG nWWLQJ WKH DX[LOLDU\ PRGHO

<L z 3RLVVRQ�H[S�mKL � nW[L�� ������

7KH HVWLPDWHV RI WKH SDUDPHWHUV mK� DVVRFLDWHG ZLWK HDFK IDLOXUH WLPH� DUH XVHIXO

LQ SUHGLFWLQJ IDLOXUH WLPHV� )RU WKH PRPHQW ZH ZLOO MXVW DVVXPH WKH\ DUH QXLVDQFH

SDUDPHWHUV�

,I ZH FRQVLGHU WKH REVHUYDWLRQV LQ WKH ULVN VHW ZKHQ K  �� WKH nUVW nYH URZV RI

WDEOH ���� WKH 3RLVVRQ ORJ�OLNHOLKRRG LV

1e<
Le �

r
w
\Le
Le HbwLe

s,�KLe ��
������

ZKHUH Le LQGH[HV WKH 1e REVHUYDWLRQV LQ WKH DX[LOLDU\ GDWDVHW DQG WKH PHDQ RI HDFK

3RLVVRQ UDQGRP YDULDEOH LV wLe  H[S�mKLe � nW[Le�� 1RWH WKDW LQ RXU FDVH IRU HDFK

YDOXH RI K WKHUH LV RQO\ RQH \ WKDW LV QRQ�]HUR� WKH RQH WKDW LV PDUNHG DV D IDLOXUH DW

WKH KWK IDLOXUH WLPH� $QG VR WKH 3RLVVRQ ORJ�OLNHOLKRRG PD\ EH ZULWWHQ DV

H[S
r
m� � nW[Le

�

s
H[S

r31e

Le � ,�KLe  ��H
m��nW[Le

s � ������

+HUH ZH KDYH LQ WKH QXPHUDWRU WKH 3RLVVRQ PHDQ IRU WKH REVHUYDWLRQ WKDW IDLOHG� ,

ZLOO XVH LeK WR LQGLFDWH WKH LQGH[ RI WKH REVHUYDWLRQ LQ WKH DX[LOLDU\ GDWDVHW WKDW IDLOHG

DW WKH KWK IDLOXUH WLPH� ,Q WKH GHQRPLQDWRU ZH KDYH WKH H[SRQHQWLDO RI WKH VXP RI WKH

3RLVVRQ PHDQV IRU WKH REVHUYDWLRQV LQ WKH ULVN VHW�

)URP HTXDWLRQ ���� ZH FDQ GHULYH WKDW WKH PD[LPXP OLNHOLKRRG HVWLPDWHV IRU wLe

VDWLVI\
3

KLe �
AwLe  �� 7KLV LPSOLHV WKDW DW WKH POH� WKH GHQRPLQDWRU RI ���� HTXDOV

H DQG WKDW

HbAm�  
1e;
Le �

,�KLe  ��H
Am��An

W[Le �
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6R� DW LWV PD[LPXP WKH FRQWULEXWLRQ WR WKH 3RLVVRQ ORJ�OLNHOLKRRG RI WKH REVHUYD�

WLRQV LQ WKH DX[LOLDU\ GDWDVHW WKDW KDYH K  � LV

Hb�
H
nW[Le

�31e

Le � ,�KLe  ��H
AnW[Le

ZKLFK LV EHJLQQLQJ WR ORRN PXFK OLNH &R[
V SDUWLDO OLNHOLKRRG� ,Q IDFW� LQFRUSRUDWLQJ

WKH REVHUYDWLRQV IRU WKH UHPDLQLQJ YDOXHV RI K� WKH PD[LPXP RI WKH 3RLVVRQ ORJ�

OLNHOLKRRG LV SURSRUWLRQDO WR WKH &R[ SDUWLDO OLNHOLKRRG�

<
K

Hb�
H
AnW[Le

K31e

Le � ,�KLe  K�HAnW[Le
�
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L �
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# H

AnW[L31
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AnW[M

�
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7KHUHIRUH� nWWLQJ WKH 3RLVVRQ PRGHO ���� ZLOO UHVXOW LQ WKH VDPH PD[LPXP OLNHOLKRRG

HVWLPDWHV RI n DV GLUHFWO\ nWWLQJ WKH &R[ SDUWLDO OLNHOLKRRG�

, ZLOO FRQFOXGH WKLV VHFWLRQ E\ SRLQWLQJ RXW D IHZ IHDWXUHV DQG SUREOHPV ZLWK

WKLV PHWKRG� 7KH PDLQ PRWLYDWLRQ EHKLQG WKLV DSSURDFK LV WR XWLOL]H WKH JHQHUDOL]HG

ERRVWHG UHJUHVVLRQ PDFKLQHU\ DOUHDG\ LQ SODFH� WKH DSSOLFDWLRQ RI ZKLFK , GLVFXVV LQ

VHFWLRQ ������ $ UHODWLYHO\ VKRUW SURJUDP FDQ WUDQVIRUP WKH VXUYLYDO GDWDVHW LQWR D

VXLWDEOH IRUPDW IRU ERRVWLQJ YLD WKH 3RLVVRQ PRGHO� 7KLV WUDQVIRUPDWLRQ LQFUHDVHV

WKH VL]H RI WKH GDWDVHW RQ WKH RUGHU RI 1�� $OWKRXJK LW GHSHQGV RQ WKH GDWDVHW� ,

IRXQG WKDW RQ DYHUDJH D VPDOO GDWDVHW RI ����� REVHUYDWLRQV FDQ WXUQ LQWR RQH ZLWK

������� REVHUYDWLRQV� ,I� KRZHYHU� WKH EDVH UHJUHVVRU LV D WUHH� D SURJUDPPLQJ WULFN

FDQ JUHDWO\ FXW GRZQ RQ FRPSXWDWLRQ� 5HJUHVVLRQ WUHHV FRQVLGHU DOO SRVVLEOH VSOLWV

LQ WKH GDWDVHW DQG VHOHFW WKH RQH ZLWK WKH JUHDWHVW OLNHOLKRRG� 2QH FDQ IRUFH WKH

WUHH DOJRULWKP WR VHDUFK IRU VSOLWV DPRQJ WKH ����� REVHUYDWLRQV DQG XVH DQ RQ�WKH�o\

:KLWHKHDG WUDQVIRUPDWLRQ RI WKH GDWDVHW WR FRPSXWH WKH OLNHOLKRRG RI WKH VSOLW� 7KLV

UHPRYHV WKH VWRUDJH SUREOHP EXW VWLOO UHTXLUHV 2�1�� RSHUDWLRQV�

$Q HVWLPDWH RI WKH EDVHOLQH VXUYLYRU IXQFWLRQ FRPHV DV D E\�SURGXFW RI WKH 3RLVVRQ

UHJUHVVLRQ IUDPHZRUN� ,W LV SRVVLEOH WR XVH WKH HVWLPDWHV RI m IRU WKH %UHVORZ HVWLPDWRU

�%UHVORZ ����� RI WKH VXUYLYRU IXQFWLRQ DV

H[S
t
b
= W

�
w�X�GX

u
{ H[S

�
#b;

WK�W

H[S AmK

�
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/DVWO\� LW LV XQFOHDU LQ WKHRU\ KRZ WKLV PHWKRG ZRUNV ZKHQ PDNLQJ WKH WUDQVLWLRQ WR

QRQ�SDUDPHWULF UHJUHVVLRQ� 7KH DERYH UHVXOWV LQGLFDWH WKDW ZKHQ n LV D nQLWH YHFWRU RI

SDUDPHWHUV WKH 3RLVVRQ PRGHO LV SURSRUWLRQDO WR WKH &R[ PRGHO DW WKH PD[LPXP� $W

RWKHU ORFDWLRQV WKH WZR PRGHOV PD\ KDYH YHU\ GLmHUHQW VKDSH� )XUWKHUPRUH� LQ QRQ�

SDUDPHWULF UHJUHVVLRQ ZH UHIUDLQ IURP IXOO\ DSSURDFKLQJ WKH PD[LPXP RI WKH OLNHOLKRRG

�E\ VPRRWKLQJ RU SHQDOL]DWLRQ� WR SUHYHQW RYHUnWWLQJ� :H KDYH QR JXDUDQWHHV IURP WKH

DERYH UHVXOWV WKDW GURSSLQJ EHORZ WKH PD[LPXP VWLOO \LHOGV D JRRG PRGHO� (PSLULFDOO\

ZH IRXQG WKDW WKLV PHWKRG VWLOO SHUIRUPHG ZHOO RQ UHDO GDWDVHWV� ,Q WKH QH[W VHFWLRQ

ZH GLVFXVV WKRVH UHVXOWV� /DWHU� LQ VHFWLRQ ����� ZH ZLOO VLGH VWHS WKH 3RLVVRQ PRGHO

DQG SURSRVH D JUDGLHQW DVFHQW DOJRULWKP IRU PD[LPL]LQJ WKH &R[ PRGHO GLUHFWO\�

����� %RRVWLQJ &R[
V SURSRUWLRQDO KD]DUGV UHJUHVVLRQ YLD ERRVWHG 3RLVVRQ UHJUHVVLRQ

$IWHU WUDQVIRUPLQJ WKH VXUYLYDO GDWDVHW LQWR WKH DX[LOLDU\ 3RLVVRQ GDWDVHW YLD WKH

:KLWHKHDG WUDQVIRUPDWLRQ� ZH KDYH D GDWDVHW WKDW ZH FDQ PRGHO ZLWK D 3RLVVRQ

OLNHOLKRRG� )RU WKLV VHFWLRQ DORQH \L ZLOO EH WKH 3RLVVRQ UHVSRQVH� [L WKH FRYDULDWHV�

KL WKH IDLOXUH WLPH LQGLFDWRU� DQG w�[L� KL� WKH PHDQ RI WKH 3RLVVRQ GLVWULEXWLRQ� 7KH

OLNHOLKRRG IRU RXU UHJUHVVLRQ IXQFWLRQ DQG WKH m QXLVDQFH SDUDPHWHUV EHFRPHV

C�)� m�  
Q;
L �

\L ORJ w�[L� KL�b w�[L� KL�

 
Q;
L �

\L�mKL � ) �[L��b H[S�mKL � ) �[L��� ������

7KLV LV VLPLODU WR WKH VHWXS ZH KDG IRU SDUDPHWULF VXUYLYDO PRGHOV LQ VHFWLRQ ������

$JDLQ ZH FDQ DOPRVW DSSO\ WKH JHQHUDOL]HG ERRVWHG PRGHO DOJRULWKP IURP nJXUH ����

7KH DOJRULWKP UHTXLUHV VOLJKW PRGLnFDWLRQ VLQFH ZH KDYH WKH DGGLWLRQDO mK WHUPV�

6SHFLnFDOO\� ZH PRGLI\ WKH DOJRULWKP VR WKDW

xL  H[S
r
mKL �

A) �[L�
s

������

]L  
\L

xL
b � ������

ZL  xL ������
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,Q HVWLPDWLQJ WKLV PRGHO ZH FDQ DOWHUQDWH EHWZHHQ PDNLQJ D ERRVWLQJ VWHS DQG XS�

GDWLQJ RXU HVWLPDWHV IRU mK� $IWHU HDFK XSGDWH RI WKH UHJUHVVLRQ IXQFWLRQ ZH ZLOO DOVR

XSGDWH mK� 0D[LPL]LQJ HTXDWLRQ ���� IRU mK DFFRPSOLVKHV WKLV�

#C

#mK
 

Q;
L �

,�KL  K� >\L b H[S�mK � ) �[L��@ ������

(TXDWLRQ ���� LPSOLHV WKDW WKH XSGDWHG HVWLPDWH RI AmK LV

Q;
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,�KL  K�\L  

�
Q;
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�
HAmK

AmK  ORJ

3Q
L � ,�KL  K�\L3Q

L � ,�KL  K�H) �[L�
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7KH DOJRULWKP SURSRVHG KHUH ZLOO nQG D UHJUHVVLRQ IXQFWLRQ WKDW PD[LPL]HV WKH

3RLVVRQ OLNHOLKRRG IRU WKH :KLWHKHDG WUDQVIRUPDWLRQ RI WKH GDWDVHW� 7KLV WUDQVIRU�

PDWLRQ DOORZV WR UHXVH WKH VDPH ERRVWLQJ DOJRULWKPV SUHVHQWHG HDUOLHU IRU ERRVWLQJ

3RLVVRQ PRGHOV� $OWKRXJK WKLV FRQYHQLHQWO\ WDNHV DGYDQWDJH RI WKH RWKHU DOJRULWKPV�

VRPH GHOLFDWH GHWDLOV UHPDLQ DV WR ZKHWKHU XVLQJ :KLWHKHDG
V PHWKRG FDQ UHDOO\ RE�

WDLQ D GHFHQW HVWLPDWH IRU WKH &R[ PRGHO� 7KH QH[W VHFWLRQ VLGHVWHSV WKLV SUREOHP

FRPSOHWHO\ E\ GLUHFWO\ PD[LPL]LQJ &R[
V SDUWLDO OLNHOLKRRG E\ JUDGLHQW DVFHQW�

����� %RRVWLQJ SURSRUWLRQDO KD]DUGV E\ SDUWLDO OLNHOLKRRG

$V SUHYLRXVO\ PHQWLRQHG RXU JRDO ZLWK ERRVWLQJ WKH SURSRUWLRQDO KD]DUGV PRGHO LV WR

UHFRYHU D IXQFWLRQ� A) �[�� WKDW PD[LPL]HV WKH H[SHFWHG YDOXH RI WKH ORJDULWKP RI WKH

SDUWLDO OLNHOLKRRG�

( ORJ3/�) MW� p� [�  (
�
� 1;
L �
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�) �[L�b ORJ

�
# 1;
M �
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7KLV H[SHFWDWLRQ LV RYHU DOO IXWXUH REVHUYDWLRQV WKDW DUH SRWHQWLDOO\ �RU DW OHDVW WKH�

RUHWLFDOO\� REVHUYDEOH� 3UDFWLFDOO\ WKLV LPSOLHV WKDW RQ YDOLGDWLRQ RU WHVW GDWDVHWV ZH

ZDQW RXU A) �[� WR \LHOG D ODUJH ORJ�SDUWLDO OLNHOLKRRG�
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,Q VHFWLRQ ����� ZH FUHDWHG DQ DX[LOLDU\ 3RLVVRQ GDWDVHW DQG SHUIRUPHG ERRVWHG

3RLVVRQ UHJUHVVLRQ� ,Q WKLV VHFWLRQ ZH ZLOO VHOHFW DQ ) GLUHFWO\ WR PD[LPL]H WKH

H[SHFWHG ORJ�SDUWLDO OLNHOLKRRG�

)RU WKH PRPHQW ZH ZLOO DVVXPH WKDW HDFK REVHUYDWLRQ LQ HTXDWLRQ ���� FDQ KDYH LWV

RZQ )L UHJDUGOHVV RI WKH FRYDULDWHV� 6KRUWO\ ZH ZLOO XWLOL]H WKH FRYDULDWH LQIRUPDWLRQ

WR SXOO WKH )L WRJHWKHU� ,Q WKLV VHWWLQJ ZLWK VDPSOH GDWD ZH ZLVK WR nQG 1 YDOXHV

)�� c c c � )1 WKDW PD[LPL]H

ORJ3/�) MW� p� [�  
1;
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pL >)L b ORJ�
1;
M �
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7KH JUDGLHQW YHFWRU� JLYHQ E\ #

#)L
ORJ3/� LQGLFDWHV WKH GLUHFWLRQ LQ ZKLFK ZH ZRXOG

VHH WKH JUHDWHVW LQFUHDVH ORFDOO\ LQ ORJ3/� 7KHUHIRUH� ZH ZRXOG OLNH WR PRYH DOO RI

WKH )L LQ WKHLU JUDGLHQW GLUHFWLRQ�

#

#)L
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7KH nUVW WHUP LQ HTXDWLRQ ���� FRPHV IURP WKH GHULYDWLYH RI WKH LWK WHUP LQ WKH VXP

H[SUHVVHG LQ HTXDWLRQ ����� 7KH VHFRQG WHUP LQ HTXDWLRQ ���� DFFRXQWV IRU VLWXDWLRQV

LQ ZKLFK LWK REVHUYDWLRQ LV DQ HOHPHQW LQ WKH ULVN VHW DW DQRWKHU IDLOXUH WLPH� ,Q IDFW

WKH SDUWLDO GHULYDWLYH RI WKDW WHUP ZLOO EH QRQ�]HUR LQ WKH HYHQW WKDW WM LV D IDLOXUH WLPH

DQG L
V IDLOXUH RU FHQVRULQJ WLPH RFFXUV DIWHU WM� 7KH VHFRQG WHUP LQ HTXDWLRQ ����

FRPSXWHV WKLV SDUWLDO GHULYDWLYH DQG DOO RI ���� VLPSOLnHV WR �����
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,QLWLDOL]LQJ )L  � DQG OHWWLQJ ]L EH WKH L
WK HOHPHQW RI WKH JUDGLHQW YHFWRU� RSWL�

PL]DWLRQ RI ORJ3/ ZRXOG KDYH XV PRGLI\ HDFK )L DV

)  )� |U) ������

ZKHUH | LV WKH VL]H RI WKH VWHS �FRQVWDQW DFURVV DOO L� LQ GLUHFWLRQ ]L WKDW ZH ZLOO WDNH�

$W WKLV SRLQW ZH UHLQWURGXFH WKH FRYDULDWHV� [L� ,QVWHDG RI DOORZLQJ HDFK RI WKH

REVHUYDWLRQV WR KDYH WKHLU RZQ )L� ZKLFK FHUWDLQO\ ZRXOG OHDG WR UDSLG RYHUnWWLQJ�

ZH ZLOO VPRRWK RYHU QHLJKERULQJ [
V� 7KDW LV� ZH FDQ FRPSUHVV WKH JUDGLHQW LQIRU�

PDWLRQ E\ FRQVWUXFWLRQ D IXQFWLRQ RI [� I�[�� WKDW DSSUR[LPDWHV WKH JUDGLHQW� ]� ,Q

)ULHGPDQ
V SUHVHQWDWLRQ RI WKH JUDGLHQW ERRVWLQJ PDFKLQH �)ULHGPDQ ����D� KH UHIHUV

WR WKLV SURFHVV DV FKRRVLQJ WKH IXQFWLRQ IURP D SDUDPHWHUL]HG FODVV RI IXQFWLRQV WKDW

LV PRVW SDUDOOHO ZLWK WKH JUDGLHQW RU ?PRVW KLJKO\ FRUUHODWHG ZLWK ]L RYHU WKH GDWD

GLVWULEXWLRQ�� 7KHQ UDWKHU WKDQ XSGDWHG )L� DV LQ HTXDWLRQ ����� ZH ZLOO XSGDWH ) �[�

DV

A) �[�� A) �[� � |I�[� ������

:H ZLOO FKRRVH WKLV IXQFWLRQ� I�[�� LQ ���� WR PLQLPL]H

1;
L �

�]L b I�[L��
�� ������

:H FDQ XVH DQ\ VWDQGDUG UHJUHVVLRQ SURFHGXUH IRU WKLV PLQLPL]DWLRQ VWHS� ,Q HP�

SLULFDO ZRUN ZH ZLOO HOHFW WR XVH UHJUHVVLRQ WUHHV IRU WKHLU VLPSOLFLW\� XWLOLW\ IRU KLJK

GLPHQVLRQDO SUREOHPV ZLWK LQWHUDFWLRQV� DQG VSHHG�

([DPSOH ��� �*UDGLHQW VWHS IRU WKH &R[ PRGHO�

7R GHPRQVWUDWH WKH JUDGLHQW VWHS DSSURDFK� , OHW ) �[�  �
�
VLQ��[� � �[

�
�� EH WKH

XQGHUO\LQJ UHJUHVVLRQ IXQFWLRQ DQG JHQHUDWHG ��� VXUYLYDO WLPHV� WVXUYL � IURP DQ H[SR�

QHQWLDO GLVWULEXWLRQ ZLWK PHDQ Hb) �[L� ZKHUH [L z 8��� ��� 7KHQ IRU HDFK REVHUYDWLRQ
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)LJXUH ���� 'LDJUDP IRU H[DPSOH ���

, JHQHUDWHG D FHQVRULQJ WLPH� WFHQVL � IURP DQ H[SRQHQWLDO ZLWK PHDQ �� 7KH nQDO VXU�

YLYDO GDWD FRQVLVWHG RI VXUYLYDO WLPHV WL  PLQ�W
VXUY
L � WFHQVL � DQG WKH IDLOXUH LQGLFDWRU

pL  ,�WVXUYL w WFHQVL ��

)LJXUH ��� VKRZ WKH WUXH VLQXVRLGDO ) �[� DQG DQ LQLWLDO JXHVV IRU ) �[�� WKH VROLG OLQH

FRQVWDQW DW ���� 7KH YHUWLFDO OLQHV LQGLFDWH WKH GLUHFWLRQ DQG PDJQLWXGH RI WKH JUDGLHQW

FRPSXWHG DW HDFK RI WKH ��� REVHUYDWLRQV� 7KLV LQGLFDWHV IRU HDFK [L WKH GLUHFWLRQ

DQG PDJQLWXGH RI FKDQJH LQ WKH HVWLPDWH IRU ) �[L� WKDW ZRXOG ORFDOO\ LQFUHDVH WKH

&R[ SDUWLDO OLNHOLKRRG� )LWWLQJ D RQH�VSOLW UHJUHVVLRQ WUHH WR WKH REVHUYHG JUDGLHQWV

XVLQJ [ DV D SUHGLFWRU \LHOGV WKH VWHS IXQFWLRQ� ,W FDSWXUHV DW D YHU\ FRDUVH OHYHO

WKH JUDGLHQW LQIRUPDWLRQ DQG FOHDUO\ PDNHV D PRYH LQ D SURPLVLQJ GLUHFWLRQ WRZDUG

FDSWXULQJ WKH WUXH XQGHUO\LQJ UHJUHVVLRQ IXQFWLRQ� 6XFFHVVLYH LWHUDWLRQV SURFHHG LQ

WKH VDPH IDVKLRQ� IXUWKHU PRGLI\LQJ WKH HVWLPDWHG ) �[� WR PD[LPL]H WKH &R[ SDUWLDO

OLNHOLKRRG�
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$IWHU REWDLQLQJ DQ DSSUR[LPDWLRQ WR WKH JUDGLHQW ZH QHHG WR FKRRVH WKH JUDGLHQW

VWHS VL]H� |� 1DWXUDOO\ ZH ZDQW WR VHOHFW | WR IXUWKHU PD[LPL]H RXU ORJ�SDUWLDO OLNHOL�

KRRG� 6R JLYHQ RXU IXQFWLRQ XSGDWH� I�[�� WKH ORJ�SDUWLDO OLNHOLKRRG IRU | EHFRPHV
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1RWH WKDW WKLV LV MXVW WKH ORJ�SDUWLDO OLNHOLKRRG IRU D OLQHDU SURSRUWLRQDO KD]DUGV

PRGHO ZKHUH | LV D FRHpFLHQW IRU D FRQWLQXRXV SUHGLFWRU� I�[L�� ZLWK ) �[L� DV DQ RmVHW

WHUP� :H FDQ GHULYH D VLPSOH 1HZWRQ DOJRULWKP IRU RSWLPL]LQJ HTXDWLRQ ���� ZLWK

UHVSHFW WR |� 7KH nUVW DQG VHFRQG GHULYDWLYHV RI ���� ZLWK UHVSHFW WR | DUH GHULYDEOH

DV IROORZV�

/HWWLQJ
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7KHUHIRUH� D 1HZWRQ DOJRULWKP IRU XSGDWLQJ | LV

| � |�

31
L � pL �I�[L�b (Z�L�I�[��31

L � pL9DUZ�L�I�[�
������

3XWWLQJ DOO WKHVH VWHSV WRJHWKHU ZH KDYH D ERRVWLQJ DOJRULWKP IRU &R[
V SURSRUWLRQDO

KD]DUGV UHJUHVVLRQ PRGHO VKRZQ LQ nJXUH ����

,Q WKH VSHFLDO FDVH ZKHUH WKH EDVH UHJUHVVRU LV WUHH�VWUXFWXUHG� ZH FDQ IXUWKHU

RSWLPL]H WKH OLQHDU &R[ PRGHO nWWLQJ VWHS LQ VWHS � DQG GHYHORSHG LQ WKH PD[LPL]DWLRQ

RI HTXDWLRQ ����� 7UHH VWUXFWXUHG UHJUHVVRUV �XVXDOO\� nW SLHFHZLVH FRQVWDQW IXQFWLRQV�

7KH WUHH SUHGLFWV WKH VDPH YDOXH IRU DOO REVHUYDWLRQV WKDW IDOO LQWR D FRPPRQ OHDI� :H

FDQ UHWDLQ WKH VSOLWV JHQHUDWHG E\ WKH WUHH EXW LPSURYH XSRQ WKH SUHGLFWLRQV RmHUHG
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,QLWLDOL]H A) �[�  � IRU DOO YDOXHV RI [� )RU W LQ �� � � � � 7 GR

�� &RPSXWH WKH ZRUNLQJ UHVSRQVH�

]L  pL b
1;
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H
A)L31

N � ,�WN w WM�H
A)N

������

�� &RQVWUXFW D UHJUHVVRU� I�[�� SUHGLFWLQJ ]L IURP [L�

�� )LW D OLQHDU SURSRUWLRQDO KD]DUGV PRGHO WR WKH UHVSRQVH �W� p� ZLWK SUHGLFWRU

I�[L�� RmVHW ) �[L�� DQG UHJUHVVLRQ FRHpFLHQW |�

�� 8SGDWH WKH ERRVWHG HVWLPDWH RI A) �[��

A) �[�  A) �[� � w|I�[� ������

ZKHUH w LV WKH SUH�VSHFLnHG OHDUQLQJ UDWH�

)LJXUH ���� $ %RRVWLQJ DOJRULWKP IRU &R[
V SURSRUWLRQDO KD]DUGV UHJUHVVLRQ PRGHO
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E\ HDFK OHDI� /HW C LQGH[ WKH . OHDYHV RU WHUPLQDO QRGHV RI WKH WUHH I�[� DQG N�L� EH

WKH OHDI LQGH[ LQ ZKLFK REVHUYDWLRQ L IHOO� :H FDQ UHZULWH HTXDWLRQ ���� DV
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ZKHUH I�N� LV WKH YDOXH WKDW WKH NWK OHDI DVVLJQV WR LWV REVHUYDWLRQV� :LWK WKLV VWUXFWXUH

WKHUH DUH RQO\ N SRVVLEOH YDOXHV IRU |I�N�L��� :H PD\ EH DEOH WR REWDLQ EHWWHU OHDI

HVWLPDWHV E\ PD[LPL]LQJ ���� IRU N GLmHUHQW |� RQH IRU HDFK OHDI�
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$JDLQ WKLV LV WKH ORJ�SDUWLDO OLNHOLKRRG IRU D &R[ UHJUHVVLRQ PRGHO RQO\ WKLV WLPH

N�L� LV D N OHYHO FDWHJRULFDO RU IDFWRU YDULDEOH DQG ) �[L� UHPDLQV DQ RmVHW� $OWKRXJK

WKLV PLJKW \LHOG EHWWHU HVWLPDWHV LQ WKH OHDYHV RI WKH UHJUHVVLRQ WUHH� ZH QRZ KDYH

D N GLPHQVLRQDO RSWLPL]DWLRQ SUREOHP UDWKHU WKDQ D VLPSOH XQLYDULDWH RQH DV nUVW

SUHVHQWHG�

:H FDQ GHULYH D 1HZWRQ DOJRULWKP IRU PD[LPL]LQJ ���� ZLWK UHVSHFW WR WKH YHFWRU

RI SDUDPHWHUV |� /HW
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ZKLFK UHVHPEOHV D ZHLJKWHG HVWLPDWH RI WKH SUREDELOLW\ WKDW D PHPEHU RI WKH LWK ULVN

VHW IDOOV LQ OHDI N� :H WKHQ FDQ FRPSXWH WKH JUDGLHQW DQG WKH +HVVLDQ ZLWK UHVSHFW WR

|N RI ����� 7KH JUDGLHQW LV
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7KH +HVVLDQ LV D N d N PDWUL[ ZLWK GLDJRQDO HOHPHQWV
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DQG Rm GLDJRQDO HOHPHQWV
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$ 1HZWRQ DOJRULWKP IRU REWDLQLQJ PD[LPXP OLNHOLKRRG HVWLPDWHV IRU WKH OHDI SUHGLF�

WLRQV LV

| � |b +b�J� ������

����� %RRVWLQJ SURSRUWLRQDO KD]DUGV GLUHFWO\

,Q VHFWLRQ ����� DQG VHFWLRQ ����� , GHYHORSHG ERRVWLQJ DOJRULWKPV EDVHG RQ PD[LPL]LQJ

WKH &R[ SDUWLDO OLNHOLKRRG� 7KH DGYDQWDJH RI &R[
V SDUWLDO OLNHOLKRRG LV WKDW LW DYRLGV

HVWLPDWLQJ WKH EDVHOLQH KD]DUG� +RZHYHU� ZH FDQ GHYHORS D ERRVWLQJ DOJRULWKP WKDW

QRW RQO\ REWDLQV D ERRVWHG HVWLPDWH RI WKH UHJUHVVLRQ IXQFWLRQ EXW VLPXOWDQHRXVO\

REWDLQV D ERRVWHG HVWLPDWH RI WKH EDVHOLQH KD]DUG�

$V EHIRUH� ZH ZRXOG OLNH WR PD[LPL]H

C�)� wMW� p� [�  
1;
L �

pL>ORJ w�WL� � ) �[L�@b H) �[L�
= WL

�
w�X�GX ������

RQO\ QRZ ERWK WKH UHJUHVVLRQ IXQFWLRQ� ) � DQG WKH EDVHOLQH KD]DUG� w� UHTXLUH ERRVWHG

HVWLPDWHV� 7R LPSURYH XSRQ WKH UHJUHVVLRQ IXQFWLRQ HVWLPDWH ZH FDQ FRPSXWH WKH

JUDGLHQW ZLWK UHVSHFW WR D VSHFLnF ) �[L��

#C�)� wMW� p� [�
#) �[L�

 pL) �[L�b H) �[L�
= WL

�
w�X�GX ������

7KH JUDGLHQW JLYHV WKH GLUHFWLRQ LQ ZKLFK WR PRYH WKH UHJUHVVLRQ IXQFWLRQ WR IXUWKHU

LQFUHDVH WKH OLNHOLKRRG� $V EHIRUH ZH FDQ DSSUR[LPDWH WKH JUDGLHQW E\ DQ DUELWUDU\

UHJUHVVLRQ PRGHO� I) �[�� DQG XSGDWH WKH FXUUHQW ERRVWHG HVWLPDWH E\ A) �[�� A) �[��

|)I) �[�� :H ZLOO VHOHFW |) VKRUWO\�
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$W WKH VDPH WLPH ZH ZRXOG OLNH WR LPSURYH XSRQ RXU HVWLPDWH RI WKH EDVHOLQH

KD]DUG� w�W�� 8QIRUWXQDWHO\ ZH FDQQRW FRPSXWH WKH JUDGLHQW RI w DV HDVLO\ DV ZLWKU)

VLQFH LW LV SDUWLDOO\ HPEHGGHG LQ WKH LQWHJUDWHG EDVHOLQH KD]DUG WHUP�
5 WL
� w�X�GX� 7KH

WUDSH]RLG UXOH LV DQ LQWHJUDO DSSUR[LPDWLRQ WHFKQLTXH WKDW LV OLQHDU LQ w� $VVXPLQJ

WKDW WKH WL DUH VRUWHG LQ DVFHQGLQJ RUGHU DQG XVLQJ WKHP DV WKH QRGHV LQ WKH WUDSH]RLG

DSSUR[LPDWLRQ ZH REWDLQ

= WL

�
w�X�GX { �

�
�WL b WLb��w�WL� �

�

�

;
M�WM�WL

�WM�� b WMb��w�WM� ������

ZKHUH W�  �� 1RZ ZLWK WKLV DSSUR[LPDWLRQ ZH FDQ FRPSXWH WKH JUDGLHQW ZLWK UHVSHFW

WR w�WL��
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H) �[M� ������

6LPLODU WR WKH UHJUHVVLRQ IXQFWLRQ ZH FDQ FRPSUHVV WKLV JUDGLHQW LQIRUPDWLRQ E\ nWWLQJ

D UHJUHVVLRQ PRGHO� Iw�W�� SUHGLFWLQJ ���� XVLQJ RQO\ WL DV D SUHGLFWRU� :H FDQ XSGDWH

WKH FXUUHQW ERRVWHG HVWLPDWH RI w�W� E\ Aw�W�� Aw�W� � |wIw�W��

,W UHPDLQV WR VHOHFW WKH JUDGLHQW VWHS VL]HV |) DQG |w� $JDLQ ZH FDQ DSSHDO WR

PD[LPXP OLNHOLKRRG WR VHOHFW YDOXHV WKDW PD[LPL]H

C�|) � |wMW� p� [�  
1;
L �

pL>ORJ�w�WL� � |wIw�WL�� � ) �[L� � |)I) �[L�@b

H) �[L��|) I) �[L�
= WL

�
w�X� � |wIw�X�GX ������

,I ZH DGG DQG VXEWUDFW pL
5 WL
� w�X� � |wIw�X�GX DQG WDNH QRWH RI RQO\ WKH SDUWV WKDW

GHDO ZLWK WKH UHJUHVVLRQ IXQFWLRQ VWHS VL]H |) ZH REWDLQ

1;
L �

pL ORJ
t
H) �[L��|) I) �[L�

= WL

�
w�X� � |wIw�X�GX

u
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H) �[L��|) I) �[L�
= WL

�
w�X� � |wIw�X�GX� ������

(TXDWLRQ ���� LV DJDLQ D OLQHDU 3RLVVRQ PRGHO ZLWK pL DV WKH UHVSRQVH YDULDEOH� I) �[L�

DV D FRYDULDWH ZLWK FRHpFLHQW |) � DQG RmVHW WHUP ) �[L� � ORJ
r5 WL
� w�X� � |wIw�X�GX

s
�
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7KH EDVHOLQH KD]DUG JUDGLHQW VWHS VL]H LV QRW HDVLO\ H[SUHVVLEOH DV D FRHpFLHQW RI

D */0� $ QRQ�OLQHDU HTXDWLRQ VROYHU FDQ HVWLPDWH |w DV WKH VROXWLRQ WR

1;
L �

pL
Iw�WL�

w�WL� � |wIw�WL�
b H) �[L��|) Iw�[L�

= WL

�
Iw�X�GX  �� ������

:H WKHQ XSGDWH WKH EDVHOLQH KD]DUG DV w�W� � w�W� � |wIw�W�� :H FDQ WU\ WR DYRLG

VROYLQJ HTXDWLRQ ���� DOWRJHWKHU E\ VLPSO\ SXWWLQJ LQ D VPDOO SRVLWLYH n[HG YDOXH IRU

|w� ,W LV XQOLNHO\ WKDW WKLV ZRXOG KXUW SHUIRUPDQFH WRR PXFK DQG WKH ZRUVW LW FDQ GR

LV UHTXLUH PRUH LWHUDWLRQV� %HVLGHV� LWHUDWLRQV PD\ EH LQH[SHQVLYH LQ FRPSDULVRQ WR

FRPSXWLQJ PDQ\ QRQ�OLQHDU VROXWLRQV WR ����� ,I D VWHS VROYLQJ ���� LV LQFOXGHG WKHQ

LW LV QHFHVVDU\ WR LWHUDWH EHWZHHQ ���� DQG ���� XQWLO ERWK SDUDPHWHUV FRQYHUJH�

��� ,PSURYLQJ ERRVWLQJ PHWKRGV XVLQJ FRQWURO RI WKH OHDUQLQJ UDWH� VXE�

VDPSOLQJ� UREXVW UHJUHVVLRQ� DQG GHFRPSRVLWLRQ IRU LQWHUSUHWDWLRQ

7KLV VHFWLRQ H[SORUHV WKH YDULDWLRQV RI WKH SUHYLRXV DOJRULWKPV WKDW KDYH WKH SRWHQWLDO

WR LPSURYH WKHLU SUHGLFWLYH SHUIRUPDQFH DQG LQWHUSUHWDELOLW\� ,Q SDUWLFXODU� E\ FRQ�

WUROOLQJ WKH RSWLPL]DWLRQ VSHHG RU OHDUQLQJ UDWH� LQWURGXFLQJ ORZ�YDULDQFH UHJUHVVLRQ

PHWKRGV� DQG DSSO\LQJ LGHDV IURP UREXVW UHJUHVVLRQ ZH FDQ SURGXFH QRQ�SDUDPHWULF

UHJUHVVLRQ SURFHGXUHV ZLWK PDQ\ GHVLUDEOH SURSHUWLHV� $V D E\�SURGXFW VRPH RI WKHVH

PRGLnFDWLRQV OHDG GLUHFWO\ LQWR LPSOHPHQWDWLRQV IRU OHDUQLQJ IURP PDVVLYH GDWDVHWV�

$OO WKHVH PHWKRGV WDNH DGYDQWDJH RI WKH JHQHUDO IRUP RI ERRVWLQJ

A) �[�� A) �[� � (Z�]�\� A) �[��M[�� ������

6R IDU ZH KDYH WDNHQ DGYDQWDJH RI WKLV IRUP RQO\ E\ VXEVWLWXWLQJ LQ RXU IDYRULWH

UHJUHVVLRQ SURFHGXUH IRU (Z�]M[�� , ZLOO GLVFXVV VRPH PRGLnFDWLRQV WR HVWLPDWLQJ
(Z�]M[� WKDW KDYH WKH SRWHQWLDO WR LPSURYH RXU DOJRULWKP�
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����� 'HFUHDVLQJ WKH OHDUQLQJ UDWH

$V VHYHUDO DXWKRUV KDYH SKUDVHG VOLJKWO\ GLmHUHQWO\� ?���ERRVWLQJ� ZKDWHYHU oDYRU�

VHOGRP VHHPV WR RYHUnW� QR PDWWHU KRZ PDQ\ WHUPV DUH LQFOXGHG LQ WKH DGGLWLYH

H[SDQVLRQ� �)ULHGPDQ HW DO� ������ 7KLV WXUQV RXW WR EH SDWHQWO\ IDOVH�

7KH IROORZLQJ VLPSOH H[DPSOH LOOXVWUDWHG LQ nJXUH ��� GHPRQVWUDWHV WKLV�
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)LJXUH ���� ,WHUDWLRQ �� ��� ��� �� RI WKH /RJLW%RRVW DOJRULWKP�

,Q WKLV H[DPSOH , JHQHUDWHG ��� REVHUYDWLRQV ZLWK [L FRPLQJ IURP 8��� ��� ) �[�  

��VLQ��[� � 1��� ������ DQG \L IURP %HUQ�S�[L�� ZKHUH S�[L�  
�

��Hb) �[L�
� WKH LQYHUVH

ORJLW WUDQVIRUP� $IWHU �� LWHUDWLRQV ZH VHH WKDW WKH ERRVWLQJ HVWLPDWRU LV EHJLQQLQJ WR

DSSUR[LPDWH WKH WUXH XQGHUO\LQJ IXQFWLRQ� +RZHYHU� E\ LWHUDWLRQ �� DQG HYHQ PRUH

VR DW LWHUDWLRQ �� WKHUH LV HYLGHQFH RI H[WUHPH RYHUnWWLQJ� $W WKLV SRLQW WKH ERRVWLQJ

SURFHGXUH KDV FDUYHG XS WKH [ LQWHUYDO LQWR UHJLRQV WKDW DUH QHDUO\ SXUH LQ WHUPV RI

WKH WUDLQLQJ \L
V� FOHDUO\ WR WKH H[WHQW WKDW WKH HVWLPDWHG ) �[� ZLOO QRW JHQHUDOL]H ZHOO�



���

,Q HVWLPDWLQJ WKH FXUYHV VKRZQ LQ nJXUH ��� WKH /RJLW%RRVW DOJRULWKP KDV EHHQ

IDLUO\ DJJUHVVLYH �$GD%RRVW SURGXFHV VLPLODU SLFWXUHV�� 7KLV DJJUHVVLYHQHVV LV LQ WKH

VHQVH WKDW LW PRYHG YHU\ TXLFNO\ WR D ORFDWLRQ LQ WKH VSDFH RI UHJUHVVLRQ IXQFWLRQV WKDW

PD[LPL]HG WKH %HUQRXOOL OLNHOLKRRG� ,Q IDFW LQ RQO\ �� PRYHV LW ZDV VKRZLQJ VLJQV

RI RYHUnWWLQJ� (DUOLHU ZRUN RQ ERRVWLQJ EHOLHYHG WKDW ERRVWLQJ SHUIRUPHG HVSHFLDOO\

ZHOO LQ WHUPV RI JHQHUDOL]DWLRQ HUURU EHFDXVH LW DFKLHYHG ?VORZ OHDUQLQJ�� %UHLPDQ

������ WKHRUL]HV WKDW WKH VXFFHVV RI ERRVWLQJ DOJRULWKPV GHSHQGV RQ LWV DELOLW\ WR

?VNDWH DURXQG WKH LQQHU ULP >RI WKH WUDLQLQJ HUURU VXUIDFH@ LQVWHDG RI VORJJLQJ WR WKH

ERWWRP�� +H QRWHV WKDW KLV DUF�JY DOJRULWKP UHDFKHV WKH ERWWRP ZKHUHDV DOJRULWKPV

VXFK DV $GD%RRVW DQG DUF�[� WHQG WR WDNH ODUJH VWHSV WKDW ?FLUFOH DURXQG WKH LQQHU

ULP RI WKH YDOOH\ DQG GR QRW UHDFK WKH ERWWRP�� +H ZRQGHUV KRZ IDU RQH VKRXOG DOORZ

WKH ERRVWLQJ DOJRULWKP WR GHVFHQG LQ WKLV HUURU VXUIDFH�

+HUH , SURSRVH WKH LQWURGXFWLRQ RI D OHDUQLQJ UDWH SDUDPHWHU w � ��� �@� ,Q WKH
XSGDWH VWHS RI DQ\ ERRVWLQJ DOJRULWKP ZH FDQ LQYROYH WKH OHDUQLQJ UDWH WR GDPSHQ

WKH SURSRVHG PRYH�

A) �[�� A) �[� � w(Z�]�\� A) �[��M[�� ������

%\ PXOWLSO\LQJ WKH JUDGLHQW VWHS E\ w DV LQ HTXDWLRQ ���� ZH KDYH FRQWURO RQ WKH UDWH

DW ZKLFK WKH ERRVWLQJ DOJRULWKP GHVFHQGV WKH HUURU VXUIDFH �RU DVFHQGV WKH OLNHOLKRRG

VXUIDFH�� :KHQ w  � ZH UHWXUQ WR SHUIRUPLQJ IXOO JUDGLHQW VWHSV� 5HFHQW ZRUN

E\ )ULHGPDQ �)ULHGPDQ ����D� UHODWHV WKH OHDUQLQJ UDWH WR UHJXODUL]DWLRQ WKURXJK

VKULQNDJH� &RSDV �����E� DUJXHV WKDW WR LPSURYH SUHGLFWLYH SHUIRUPDQFH RI UHJUHVVLRQ

PRGHOV RQH VKRXOG SUHGLFW XVLQJ PRGHOV RI WKH IRUP

x\ � w� A) �[�b x\�� ������

:KHQ w LV � WKH SUHGLFWLRQ LV HQWLUHO\ IURP ) �[�� :KHQ w LV � WKH SUHGLFWLRQ LV

HQWLUHO\ EDVHG RQ x\� ,Q EHWZHHQ � DQG � WKH SUHGLFWRU LV D PL[WXUH RI WKH UHJUHVVLRQ

PRGHO ZLWK FRYDULDWHV [ DQG WKH FRQVWDQW PRGHO� +H DUJXHV WKDW VHWWLQJ w � � JLYHV



���

D EHWWHU nW WR YDOLGDWLRQ GDWD� 2Q HDFK LWHUDWLRQ RI WKH ERRVWLQJ DOJRULWKP ZH FDQ

LQYRNH D VKULQNDJH RI WKH UHJUHVVLRQ HVWLPDWH DV LQ �����

, H[SHULPHQWHG ZLWK FUHDWLQJ RSWLPDO OHDUQLQJ VFKHGXOHV VR WKDW wW GHSHQGV RQ

WKH LWHUDWLRQ QXPEHU� 7KH PRWLYDWLRQ EHLQJ WKDW WKH nUVW IHZ ERRVWLQJ VWHSV VKRXOG

EH VWUDLJKWIRUZDUG� :KLOH WKH ERRVWLQJ SURFHHGV ZH PLJKW FRQVLGHU FRROLQJ Rm WKH

OHDUQLQJ SURFHVV� HYHQWXDOO\ KLWWLQJ �� +RZHYHU� , IRXQG QR OHDUQLQJ VFKHGXOH WKDW

FRXOG SHUIRUP EHWWHU WKDQ FRQVWDQW VORZ OHDUQLQJ�

7KH RSWLPDO QXPEHU RI LWHUDWLRQV� 7 � DQG WKH OHDUQLQJ UDWH� w� GHSHQG RQ HDFK

RWKHU� ,Q SUDFWLFH , VHW 7 WR EH DV ODUJH DV SRVVLEOH DQG WKHQ VHOHFW w E\ FURVV�

YDOLGDWLRQ� :KHQ w LV DV VPDOO DV SRVVLEOH SHUIRUPDQFH VHHPV WR EH DW LWV JUHDWHVW�

)LJXUH ��� VKRZV WKH /RJLW%RRVW DIWHU ���� LWHUDWLRQV ZLWK w  ���� RQ WKH VDPH

H[DPSOH GHVFULEHG HDUOLHU LQ WKLV VHFWLRQ� &OHDUO\ LW SHUIRUPV PXFK EHWWHU WKDQ WKH

HVWLPDWRU ZLWK WKH ODUJHU OHDUQLQJ UDWH� )LJXUH ��� VKRZV WKH LQFUHDVH LQ OLNHOLKRRG

DFURVV WKH LWHUDWLRQV� $IWHU DERXW ���� LWHUDWLRQV LW KDV VXUSDVVHG WKH *$0 PRGHO

�WKH KRUL]RQWDO OLQH� DQG KDV UHDFKHG D IDLUO\ ORQJ SODWHDX� , KDYH IRXQG WKHVH SODWHDXV

WR EH FRPPRQSODFH IHDWXUHV RI ERRVWLQJ DOJRULWKPV HVSHFLDOO\ ZLWK YHU\ VPDOO OHDUQLQJ

UDWHV� 7KLV LPSOLHV WKDW ERRVWLQJ ZLWK VORZ OHDUQLQJ LV IDLUO\ UREXVW WR VHOHFWLRQ RI WKH

QXPEHU RI LWHUDWLRQV DQG VR WDNHV PXFK ORQJHU WR RYHUnW�

7KHVH VORZHU OHDUQLQJ UDWHV GR QRW QHFHVVDULO\ VFDOH WKH QXPEHU RI RSWLPDO LW�

HUDWLRQV� 7KDW LV� LI ZKHQ w  ��� DQG WKH RSWLPDO 7 LV ��� LWHUDWLRQV� GRHV QRW

QHFHVVDULO\ LPSO\ WKDW ZKHQ w  ��� WKH RSWLPDO 7 LV ���� LWHUDWLRQV� 7KDW LV QRW

HYHQ WKH PRVW FULWLFDO IHDWXUH RI WKH OHDUQLQJ UDWH UHGXFWLRQ� )LJXUH ��� VKRZV WKH

SURJUHVVLRQ IRU GHFUHDVLQJ YDOXHV RI WKH OHDUQLQJ UDWH� ,Q WKLV FDVH WKH RSWLPDO 7 RFFXU

DW URXJKO\ ��� ���� DQG ���� IRU WKH WKUHH YDOXHV RI w� 0RVW QRWDEO\� KRZHYHU� ZLWK

WKH VORZHU OHDUQLQJ UDWHV ZH DUH DEOH WR DFKLHYH D JUHDWHU LPSURYHPHQW� DOWKRXJK ZLWK

D GHFUHDVLQJ PDUJLQDO UHWXUQ RQ FRPSXWDWLRQDO LQYHVWPHQW� 7KLV nJXUH VKRZV WKDW

WKH YDOLGDWLRQ OLNHOLKRRG LQFUHDVHV DQG WKH VHQVLWLYLW\ WR 7 GHFUHDVHV�
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����� 9DULDQFH UHGXFWLRQ XVLQJ EDJJLQJ DQG VXE�VDPSOLQJ

%UHLPDQ �����D� LQWURGXFHG EDJJLQJ �ERRWVWUDS DJJUHJDWLQJ� DV D YDULDQFH UHGXFWLRQ

PHWKRG IRU XQVWDEOH UHJUHVVLRQ DQG FODVVLnFDWLRQ PRGHOV� %DJJLQJ SURFHHGV E\ FUH�

DWLQJ % ERRWVWUDS UHSOLFDWHV RI WKH GDWDVHW DQG nWWLQJ D PRGHO WR HDFK� 7KH nQDO

EDJJHG UHJUHVVLRQ PRGHO LV WKH DYHUDJH RI WKH SUHGLFWLRQV IURP WKH % PRGHOV� :LWK

ZHDN WKHRUHWLFDO DUJXPHQWV DQG VXEVWDQWLDO HPSLULFDO RQHV KH VKRZV WKDW ERRWVWUDS�

SLQJ VLPXODWHV DQ HQGOHVV VWUHDP RI QHZ GDWD DGHTXDWHO\ HQRXJK VR WKDW DYHUDJLQJ

UHGXFHV SUHGLFWLRQ YDULDQFH� )ULHGPDQ DQG +DOO ������ QRWH WKDW EDJJLQJ UHSODFHV

PRGHO FRPSRQHQWV WKDW DUH QRQ�OLQHDU LQ WKH GDWD ZLWK WKHLU H[SHFWHG YDOXH ZKLOH

OHDYLQJ WKH OLQHDU FRPSRQHQWV XQDmHFWHG� %\ WKLV DUJXPHQW WKH\ FRQFOXGH WKDW HV�

WLPDWRUV OLNH WKH VDPSOH PHDQ DQG OLQHDU UHJUHVVLRQ ZRXOG EH XQDmHFWHG E\ EDJJLQJ

ZKLOH EDJJHG WUHHV DQG QHXUDO QHWZRUNV PLJKW DFKLHYH YDULDQFH UHGXFWLRQ� 7KH\ DOVR

WKHRUL]H WKDW VXE�VDPSOLQJ KDOI RI WKH GDWDVHW ZLWKRXW UHSODFHPHQW RQ HDFK LWHUDWLRQ

LV DSSUR[LPDWHO\ HTXLYDOHQW WR EDJJLQJ� VDPSOLQJ WKH HQWLUH GDWDVHW ZLWK UHSODFHPHQW�

LQ WHUPV RI WKH GHJUHH RI YDULDQFH UHGXFWLRQ� EXW DOVR LQGLFDWH WKDW VDPSOLQJ IUDFWLRQV

OHVV WKDQ KDOI FRXOG UHGXFH WKH YDULDQFH IXUWKHU�

([WHQGLQJ WKH EDJJLQJ LGHD� %UHLPDQ ������ GHYHORSHG DGDSWLYH EDJJLQJ WKDW KDV

VWURQJ FRQQHFWLRQV WR ERRVWLQJ PHWKRGRORJ\� 'LVFXVVHG SULPDULO\ LQ WKH UHJUHVVLRQ

VHWWLQJ� KH SURSRVHV nWWLQJ D EDJJHG UHJUHVVLRQ PRGHO WR D GDWDVHW� HVWLPDWLQJ WKH ELDV

XVLQJ DQ ?RXW�RI�EDJ� PHWKRG �%UHLPDQ ����F�� DQG nWWLQJ D QHZ EDJJHG UHJUHVVRU

WR WKH ELDV� 5HSHDWLQJ WKLV SURFHVV RI HVWLPDWLQJ WKH FXUUHQW ELDV \LHOGV KLV DGDSWLYH

EDJJLQJ DOJRULWKP� :KHQ ERRVWLQJ WKH *DXVVLDQ FDVH� LI RQ HDFK VWHS ZH HVWLPDWH

(Z�]M[� XVLQJ % SUHGLFWRUV EXLOW RQ ERRWVWUDS UHSOLFDWHV RI WKH GDWDVHW DQG HVWLPDWH

A) �[� IRU WKH WUDLQLQJ GDWDVHW XVLQJ WKH RXW�RI�EDJ WHFKQLTXH� WKHQ ZH KDYH DGDSWLYH

EDJJLQJ H[DFWO\� *HQHUDOL]LQJ ERRVWLQJ DV , KDYH VKRZQ KHUH� RSHQV XS H[SRQHQWLDO

IDPLO\ DQG SURSRUWLRQDO KD]DUGV UHJUHVVLRQ PRGHOV WR %UHLPDQ
V DGDSWLYH EDJJLQJ

PHWKRGRORJ\�
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7R GDWH� KRZHYHU� ERRVWLQJ SURFHHGV LQ D VOLJKWO\ GLmHUHQW IDVKLRQ IURP DGDSWLYH

EDJJLQJ� ,W nWV WKH UHVLGXDOV RQ HDFK LWHUDWLRQ EXW ODFNV WKH SHUWXUEDWLRQ LQWURGXFHG

E\ ERRWVWUDSSLQJ DQG WKH RXW�RI�EDJ ELDV HVWLPDWLRQ� %UHLPDQ ������ SURSRVHG LQ�

WURGXFLQJ D ZHLJKWHG ERRWVWUDS VWHS �VDPSOLQJ ZLWK UHSODFHPHQW DFFRUGLQJ WR WKH

ZHLJKWV� LQWR ERRVWLQJ DOJRULWKPV DQG FRQMHFWXUHG WKDW ?UDQGRPL]LQJ WKH SDWK JHWV

DUF�JY DZD\ IURP WKH ERWWRP RI WKH >HUURU VXUIDFH@ VR LW VNDWHV DURXQG WKH LQQHU

ULP�� )ULHGPDQ �����E�� LQVSLUHG E\ %UHLPDQ ������� SURSRVHG WKH VWRFKDVWLF JUDGL�

HQW ERRVWLQJ DOJRULWKP WKDW VLPSO\ VDPSOHV XQLIRUPO\ ZLWKRXW UHSODFHPHQW IURP WKH

GDWDVHW EHIRUH HVWLPDWLQJ WKH QH[W JUDGLHQW VWHS� +H IRXQG WKDW WKLV DGGLWLRQDO VWHS

JUHDWO\ LPSURYHG SHUIRUPDQFH�

6XE�VDPSOLQJ WHFKQLTXHV DOVR OHDG GLUHFWO\ RQWR DSSOLFDWLRQV IRU PDVVLYH GDWDVHWV�

&RPSXWDWLRQ WLPH REYLRXVO\ GHFUHDVHV ZKHQ ZH DUH DEOH WR XVH VPDOOHU VDPSOH VL]HV

RQ HDFK LWHUDWLRQ� TXDGUDWLFDOO\ VR IRU SURSRUWLRQDO KD]DUGV PRGHOV� %UHLPDQ �����G�

VXJJHVWV WKDW EXLOGLQJ D VHTXHQFH RI PRGHOV WR ?ELWHV� RI WKH GDWDVHWV DQG ?SDVWLQJ�

WKHP WRJHWKHU UHVXOWV LQ OLWWOH ORVV DQG RIWHQ VRPH LPSURYHPHQW� :KHQ WKH JUDGLHQW

VWHSV LQYROYH D QRQ�XQLIRUP ZHLJKWLQJ RQ WKH REVHUYDWLRQV ZH FDQ IXUWKHU GHFUHDVH WKH

VDPSOH VL]H ZLWKRXW LQWHUIHULQJ ZLWK WKH PRGHO
V SHUIRUPDQFH� $IWHU VHYHUDO LWHUDWLRQV

VRPH RI WKH REVHUYDWLRQV DUH OLNHO\ WR KDYH VPDOO ZHLJKWV� LQGLFDWLQJ WKDW WKH PRGHO

nWV WKHP ZHOO� $W WKLV VWDJH WKH\ FDQ EH WULPPHG IURP WKH PRGHO nW VWDJH� 2IWHQ

ZH FDQ WULP D ODUJH IUDFWLRQ RI REVHUYDWLRQV WKDW KDYH ZHLJKWV WKDW VXP WR OHVV WKDQ

RQH REVHUYDWLRQ� $OWKRXJK WKHVH REVHUYDWLRQV PD\ EH WULPPHG IURP WKH PRGHO nWWLQJ

VWDJH WKH\ GR QHHG UHZHLJKWLQJ DIWHU HDFK LWHUDWLRQ LQ FDVH DW VRPH SRLQW WKH PRGHO

EHJLQV WR SUHGLFW WKHP SRRUO\�

5HYLVLWLQJ WKH ERRVWLQJ XSGDWH VWHS� ZH QRZ KDYH D OHDUQLQJ UDWH SDUDPHWHU DQG

ZH HVWLPDWH (Z�]�\� A) �[��M[� XVLQJ D UDQGRP VXEVDPSOH RI WKH GDWDVHW�

A) �[�� A) �[� � w(Z�]�\� A) �[��M[�� ������

,Q WKH VSHFLDO FDVH ZKHUH ZH XVH UHJUHVVLRQ WUHHV WR HVWLPDWH (Z�]�\� A) �[��M[� WKH
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VXE�VDPSOLQJ LQFUHDVHV WKH QXPEHU RI SRVVLEOH VSOLW SRLQWV� 7KLV SHUPLWV WKH ERRVWHG

HVWLPDWH WR DFKLHYH VPRRWKHU nWV WR WKH GDWD�

����� 5REXVW UHJUHVVLRQ

7KH SUHVHQFH RI RXWOLHUV FDQ VHULRXVO\ GHJUDGH WKH SHUIRUPDQFH RI PDQ\ UHJUHVVLRQ SUR�

FHGXUHV� :KHQ WKH HUURU GLVWULEXWLRQ GHSDUWV IURP WKH DVVXPHG GLVWULEXWLRQ RXWOLHUV

PD\ EH FRPPRQ� 8QGHU FHUWDLQ ORVV IXQFWLRQV� OLNH VTXDUHG HUURU ORVV� WKH SUHVHQFH

RU DEVHQFH RI RQH SDUWLFXODU REVHUYDWLRQ PD\ SURGXFH GUDVWLFDOO\ GLmHUHQW PRGHOV�

:HOO�GHVLJQHG UREXVW UHJUHVVLRQ PHWKRGV DUH HpFLHQW ZKHQ WKHUH DUH QR RXWOLHUV DQG

DUH UHVLVWDQW WR nWWLQJ RXWOLHUV WRR FORVHO\ ZKHQ WKH\ DUH SUHVHQW� 5DWKHU WKDQ XVH

VTXDUHG HUURU ORVV� UREXVW ORFDWLRQ HVWLPDWRUV PLQLPL]H IXQFWLRQV OLNH OHDVW DEVROXWH

GHYLDWLRQ RU +XEHU
V ORVV �+XEHU ������

7R LQFRUSRUDWH UREXVW PHWKRGV ZH VLPSO\ PRGLI\ WKH HVWLPDWH (Z�]�\� A) �M[� WR
EH D PLQLPL]HU RI D ORVV IXQFWLRQ RWKHU WKDQ WKH XVXDO VTXDUHG HUURU ORVV�

A) �[�� A) �[� � w(Z�]�\� A) �[��M[�� ������

)ULHGPDQ �����D� GHYHORSV DQ HQWLUH ERRVWLQJ DOJRULWKP IRU REWDLQLQJ UHJUHVVLRQ IXQF�

WLRQV WKDW PLQLPL]H OHDVW DEVROXWH GHYLDWLRQ DQG 0�UHJUHVVLRQ� ,Q FRQWUDVW KHUH� , DP

RQO\ LQWHUHVWHG LQ D UREXVW JUDGLHQW VWHS WKDW ZRXOG NHHS WKH HQWLUH SURFHVV RI ERRVWHG

HVWLPDWLRQ IURP EHLQJ DWWUDFWHG WR RXWO\LQJ REVHUYDWLRQV�

����� ,QWHUSUHWDELOLW\

,Q KLV ZRUN RQ 0$56� )ULHGPDQ ������ QRWHG WKDW FHUWDLQ IXQFWLRQ DSSUR[LPDWLRQ

PHWKRGV DUH GHFRPSRVDEOH LQ WHUPV RI D ?IXQFWLRQDO $129$ GHFRPSRVLWLRQ�� 7KDW

LV D IXQFWLRQ LV GHFRPSRVDEOH DV

) �[�  
;
M

IM�[M� �
;
MN

IMN�[M� [N� �
;
MNC

IMNC�[M� [N� [C� � c c c � ������
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)ULHGPDQ HW DO� ������ QRWH WKDW WKLV DSSOLHV GLUHFWO\ WR ERRVWLQJ WUHHV� 5HJUHVVLRQ

VWXPSV �RQH VSOLW GHFLVLRQ WUHHV� GHSHQG RQ RQO\ RQH YDULDEOH DQG IDOO LQWR WKH nUVW

WHUP RI ����� 7UHHV ZLWK WZR VSOLWV IDOO LQWR WKH VHFRQG WHUP RI ���� DQG VR RQ� %\

UHVWULFWLQJ WKH GHSWK RI WKH WUHHV SURGXFHG RQ HDFK ERRVWLQJ LWHUDWLRQ ZH FDQ FRQWURO

WKH RUGHU RI DSSUR[LPDWLRQ� 2IWHQ DGGLWLYH FRPSRQHQWV DUH VXpFLHQW WR DSSUR[LPDWH

D PXOWLYDULDWH IXQFWLRQ ZHOO� JHQHUDOL]HG DGGLWLYH PRGHOV� WKH QD�rYH %D\HV FODVVLnHU�

DQG ERRVWHG VWXPSV IRU H[DPSOH� :KHQ WKH DSSUR[LPDWLRQ LV UHVWULFWHG WR D nUVW

RUGHU ZH FDQ DOVR SURGXFH SORWV RI [M YHUVXV IM�[M� WR GHPRQVWUDWH KRZ FKDQJHV LQ [M

PLJKW DmHFW FKDQJHV LQ WKH UHVSRQVH YDULDEOH�

)ULHGPDQ �����D� DOVR GHYHORSV DQ H[WHQVLRQ RI D YDULDEOH
V ?UHODWLYH LQoXHQFH�

�%UHLPDQ HW DO� ����� IRU ERRVWHG HVWLPDWHV� )RU WUHH EDVHG PHWKRGV WKH DSSUR[LPDWH

UHODWLYH LQoXHQFH RI D YDULDEOH [M LV

A-�M  
;

VSOLWV RQ [M

,�W ������

ZKHUH ,�W LV WKH HPSLULFDO LPSURYHPHQW E\ VSOLWWLQJ RQ [M DW WKDW SRLQW� )ULHGPDQ
V

H[WHQVLRQ WR ERRVWHG PRGHOV LV WR DYHUDJH WKH UHODWLYH LQoXHQFH RI YDULDEOH [M DFURVV

DOO WKH WUHHV JHQHUDWHG E\ WKH ERRVWLQJ DOJRULWKP�

��� 3HUIRUPDQFH

:H KDYH VHHQ VR IDU WKDW ERRVWLQJ LV DSSOLFDEOH WR D ODUJH FODVV RI PRGHOV� WKH H[SR�

QHQWLDO IDPLO\ PRGHOV DQG SURSRUWLRQDO KD]DUGV PRGHOV� DQG WKDW ZH FDQ LQFRUSRUDWH

LQWR WKH ERRVWLQJ SURFHVV PDQ\ RI WKH VWDWLVWLFDO SURSHUWLHV WKDW ZH GHVLUH LQ IXQFWLRQ

HVWLPDWRUV� UREXVWQHVV� VWDELOLW\� DQG HpFLHQF\ LQ FRPSXWDWLRQ� ,Q WKLV VHFWLRQ , GLV�

FXVV KRZ ZHOO ERRVWLQJ SHUIRUPV LQ SUDFWLFH RQ UHDO DQG VLPXODWHG GDWDVHWV� +DYLQJ

SUHVHQWHG VHYHUDO ERRVWLQJ DOJRULWKPV IRU PRGHOV LQ VWDQGDUG VWDWLVWLFDO SUDFWLFH DQG

GLVFXVVLQJ IXUWKHU YDULDWLRQV RQ WKHP� WKH UHDO WHVW UHPDLQV DV WR ZKHWKHU WKH\ VKRXOG

EH DGRSWHG IRU FRPPRQ XVH�
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7DEOH ���� 0LVFODVVLnFDWLRQ UDWHV FRPSDULVRQ IRU

&$57 $GD%RRVW /RJLW%RRVW

%UHDVW ���� ���� ����

,RQ ���� ���� ����

*ODVV ����� ����� �����

6RQDU ����� ����� �����

:DYHIRUP ����� ����� �����

)ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL ������ nUVW SURSRVHG� /RJLW%RRVW� D ERRVWLQJ

DOJRULWKP IRU WKH FDQRQLFDO %HUQRXOOL PRGHO RU ORJLVWLF UHJUHVVLRQ DQG FRPSDUHG WKHLU

UHVXOWV ZLWK WKH $GD%RRVW FODVVLnHU� $V VKRZQ LQ WDEOH ���� WKH\ IRXQG WKDW WKHLU OLNH�

OLKRRG EDVHG /RJLW%RRVW DOJRULWKP ZDV QHDUO\ HTXLYDOHQW LQ SHUIRUPDQFH WR $GD%RRVW

DQG FOHDUO\ DQ LPSURYHPHQW RQ D VLQJOH GHFLVLRQ WUHH� 7KH &$57 DOJRULWKP XVHG WKH

FURVV�YDOLGDWLRQ IRU SUXQLQJ DQG WKH WZR ERRVWLQJ DOJRULWKPV LWHUDWLYHO\ EXLOW 7  ���

RQH�VSOLW &$57 PRGHOV �VWXPSV��

)ULHGPDQ �����D� GLVFXVVHG ERRVWLQJ WKH *DXVVLDQ PRGHO DV ZHOO DV FRQWDPLQDWHG

*DXVVLDQ HUURU GLVWULEXWLRQV DQG PDGH FRPSDULVRQV ZLWK 0$56� 8QOLNH WKH WUHH�EDVHG

JUDGLHQW ERRVWLQJ PHWKRGV� 0$56 SURGXFHV D FRQWLQXRXV IXQFWLRQ DSSUR[LPDWLRQ�

'HVSLWH WKH GLVFRQWLQXRXV DSSUR[LPDWLRQ� KH IRXQG WKDW RQ DYHUDJH JUDGLHQW ERRVWHG

WUHHV GLG VOLJKWO\ EHWWHU WKDQ 0$56 LQ WHUPV RI DEVROXWH HUURU DQG ��� EHWWHU LQ

WHUPV RI URRW PHDQ VTXDUHG HUURU� )XUWKHUPRUH� WKH JUDGLHQW PHWKRGV SURGXFHG

ORZHU YDULDQFH DSSUR[LPDWLRQV�

����� $GGLWLYH 3RLVVRQ UHJUHVVLRQ

,Q WKLV VHFWLRQ , ZLOO GLVFXVV WKH SHUIRUPDQFH RI WKH ERRVWHG 3RLVVRQ PRGHO� ZKLFK KDV

QRW \HW PDGH DQ DSSHDUDQFH LQ DQ\ RI WKH ERRVWLQJ OLWHUDWXUH� 7KH PDLQ FRPSHWLWRU

WR WKH ERRVWHG 3RLVVRQ PRGHO LV WKH 3RLVVRQ *$0 PRGHO WR ZKLFK DOO FRPSDULVRQV
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ZLOO EH PDGH�

7R WHVW WKLV PHWKRG , SURSRVHG D ELYDULDWH VLQXVRLGDO IXQFWLRQ ���� WR EH WKH

WUXH XQGHUO\LQJ UHJUHVVLRQ IXQFWLRQ� ,W LV DGGLWLYH LQ WKH SUHGLFWRUV EXW KDV YDULDEOH

FXUYDWXUH�

) �[�� [��  � VLQ��[� � �[
�
��b � VLQ���[� � ���� � ��[� � ������ ������

, JHQHUDWHG ����� YDOXHV IURP D XQLIRUP GLVWULEXWLRQ RQ ����� IRU HDFK RI [� DQG [��

, WKHQ JHQHUDWHG WKH UHVSRQVH YDULDEOH DV \L z 3RLVVRQ�H) �[L��[L���� 7KH JRDO RI WKH

ERRVWLQJ DOJRULWKP LV WR XVH WKHVH REVHUYDWLRQV WR HVWLPDWH ) �[�� [�� DQG PD[LPL]H D

YDOLGDWLRQ ORJ�OLNHOLKRRG�

, XVHG WKH nUVW ��� REVHUYDWLRQV DV D WUDLQLQJ VHW DQG WKH UHPDLQLQJ ��� REVHUYD�

WLRQV DV D WHVW VHW� :LWK WKH OHDUQLQJ UDWH VHW DW w  ���� , UDQ WKH ERRVWLQJ DOJRULWKP

IRU 7  �� ��� LWHUDWLRQV ZLWK UHJUHVVLRQ VWXPSV DV WKH EDVH UHJUHVVRU XVLQJ RQO\ WKH

WUDLQLQJ VHW� , DOVR YDULHG WKH VXE�VDPSOLQJ SHUFHQWDJH IRU YDOXHV EHWZHHQ ��� DQG

���� �QR VXE�VDPSOLQJ� DW LQWHUYDOV RI ���� 6R IRU D SDUWLFXODU WUDLQLQJ VHW , SUR�

GXFHG RQH *$0 DQG �� ERRVWHG 3RLVVRQ PRGHOV� 7R QRWH ERRVWLQJ
V SHUIRUPDQFH ,

UHFRUGHG WKH GLmHUHQFH EHWZHHQ WKH ORJ�OLNHOLKRRG RI HDFK RI WKH ERRVWHG 3RLVVRQ PRG�

HOV DQG WKH RQH 3RLVVRQ *$0� 7KLV PDLQWDLQV WKH LPSURYHPHQW RQ *$0 LQ WHUPV RI

YDOLGDWLRQ ORJ�OLNHOLKRRG IRU HDFK VXE�VDPSOLQJ UDWH� , UHSHDWHG WKLV H[SHULPHQW IRU

�� GLmHUHQW WUDLQLQJ DQG WHVW GDWDVHWV�

)LJXUH ���� GLVSOD\V WKH UHVXOWV RI WKLV H[SHULPHQW� )RU HDFK VXE�VDPSOLQJ UDWH

, FRPSXWHG WKH PHGLDQ RI ERRVWLQJ
V LPSURYHPHQW RQ *$0 LQ WHUPV RI WHVW VHW

ORJ�OLNHOLKRRG� 7KH nJXUH DOVR VKRZV WKH HVWLPDWHG ��� DQG ��� TXDQWLOHV� 7KHUH

DUH WZR LPSRUWDQW FRQFOXVLRQV WR GUDZ IURP WKLV nJXUH� 7KH nUVW REYLRXV RQH LV

WKDW ERRVWLQJ DOPRVW DOZD\V RXWSHUIRUPV WKH 3RLVVRQ *$0� ,Q RQO\ RQH RI WKH WULDOV

LQYROYLQJ D VXE�VDPSOLQJ UDWH RI ��� GLG *$0 RXWSHUIRUP ERRVWLQJ� 7KH VHFRQG

LPSRUWDQW REVHUYDWLRQ IURP nJXUH ���� LV WKDW WKH SHUIRUPDQFH LV VWURQJ ZKHQ WKH

VXE�VDPSOLQJ SHUFHQWDJH LV ��� RU KLJKHU� 7KH DFWXDO HPSLULFDO PD[LPXP RFFXUV DW
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)LJXUH ����� %RRVWLQJ
V DEVROXWH LPSURYHPHQW RYHU *$0 IRU DQ DGGLWLYH 3RLVVRQ
PRGHO DV D IXQFWLRQ RI VXE�VDPSOLQJ SHUFHQWDJH� 7KH PLGGOH FXUYH LQGLFDWHV WKH
PHGLDQ RI ERRVWLQJ
V LPSURYHPHQW LQ YDOLGDWLRQ ORJ�OLNHOLKRRG FRPSDUHG WR WKH HTXLY�
DOHQW *$0 PRGHO RYHU �� UHSHWLWLRQV� 7KH RXWHU FXUYHV LQGLFDWH WKH ��� DQG ���
LPSURYHPHQW TXDQWLOHV�
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���� EXW WKDW PD[LPXP GRHV QRW H[FHHG WKH SHUIRUPDQFH RQ WKH LQWHUYDO ����������

E\ YHU\ PXFK� 7KLV LQGLFDWHV WKDW ERRVWLQJ UHDOO\ GRHV QRW QHHG WR ORRN DW DOO WKH

GDWD RQ HDFK LWHUDWLRQ WR PDNH UHDVRQDEOH VWHSV WRZDUG IXQFWLRQ RSWLPL]DWLRQ� 7KLV

H[SHULPHQW XVHG UDQGRP VDPSOLQJ WR VHOHFW WKH VXEVHW RI WKH GDWDVHW WR XVH RQ HDFK

ERRVWLQJ VWHS� 6DPSOLQJ LQ PDVVLYH GDWDVHWV LV QRW QHFHVVDULO\ D WULYLDO PDWWHU �%UXW�

ODJ DQG 5LFKDUGVRQ ������ +RZHYHU� LW PD\ EH WKDW D GHWHUPLQLVWLF VDPSOLQJ VFKHPH

RI FRQYHQLHQFH PD\ EH D YLDEOH VXEVWLWXWH WR UDQGRP VDPSOLQJ� VWLOO PDLQWDLQLQJ JRRG

SUHGLFWLYH SHUIRUPDQFH DQG JDLQLQJ IXUWKHU FRPSXWDWLRQDO SHUIRUPDQFH�

, UHSHDWHG WKLV H[SHULPHQW LQ D VHFRQG WULDO� WKLV WLPH WHVWLQJ KRZ ERRVWLQJ KDQGOHV

QRLVH LQ WKH UHJUHVVLRQ IXQFWLRQ DQG LUUHOHYDQW SUHGLFWRUV� , XVHG WKH VDPH VLPXODWLRQ

SURFHGXUH DV EHIRUH ZLWK WKH IROORZLQJ FKDQJHV� , DGGHG D *DXVVLDQ QRLVH FRPSRQHQW

WR ) �[�� [�� WXQHG VR WKDW WKH WUXH XQGHUO\LQJ IXQFWLRQ H[SODLQHG DERXW ��� RI WKH

YDULDELOLW\ �}  ����� , DOVR JDYH WR ERWK *$0 DQG WKH ERRVWHG 3RLVVRQ DOJRULWKP

WZR DGGLWLRQDO SUHGLFWRU YDULDEOHV [� DQG [� �ERWK JHQHUDWHG DV XQLIRUP RQ WKH XQLW

LQWHUYDO�� QHLWKHU RI ZKLFK KDYH DQ\ LQoXHQFH RQ WKH UHVSRQVH YDULDEOH�

)LJXUH ���� VKRZV WKH UHVXOWV IRU WKLV VHFRQG H[SHULPHQW� $OWKRXJK WKH ERRVWHG

3RLVVRQ PRGHO VWLOO RXWSHUIRUPV *$0 PRVW RI WKH WLPH� WKH DGGLWLRQ RI QRLVH DQG

LUUHOHYDQW YDULDEOHV UHGXFHV WKH LPSURYHPHQW� )XUWKHUPRUH� WKH nJXUH LQGLFDWHV WKDW

WKH PRGHO nWWLQJ GHPDQGV PRUH GDWD WR EH FRPSHWLWLYH� $ VXE�VDPSOLQJ UDWH RI OHVV

WKDQ ��� VHULRXVO\ GHJUDGHV WKH SHUIRUPDQFH�

����� &R[ SURSRUWLRQDO KD]DUGV

)RU D UHDO GDWD VHW H[DPSOH WR H[DPLQH WKH SHUIRUPDQFH RI ERRVWLQJ &R[
V SURSRUWLRQDO

KD]DUGV PRGHO� , WXUQ WR D FOLQLFDO WULDO IRU WHVWLQJ WKH GUXJ '3&$ IRU WKH WUHDWPHQW

RI SULPDU\ ELOLDU\ FLUUKRVLV RI WKH OLYHU �3%&�� 7KLV GDWDVHW KDV EHHQ WKH VXEMHFW RI

VHYHUDO PRGHUQ GDWD DQDO\VHV �'LFNVRQ HW DO� ����� *UDPEVFK HW DO� ����� 0DUNXV

HW DO� ����� )OHPLQJ DQG +DUULQJWRQ ������ 5DIWHU\� 0DGLJDQ� DQG 9ROLQVN\ ������

GHPRQVWUDWHG WKH XVH RI %D\HVLDQ PRGHO DYHUDJLQJ RQ WKH 3%& GDWDVHW DQG IRXQG
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)LJXUH ����� %RRVWLQJ
V DEVROXWH LPSURYHPHQW RYHU *$0 IRU D QRLV\ DGGLWLYH 3RLVVRQ
PRGHO ZLWK LUUHOHYDQW SUHGLFWRUV DV D IXQFWLRQ RI VXE�VDPSOLQJ SHUFHQWDJH� 7KH PLGGOH
FXUYH LQGLFDWHV WKH PHGLDQ RI ERRVWLQJ
V LPSURYHPHQW LQ YDOLGDWLRQ ORJ�OLNHOLKRRG
FRPSDUHG WR WKH HTXLYDOHQW *$0PRGHO RYHU �� UHSHWLWLRQV� 7KH RXWHU FXUYHV LQGLFDWH
WKH ��� DQG ��� LPSURYHPHQW TXDQWLOHV�
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WKDW DFFRXQWLQJ IRU PRGHO XQFHUWDLQW\ LPSURYHV SUHGLFWLYH SHUIRUPDQFH� %RRVWLQJ�

RQ WKH RWKHU KDQG� GRHV QRW PL[ PRGHOV DV %D\HVLDQ PRGHO DYHUDJLQJ GRHV EXW UDWKHU

XVHV VHYHUDO PRGHOV WR HVWLPDWH WKH QRQ�OLQHDU HmHFWV UHODWLQJ WKH SUHGLFWRU YDULDEOHV

WR VXUYLYDO WLPHV�

7KH GDWD FRQVLVW RI ��� SDWLHQWV ZLWK FRPSOHWH REVHUYDWLRQV RQ WKH SUHGLFWRUV�

2I WKHVH� ��� SDWLHQWV GLHG GXULQJ WKH VWXG\ DQG WKH UHPDLQLQJ ��� ZHUH FHQVRUHG

REVHUYDWLRQV� 2I WKH HLJKW YDULDEOHV 5DIWHU\ HW DO� ������ FRQVLGHUHG� , VHOHFWHG WKH

VL[ UHDO YDOXHG YDULDEOHV IRU XVH LQ WKH PRGHO�

DJH DJH LQ \HDUV

ELOL VHUXP ELOLUXELQ �PJ�GO�

DOEXPLQ DOEXPLQ LQ J�GO

FRSSHU XULQH FRSSHU LQ xJ�GD\

VJRW 6*27 LQ 8�GD\ �DVSDUWDWH DPLQRWUDQVIHUDVH�

SURWLPH SURWKURPELQ WLPH LQ VHFRQGV

, WHVWHG WKLV PHWKRG E\ FRPSDULQJ WKH RXW�RI�VDPSOH SUHGLFWLYH SHUIRUPDQFH RI

WKH OLQHDU &R[ PRGHO WR WKH &R[ PRGHO ERRVWHG E\ JUDGLHQW DVFHQW� 7R MXGJH WKH

RXW�RI�VDPSOH SUHGLFWLYH SHUIRUPDQFH RI WKH WZR PRGHOV� , WUDLQHG HDFK RQ KDOI RI WKH

REVHUYDWLRQV� UHVHUYLQJ WKH UHVW IRU D WHVW VHW� , XVHG UHJUHVVLRQ VWXPSV DV WKH EDVH

UHJUHVVRU VR WKDW WKH HVWLPDWH RQO\ FDSWXUHG WKH PDLQ DGGLWLYH HmHFWV� 6HWWLQJ WKH

OHDUQLQJ UDWH WR w  ������� DQG WKH VXEVDPSOLQJ UDWH WR ���� , UDQ WKH DOJRULWKP

IRU ������ LWHUDWLRQV� )LJXUH ���� VKRZV WKH YDOXH RI WKH YDOLGDWLRQ ORJ�OLNHOLKRRG DV

WKH DOJRULWKP SURFHHGV� :H VHH WKDW DIWHU ������ LWHUDWLRQV �ZLWK WKLV H[WUHPHO\ ORZ

OHDUQLQJ UDWH� WKH ERRVWHG HVWLPDWH KDV VXUSDVVHG WKH OLQHDU &R[ PRGHO� )XUWKHUPRUH�

IRU WKH QH[W ������ LWHUDWLRQV WKH ERRVWHG YHUVLRQ FRQWLQXHV WR LPSURYH DW D GLPLQ�

LVKLQJ UDWH RI UHWXUQ� (YHQ WKRXJK WKH PRGHO nWWLQJ XVHG PDQ\ LWHUDWLRQV� LW WDNHV

DERXW RQH PLQXWH WR FRPSOHWH WKH LWHUDWLRQV�

6LQFH WKH EDVH UHJUHVVRUV ZHUH RQH�VSOLW GHFLVLRQ WUHHV� ZH FDQ LQYHVWLJDWH WKH

HVWLPDWHV RI WKH VL[ PDLQ DGGLWLYH HmHFWV� )LJXUH ���� VKRZV WKH ERRVWHG HVWLPDWHV
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IURP WKH OLQHDU PRGHO
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DORQJ ZLWK WKRVH EDVHG RQ WKH OLQHDU PRGHO� (YHU\ YDULDEOH VKRZV HYLGHQFH RI HLWKHU

D WKUHVKROG HmHFW� D VDWXUDWLRQ HmHFW� RU ERWK� 6LPSOH OLQHDU PRGHOV FOHDUO\ FDQ QHYHU

FDSWXUH WKUHVKROG DQG VDWXUDWLRQ HmHFWV� $OWKRXJK LQ WKH UHJLRQ ZKHUH PRVW RI WKH

GDWD SRLQWV DUH FRQFHQWUDWHG� IRU PRVW RI WKH YDULDEOHV �H[FHSW ELOL� WKH XQGHUO\LQJ

UHJUHVVRU LV QHDUO\ OLQHDU� )RU WKLV UHDVRQ ZH ZRXOG H[SHFW WKH OLQHDU PRGHO WR IXQFWLRQ

UHDVRQDEO\ ZHOO� +RZHYHU� IRU D SDWLHQW ZLWK D PRUH H[WUHPH YDOXH IRU DQ\ RI WKH VL[

YDULDEOHV WKH ERRVWHG PRGHO LV IDU VXSHULRU� (YHQ WKRXJK PRVW DSSOLFDWLRQV RI VXUYLYDO

PRGHOV DUH QRW FRQFHUQHG ZLWK VXUYLYDO SUHGLFWLRQ EXW UDWKHU HVWLPDWLRQ RI HmHFWV�

ZKHQ HmHFWV GHSDUW VXEVWDQWLDOO\ IURP OLQHDULW\� DV LQ WKH 3%& GDWDVHW� DFFXUDWH

VXUYLYDO SUHGLFWLRQ IRU DOO SDWLHQWV GHSHQGV RQ D QRQ�OLQHDU HVWLPDWLRQ SURFHGXUH OLNH

ERRVWLQJ�

��� 'LVFXVVLRQ

7KH WUHQG WRZDUG PRGHO PL[LQJ KDG D UHVXUJHQFH LQ HFRQRPLFV �%DWHV DQG *UDQJHU

������ KDV LQFUHDVHG LQ WKH PDFKLQH OHDUQLQJ FRPPXQLW\� DQG LV SDUWLDOO\ DFFHSWHG LQ

WKH VWDWLVWLFV FRPPXQLW\� 5HVHDUFKHUV LQ WKHVH nHOGV SURSRVHG WHFKQLTXHV OLNH EDJJLQJ

�%UHLPDQ ����D�� %D\HVLDQ PRGHO DYHUDJLQJ �0DGLJDQ HW DO� ����� +RHWLQJ HW DO�

������ VWDFNLQJ �:ROSHUW ������ DQG EXPSLQJ �7LEVKLUDQL DQG .QLJKW ����� VKRZLQJ

WKDW WKHLU PHWKRGV VROYHG SUREOHPV DVVRFLDWHG ZLWK GHSHQGHQFH RQ RQH VHOHFWHG PRGHO�

$W LWV nUVW LQWURGXFWLRQ FRPSXWDWLRQDO OHDUQLQJ WKHRULVWV EHOLHYHG WKDW ERRVWLQJ DOVR

nW LQ WKLV FODVV VLQFH LW EXLOW VHYHUDO PRGHOV RQ GLmHUHQW ZHLJKWLQJV RI WKH GDWDVHW DQG

PHUJHG WKHP WRJHWKHU� :KHQ ERRVWLQJ VLPSOH EDVH FODVVLnHUV� SUHGLFWLYH SHUIRUPDQFH

RQ PDQ\ RI WKH FODVVLF EHQFKPDUN GDWDVHWV LQFUHDVHG� 5HVHDUFKHUV EHOLHYHG WKHVH

UHVXOWV LPSOLHG WKDW ERRVWLQJ ZDV QRZ WKH EHVW RI WKLV FODVV RI DOJRULWKPV�

5HVHDUFK� LQFOXGLQJ WKLV ZRUN� LV QRZ VKRZLQJ WKDW ERRVWLQJ UHSUHVHQWV D QHZ FODVV

RI OHDUQLQJ DOJRULWKPV WKDW )ULHGPDQ FRUUHFWO\ QDPHG ?JUDGLHQW PDFKLQHV�� $V DOO

WKH H[WHQVLRQV GHVFULEHG KHUH VKRZ� ERRVWLQJ LWHUDWLYHO\ nWV VRPH IRUP RI WKH UHVLGXDO�
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UHJLRQV RI WKH VDPSOH VSDFH ZKHUH WKH PRGHO
V SUHGLFWLRQV DUH PLVVLQJ WKH WDUJHW GDWD�

$OWKRXJK WKH YDULRXV ERRVWLQJ FODVVLnFDWLRQ SURFHGXUHV �$GD%RRVW� /RJLW%RRVW� HWF��

DOWHUHG WKH ORVV IXQFWLRQ WKDW WKH DOJRULWKP RSWLPL]HG� WKH VXEVHTXHQW LWHUDWLRQ VLPSO\

nW WKH WUDLQLQJ UHVLGXDOV IRU ZKLFK WKH FXUUHQW UHJUHVVLRQ IXQFWLRQ HVWLPDWH GLG QRW

\HW DFFRXQW� 7KLV EHLQJ WKH FDVH WKH RULJLQDO FODVV RI PRGHO PL[LQJ SURFHGXUHV DUH

QRW LQ FRPSHWLWLRQ ZLWK ERRVWLQJ EXW UDWKHU FDQ FRH[LVW LQVLGH RU RXWVLGH D ERRVWLQJ

DOJRULWKP� 7KDW LV� RQH FRXOG DYHUDJH DFURVV ERRVWHG HVWLPDWHV RU SHUIRUP EDJJLQJ

DQG EXPSLQJ ZLWKLQ D ERRVWLQJ LWHUDWLRQ�

,Q WKH ODVW IHZ \HDUV ERRVWLQJ KDV LPSURYHG WKH SHUIRUPDQFH RI PDQ\ FODVVLnHUV RQ

UHDO GDWDVHWV� , KDYH EHHQ DEOH WR LPSRUW WKLV PHWKRGRORJ\ LQWR VWDWLVWLFV E\ WDNLQJ WKH

SHUVSHFWLYH WKDW ERRVWLQJ DOJRULWKPV DUH IXQFWLRQDO RSWLPL]DWLRQ DOJRULWKPV� 8VLQJ

YDULRXV RSWLPL]DWLRQ WHFKQLTXHV , KDYH SURGXFHG FODVVHV RI DOJRULWKPV IRU ERRVWLQJ

PRGHOV WKDW DUH D SDUW RI VWDQGDUG VWDWLVWLFDO SUDFWLFH� WKH H[SRQHQWLDO IDPLO\ DQG

SURSRUWLRQDO KD]DUGV UHJUHVVLRQ PRGHOV�

6HYHUDO DXWKRUV KDYH DOUHDG\ REVHUYHG LPSURYHPHQW LQ SUHGLFWLYH SHUIRUPDQFH IRU

ORJLVWLF� QRUPDO� DQG UREXVW UHJUHVVLRQ� +HUH , KDYH VKRZQ WKDW WKH VDPH LGHDV FDQ

LPSURYH SUHGLFWLYH SHUIRUPDQFH IRU 3RLVVRQ �FRPSDUHG ZLWK WKH 3RLVVRQ JHQHUDOL]HG

DGGLWLYH PRGHO� DQG &R[ SURSRUWLRQDO KD]DUGV PRGHOV �FRPSDUHG WR WKH OLQHDU &R[

PRGHO��

6RIWZDUH ZULWWHQ LQ &�� ZLWK DQ RSWLRQDO 6�SOXV LQWHUIDFH LV DYDLODEOH IURP WKH

DXWKRU IRU WKH ERRVWHG H[SRQHQWLDO IDPLO\ PRGHOV DQG WKH &R[ SURSRUWLRQDO KD]DUGV

PRGHO� $V UHVHDUFK HYROYHV LQ WKLV DUHD� SDUWLFXODUO\ LQFRUSRUDWLQJ YDULDWLRQV RQ WKH

JUDGLHQW VWHSV� WKLV VRIWZDUH ZLOO QHHG WR LQFRUSRUDWH WKHVH HQKDQFHPHQWV� 7KHVH

DOJRULWKPV VKRZ JUHDW SURPLVH IRU JHQXLQH PDVVLYH GDWDVHW DQDO\VLV WKURXJK UREXVW

UHJUHVVLRQ� ZHLJKW WULPPLQJ� DQG JUDGLHQW VWHSSLQJ XVLQJ GLVMRLQW EORFNV RI GDWD� $O�

WKRXJK WKH DOJRULWKP
V GHULYDWLRQ H[SRVHV VWDJHV DW ZKLFK WKHVH LPSURYHPHQWV FRXOG

EH PDGH� WKH VRIWZDUH LPSOHPHQWDWLRQ VR IDU GRHV QRW WDNH DGYDQWDJH RI DOO WKHVH

IHDWXUHV�
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7R VXPPDUL]H� LQ WKLV FKDSWHU , KDYH

q GHYHORSHG D JHQHUDO ERRVWLQJ DOJRULWKP IRU H[SRQHQWLDO IDPLO\ PRGHOV EDVHG RQ
)LVKHU VFRULQJ�

q VKRZHG WKDW WKH /RJLW%RRVW DOJRULWKP RI )ULHGPDQ� +DVWLH� DQG 7LEVKLUDQL

������ IDOOV LQ WKLV FODVV�

q GHULYHG D ERRVWLQJ DOJRULWKP IRU H[SRQHQWLDO IDPLO\ PRGHOV EDVHG RQ JUDGLHQW

DVFHQW� ZKLFK FDQ XVH H[LVWLQJ VRIWZDUH IRU WKH UHODWHG OLQHDU PRGHO�

q SURGXFHG ERRVWLQJ DOJRULWKPV IRU SDUDPHWULF SURSRUWLRQDO KD]DUGV PRGHOV�

q H[WHQGHG WKH ERRVWHG 3RLVVRQ PRGHO E\ )LVKHU VFRULQJ DV DQ DSSUR[LPDWLRQ WR
ERRVWLQJ WKH &R[ PRGHO�

q H[WHQGHG WKH JUDGLHQW DVFHQW DSSURDFK WR ERRVW WKH &R[ SURSRUWLRQDO KD]DUGV
PRGHO� DQ DOJRULWKP ZKLFK FDQ XWLOL]H VRIWZDUH IRU nWWLQJ WKH OLQHDU &R[ PRGHO�

q GLVFXVVHG LPSURYLQJ H[LVWLQJ ERRVWLQJ DOJRULWKPV E\ LQFRUSRUDWLQJ FRQWURO RYHU
WKH UDWH RI OHDUQLQJ� YDULDQFH UHGXFWLRQ� UREXVW PHWKRGV� LQWHUSUHWDELOLW\� DQG

GDWD UHGXFWLRQ IRU FRPSXWDWLRQDO SHUIRUPDQFH�

q HYDOXDWHG WKH ERRVWHG 3RLVVRQ PRGHO RQ VLPXODWHG GDWD� DQG

q HYDOXDWHG WKH ERRVWHG &R[ PRGHO RQ D UHDO GDWDVHW IRU SULPDU\ ELOLDU\ FLUUKRVLV�

7KLV LV D ODUJH VWHS LQ GHPRQVWUDWLQJ WKH ZLGH DSSOLFDELOLW\ RI ERRVWLQJ PHWKRGV�

%RRVWLQJ KDV WKH SRWHQWLDO WR ZRUN LWV ZD\ LQWR DOO WKH RWKHU UHJUHVVLRQ PRGHOV WKDW

UHPDLQ DW ODUJH�
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7KH DGYHQW RI WKH PDVVLYH GDWDVHW DQG WKH H[SDQVLRQ RI WKH nHOG RI GDWD PLQ�

LQJ KDV FUHDWHG WKH QHHG WR SURGXFH VWDWLVWLFDOO\ VRXQG PHWKRGV WKDW VFDOH WR WKHVH

ODUJH SUREOHPV� $OWKRXJK VWDWLVWLFV LQ WKH SDVW KDV GHDOW ZLWK H[WUDFWLQJ PD[LPXP

LQIRUPDWLRQ IURP D VPDOO GDWDVHW� WKHVH QHZ SUREOHPV UHTXLUH PHWKRGV WKDW FDQ FRP�

SUHVV WKH PDVVLYH GDWDVHW LQ D UHDVRQDEOH DPRXQW RI WLPH LQWR VRPHWKLQJ KXPDQO\

XQGHUVWDQGDEOH�

,Q WKLV FKDSWHU , ZLOO SURSRVH RQH PHWKRG WKDW SHUPLWV %D\HVLDQ LQIHUHQFH LQ PDV�

VLYH GDWDVHWV IRU D ODUJH FODVV RI PRGHOV� , ZLOO DOVR RXWOLQH VRPH LGHDV IRU SHUIRUPLQJ

DSSUR[LPDWH LQIHUHQFH EDVHG RQ ?OLNHOLKRRG FOXVWHULQJ��

��� 6WDWLVWLFV DQG GDWD PLQLQJ

7KH UDSLG LQFUHDVH LQ DXWRPDWHG LQIRUPDWLRQ JDWKHULQJ IURP VRXUFHV VXFK DV WKH

FKHFNRXW FRXQWHU� WKH :RUOG :LGH :HE� DQG RUELWLQJ VDWHOOLWHV KDV IDU RXWSDFHG WKH

GHYHORSPHQW RI WRROV WR DQDO\]H GDWD oRZLQJ LQ VXFK TXDQWLWLHV� 7KH nHOG RI .QRZO�

HGJH 'LVFRYHU\ DQG 'DWD PLQLQJ �.''� JUHZ SULPDULO\ RXW RI FRPSXWHU VFLHQFH WR

PHHW WKH JURZLQJ QHHG� (YHQ WKRXJK VWDWLVWLFLDQV KDYH EHHQ DW WKH IRUHIURQW RI GDWD

DQDO\VLV IRU RYHU D FHQWXU\� GDWD PLQLQJ JUHZ ZLWK OLWWOH LQWHUDFWLRQ IURP WKH VWD�

WLVWLFDO FRPPXQLW\� 7KH GDWDVHWV DUH PDVVLYH� KLJK�GLPHQVLRQDO� RIWHQ UHWURVSHFWLYH�

DQG UDUHO\ FOHDQ� 1HYHUWKHOHVV� WKH PDUNHW GHPDQG H[LVWV IRU QHZ PHWKRGV RI GDWD

PDQDJHPHQW DQG QHZ VHWV RI DOJRULWKPV WR H[WUDFW DFFXUDWH DQG XOWLPDWHO\ XVHIXO

LQIRUPDWLRQ IURP WKHVH PDVVLYH VWRUHV RI GDWD�
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7KH QHHG IRU SURSHU VWDWLVWLFDO DQDO\VLV KDV QRW JRQH XQQRWLFHG LQ WKH GDWD PLQLQJ

FRPPXQLW\� 6WDWLVWLFDO FRQFHSWV VXFK DV ODWHQW YDULDEOHV� VSXULRXV FRUUHODWLRQ� DQG

SUREOHPV LQYROYLQJ PRGHO VHDUFK DQG VHOHFWLRQ KDYH DSSHDUHG LQ ZLGHO\ QRWHG GDWD

PLQLQJ OLWHUDWXUH �(OGHU DQG 3UHJLERQ ����� *O\PRXU� 0DGLJDQ� 3UHJLERQ� DQG 6P\WK

������ +RZHYHU� DOJRULWKPV� PRGHO nWWLQJ PHWKRGV WKDW DFWXDOO\ ZRUN RQ PDVVLYH

GDWDVHWV� KDYH EHHQ VORZ WR DSSHDU� 7RR PDQ\ RI WKHVH DOJRULWKPV EHJLQ E\ D ?ORDG

GDWD LQWR PHPRU\� VWHS� 7KH YLVLRQ IRU DQ LGHDO GDWD PLQLQJ DOJRULWKP LV RQH WKDW

UHTXLUHV D VLQJOH VFDQ RI WKH GDWDVHW WR SURGXFH WKH nQDO UHVXOW� )RU DOO EXW WKH

VLPSOHVW RI PRGHOV LQ ZKLFK VXpFLHQW VWDWLVWLFV DUH HDVLO\ FRPSXWDEOH WKLV JRDO LV IDU

IURP EHLQJ REWDLQHG�

,I WKH PRVW VHYHUH SHQDOW\ FRPHV ZKHQ UHTXHVWLQJ GDWD� DOJRULWKPV PLJKW H[LVW

WKDW RQO\ XVH VPDOO PDQDJHDEOH SRUWLRQV RI WKH GDWDVHW DW DQ\ RQH WLPH� $ VHFRQG

VWDJH PLJKW WKHQ SHUIRUP D VHTXHQWLDO VFDQ RI WKH UHPDLQLQJ REVHUYDWLRQV� PRGLI\LQJ

WKH PRGHO nW ZLWK HDFK DGGLWLRQDO REVHUYDWLRQ� ,Q WKLV FKDSWHU� , LQWURGXFH D %D\HVLDQ

IUDPHZRUN WKDW PD\ EH D VWDUWLQJ SRLQW IRU VXFK DOJRULWKPV�

��� $Q LPSRUWDQFH VDPSOLQJ DOJRULWKP IRU %D\HVLDQ LQIHUHQFH LQ PDV�

VLYH GDWDVHWV

,Q WKLV VHFWLRQ , LQWURGXFH DQ DOJRULWKP EDVHG RQ LPSRUWDQFH VDPSOLQJ WR IDFLOLWDWH

0RQWH &DUOR VLPXODWLRQV ZKHQ WKH SRVWHULRU GLVWULEXWLRQ FRQGLWLRQV RQ D PDVVLYH

GDWDVHW� 7KH PHWKRG XVHV D SRVWHULRU GLVWULEXWLRQ FRQGLWLRQHG RQ D VPDOOHU� PRUH

PDQDJHDEOH SDUWLWLRQ RI WKH GDWDVHW DV D VDPSOLQJ GLVWULEXWLRQ� :LWK WKLV FKRLFH WKH

LPSRUWDQFH ZHLJKW IXQFWLRQ LV VLPSOH IRU DQ\ UHDGLO\ FRPSXWDEOH OLNHOLKRRG IXQFWLRQ�

,QFRUSRUDWLQJ WKH HQWLUH GDWDVHW UHTXLUHV RQO\ RQH VFDQ RI WKH UHPDLQLQJ REVHUYDWLRQV�

'HULYHG IURP DQ DGDSWLYH LPSRUWDQFH VDPSOLQJ DOJRULWKP� , SURSRVH SUHGLFWLYH ZHLJKW

WULPPLQJ WR JDLQ IXUWKHU VDPSOLQJ HpFLHQF\�

2QH PLJKW nUVW ZRQGHU LI 0RQWH &DUOR WHFKQLTXHV IRU D IXOO %D\HVLDQ DQDO\VLV DUH
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QHFHVVDU\� ([FHSW IRU WKH VLPSOHVW RI PRGHOV DQG UHJDUGOHVV RI WKH VW\OH RI LQIHUHQFH�

HVWLPDWLRQ DOJRULWKPV DOPRVW DOZD\V UHTXLUH UHSHDWHG VFDQV RI WKH GDWDVHW� :H NQRZ

WKDW IRU ZHOO�EHKDYHG OLNHOLKRRGV DQG SULRUV� WKH SRVWHULRU GLVWULEXWLRQ FRQYHUJHV WR

D PXOWLYDULDWH QRUPDO �/H &DP DQG <DQJ ����� 'H*URRW ������ )RU ODUJH EXW nQLWH

VDPSOHV WKLV DSSUR[LPDWLRQ ZRUNV UDWKHU ZHOO RQ PDUJLQDO GLVWULEXWLRQV DQG ORZHU

GLPHQVLRQDO FRQGLWLRQDO GLVWULEXWLRQV EXW GRHV QRW DOZD\V SURYLGH DQ DFFXUDWH DS�

SUR[LPDWLRQ WR WKH IXOO MRLQW GLVWULEXWLRQ �*HOPDQ� &DUOLQ� 6WHUQ� DQG 5XELQ ������

7KH QRUPDO DSSUR[LPDWLRQ DOVR DVVXPHV WKDW RQH KDV WKH PD[LPXP OLNHOLKRRG HV�

WLPDWH IRU WKH SDUDPHWHU DQG WKH REVHUYHG RU H[SHFWHG LQIRUPDWLRQ PDWUL[� (YHQ

QRUPDO SRVWHULRU DSSUR[LPDWLRQV DQG PD[LPXP OLNHOLKRRG FDOFXODWLRQV FDQ UHTXLUH

KHDY\ FRPSXWDWLRQ� 1HZWRQ�5DSKVRQ W\SH DOJRULWKPV IRU PD[LPXP OLNHOLKRRG HV�

WLPDWLRQ UHTXLUH VHYHUDO VFDQV RI WKH GDWDVHW� DW OHDVW RQH IRU HDFK LWHUDWLRQ� :KHQ

VRPH REVHUYDWLRQV DOVR KDYH PLVVLQJ GDWD� WKH DOJRULWKPV �(0� IRU H[DPSOH� OLNHO\

ZLOO GHPDQG HYHQ PRUH VFDQV� )RU VRPH PRGHOV� GDWDVHW VL]HV� DQG DSSOLFDWLRQV WKHVH

DSSUR[LPDWLRQ PHWKRGV PD\ ZRUN DQG EH SUHIHUDEOH WR D IXOO %D\HVLDQ DQDO\VLV� 7KLV

ZLOO QRW DOZD\V EH WKH FDVH DQG VR WKH QHHG H[LVWV IRU LPSURYHG WHFKQLTXHV WR OHDUQ

DFFXUDWHO\ IURP PDVVLYH GDWDVHWV�

6XPPDULHV RI UHVXOWV IURP D %D\HVLDQ GDWD DQDO\VHV RIWHQ FRPH LQ WKH IRUP RI

H[SHFWDWLRQV VXFK DV WKH PDUJLQDO PHDQ� YDULDQFH� DQG FRYDULDQFH RI WKH SDUDPHWHUV

RI LQWHUHVW� :H FRPSXWH WKH H[SHFWHG YDOXH RI WKH TXDQWLW\ RI LQWHUHVW� K�t�� XVLQJ

(�K�t�M[�� c c c � [Q�  
=
K�t�I�tM[�� c c c � [Q�Gt �����

ZKHUH I�tM[�� LV WKH SRVWHULRU GLVWULEXWLRQ RI WKH SDUDPHWHUV JLYHQ WKH REVHUYHG GDWD�
&RPSXWDWLRQ RI WKHVH H[SHFWDWLRQV UHTXLUHV FDOFXODWLQJ LQWHJUDOV WKDW� IRU DOO EXW WKH

VLPSOHVW H[DPSOHV� DUH GLpFXOW WR FRPSXWH LQ FORVHG IRUP� 0RQWH &DUOR LQWHJUDWLRQ

PHWKRGV VDPSOH IURP WKH SRVWHULRU� I�tM[�� DQG DSSHDO WR WKH ODZ RI ODUJH QXPEHUV
WR HVWLPDWH WKH LQWHJUDOV�

OLP
P��

�

P

P;
L �

K�tL�  
=
K�t�I�tM[�� c c c � [Q�Gt �����



���

ZKHUH tL DUH P LQGHSHQGHQW DQG LGHQWLFDOO\ GLVWULEXWHG �LLG� GUDZV IURP I�tM[��
7KH DELOLW\ WR FRPSXWH WKHVH H[SHFWDWLRQV HpFLHQWO\� WKHUHIRUH� LV HTXLYDOHQW WR

EHLQJ DEOH WR VDPSOH HpFLHQWO\ IURP I�tM[�� 6DPSOLQJ VFKHPHV DUH RIWHQ GLpFXOW
HQRXJK ZLWKRXW WKH EXUGHQ RI ODUJH GDWDVHWV� 7KH DGGLWLRQDO FRPSOH[LW\ RI PDVVLYH

GDWDVHWV XVXDOO\ FDXVHV HDFK LWHUDWLRQ RI WKH 0RQWH &DUOR VDPSOHU WR EH VORZHU� :KHQ

WKH QXPEHU RI LWHUDWLRQV DOUHDG\ QHHGV WR EH ODUJH� HpFLHQW SURFHGXUHV ZLWKLQ HDFK

LWHUDWLRQ DUH HVVHQWLDO WR WLPHO\ GHOLYHU\ RI UHVXOWV�

([DPSOH ��� �/RJLVWLF UHJUHVVLRQ�

,Q SUHGLFWLRQ SUREOHPV LQ ZKLFK ZH ZLVK WR SUHGLFW D ELQDU\ UHVSRQVH� < � IURP D VHW

RI G SUHGLFWRUV� [� OLQHDU ORJLVWLF UHJUHVVLRQ PRGHOV DUH RIWHQ XVHIXO� ,Q WKLV PRGHOLQJ

IUDPHZRUN ZH DVVXPH WKDW < LV D %HUQRXOOL UDQGRP YDULDEOH ZLWK SUREDELOLW\ SDUDP�

HWHU� S�[�� 7KDW LV� JLYHQ [L� <L ZLOO EH � ZLWK SUREDELOLW\ S�[L� DQG � RWKHUZLVH� 7KH

OLQHDU ORJLVWLF DVVXPSWLRQ DVVXPHV WKDW
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*LYHQ D GDWDVHW FRPSRVHG RI 1 SDLUV� �\L�[L�� %D\HV
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ZKHUH I�n� LV WKH SULRU GLVWULEXWLRQ IRU n� RIWHQ D PXOWLYDULDWH QRUPDO GHQVLW\ ZLWK

PHDQ � DQG D GLDJRQDO FRYDULDQFH PDWUL[ ZLWK ODUJH YDULDQFHV �H�J� ����� $OJRULWKPV

IRU VDPSOLQJ IURP WKLV SRVWHULRU UHVRUW WR 0DUNRY &KDLQ 0RQWH &DUOR PHWKRGV� (DFK

LWHUDWLRQ FRPSXWHV I�nM\�[� �PRUH RIWHQ� LWV IXOO FRQGLWLRQDO GLVWULEXWLRQV� IRU D VDP�
SOHG YDOXH RI n� +RZHYHU� DQ HYDOXDWLRQ RI I�nM\�[� RU LWV IXOO FRQGLWLRQDOV UHTXLUHV
D VFDQ RI WKH GDWDVHW WR SURGXFH WKH OLQHDU FRPELQDWLRQ RI SUHGLFWRU YDULDEOHV IRU
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HDFK REVHUYDWLRQ� 0&0& PHWKRGV DOUHDG\ UHTXLUH D ODUJH QXPEHU RI LWHUDWLRQV� 3HU�

IRUPDQFH GHWHULRUDWHV IXUWKHU ZKHQ HDFK LWHUDWLRQ VFDQV WKH IXOO GDWDEDVH� SRWHQWLDOO\

UHDGLQJ IURP D GLVN WKRVH REVHUYDWLRQV XQDEOH WR nW LQWR WKH FRPSXWHU
V PDLQ PHPRU\�

2XU JRDO WKHQ LV WR GHYHORS D SURFHGXUH WKDW XVHV D SRUWLRQ RI WKH GDWDVHW WR

FRQVWUXFW DQ LQLWLDO SRVWHULRU GLVWULEXWLRQ� 7KHQ ZLWK RQH� PD\EH WZR� VFDQV RI WKH

UHPDLQLQJ GDWDVHW� UHFRQVWUXFW WKH SRVWHULRU DV LI ZH KDG FRQGLWLRQHG RQ WKH HQWLUH

GDWDVHW LQ WKH nUVW SODFH�

����� ,PSRUWDQFH VDPSOLQJ

,PSRUWDQFH VDPSOLQJ LV D JHQHUDO 0RQWH &DUOR PHWKRG IRU FRPSXWLQJ LQWHJUDOV� $V

SUHYLRXVO\ PHQWLRQHG� 0RQWH &DUOR PHWKRGV DSSUR[LPDWH LQWHJUDOV RI WKH IRUP ����

(TXDWLRQ ��� GHSHQGV RQ WKH DELOLW\ WR VDPSOH IURP I�tM[�� :KHQ D VDPSOLQJ PHFKD�
QLVP LV QRW UHDGLO\ DYDLODEOH IRU WKH ?WDUJHW GLVWULEXWLRQ�� I�tM[�� EXW RQH LV DYDLODEOH
IRU DQRWKHU ?VDPSOLQJ GLVWULEXWLRQ�� J�t�� ZH FDQ XVH LPSRUWDQFH VDPSOLQJ� 1RWH WKDW

IRU ��� ZH FDQ ZULWH

=
K�t�I�tM[�� � � � � [Q�Gt  

=
K�t�

I�tM[�
J�t�

J�t�Gt �����

 OLP
P��

P;
L �

K�tL�ZL �����

ZKHUH tL LV D GUDZ IURP J�t� DQG ZL  
I�tLM[�

J�tL�
� 1RWH WKDW WKH H[SHFWHG YDOXH RI ZL XQGHU

J�t� LV �� 7KHUHIRUH� LI ZH DUH DEOH WR FRPSXWH WKH LPSRUWDQFH VDPSOLQJ ZHLJKWV� ZL�

RQO\ XS WR D FRQVWDQW RI SURSRUWLRQDOLW\� ZH FDQ QRUPDOL]H WKH ZHLJKWV WR FRPSXWH

WKH LQWHJUDO�

=
K�t�I�tM[�� � � � � [Q�Gt  OLP

P��

3P
L � K�tL�ZL3P

L �ZL

�����

1DWXUDOO\� LQ RUGHU IRU WKH VDPSOLQJ GLVWULEXWLRQ WR EH XVHIXO� GUDZLQJ IURP J�t�

PXVW EH HDV\� :H DOVR ZDQW RXU VDPSOLQJ GLVWULEXWLRQ WR EH VXFK WKDW WKH OLPLW
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FRQYHUJHV TXLFNO\ WR WKH YDOXH RI WKH LQWHJUDO� 7KH EHVW FKRLFH IRU WKH VDPSOLQJ

GLVWULEXWLRQ LV J�t� � MK�t�I�tM[�M �*HZHNH ������ :LWK WKLV VDPSOLQJ GLVWULEXWLRQ
WKH 0RQWH &DUOR YDULDQFH UHGXFHV WR ]HUR� +RZHYHU� VXFK D VDPSOLQJ GLVWULEXWLRQ

PRVW OLNHO\ UHTXLUHV WKDW ZH NQRZ WKH YDOXH RI WKH LQWHJUDO LQ WKH nUVW SODFH�

,I WKH WDLOV RI J�t� GHFD\ IDVWHU WKDQ I�tM[� WKH ZHLJKWV ZLOO EH QXPHULFDOO\ XQVWDEOH�
,I WKH WDLOV RI J�t� GHFD\ PXFK PRUH VORZO\ WKDQ I�tM[� ZH ZLOO IUHTXHQWO\ VDPSOH IURP
UHJLRQV ZHUH WKH ZHLJKW ZLOO EH FORVH WR ]HUR� ZDVWLQJ FRPSXWDWLRQ WLPH� 6HFRQG WR

VDPSOLQJ GLUHFWO\ IURP I�tM[�� ZH ZRXOG OLNH D VDPSOLQJ GLVWULEXWLRQ VOLJKWO\ IDWWHU
WKDQ I�tM[��
,Q WKH QH[W VHFWLRQ , VKRZ WKDW ZKHQ ZH VHW WKH VDPSOLQJ GHQVLW\ WR EH I�tMJ���

ZKHUH J� LV D PDQDJHDEOH VXEVHW RI WKH HQWLUH GDWDVHW� WKH LPSRUWDQFH ZHLJKWV IRU HDFK

VDPSOHG tL UHTXLUH RQO\ RQH VHTXHQWLDO VFDQ RI WKH UHPDLQLQJ REVHUYDWLRQV�

����� ,PSRUWDQFH VDPSOLQJ IRU LQIHUHQFH LQ PDVVLYH GDWDVHWV

,GHDOO\� ZH ZRXOG OLNH WR VDPSOH HpFLHQWO\ DQG WDNH DGYDQWDJH RI DOO WKH LQIRUPDWLRQ

DYDLODEOH LQ WKH GDWDVHW� $ IDFWRUL]DWLRQ RI WKH LQWHJUDQG VKRZV WKDW WKLV LV SRVVLEOH

ZKHQ WKH REVHUYDWLRQV� [L� DUH LLG JLYHQ WKH SDUDPHWHUV� t� /HW J� DQG J� EH D SDUWLWLRQ

RI WKH GDWDVHW VR WKDW HYHU\ REVHUYDWLRQ LV LQ HLWKHU J� RU J��

$V QRWHG IRU ��� ZH ZRXOG OLNH WR VDPSOH IURP I�tM[�� � � � � [Q�  I�tMJ�� J��� 6LQFH
VDPSOLQJ IURP I�tMJ�� J�� LV GLpFXOW GXH WR WKH VL]H RI WKH GDWDVHW� , FRQVLGHU VDPSOLQJ
RQO\ IURP I�tMJ�� DQG XVLQJ LPSRUWDQFH VDPSOLQJ WR DGMXVW� ,I tL� L  �� � � � �P DUH

GUDZV IURP I�tMJ�� WKHQ ZH FDQ HVWLPDWH WKH SRVWHULRU H[SHFWDWLRQ ��� DV

A(�K�t�MJ�� J��  
3P

L � K�tL�ZL3P
L �ZL

�����

ZKHUH WKH ZL
V DUH WKH LPSRUWDQFH VDPSOLQJ ZHLJKWV

ZL  
I�tLMJ�� J��
I�tLMJ�� � �����
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$OWKRXJK WKHVH ZHLJKWV VWLOO LQYROYH WKH FRPSXWDWLRQ RI I�tLMJ�� J��� WKH\ DFWXDOO\
VLPSOLI\ WR D FRPSXWDEOH IRUP�

ZL  
I�tLMJ�� J��
I�tLMJ��

 
I�J�� J�MtL�I�tL�

I�J�� J��

I�J��

I�J�MtL�I�tL� ������

 
I�J�MtL�I�J�MtL�I�J��
I�J�MtL�I�J�� J�� ������

 
I�J�MtL�
I�J�MJ��

� I�J�MtL� ������

/LQH ���� IROORZV IURP DSSO\LQJ %D\HV
 WKHRUHP WR WKH QXPHUDWRU DQG GHQRPLQDWRU�

(TXDWLRQ ���� IROORZV IURP ���� VLQFH WKH REVHUYDWLRQV LQ WKH GDWDVHW SDUWLWLRQ J�

DUH LQGHSHQGHQW IURP WKRVH LQ J�� &RQYHQLHQWO\� ���� LV MXVW WKH OLNHOLKRRG RI WKH

REVHUYDWLRQV LQ J� HYDOXDWHG DW WKH VDPSOHG YDOXH RI t� 7KH DOJRULWKP VKRZQ LQ

nJXUH ��� VXPPDUL]HV WKHVH UHVXOWV�

$V DQ DOWHUQDWLYH WR LPSRUWDQFH VDPSOLQJ� I�tMJ�� FRXOG ZRUN� DQDO\WLFDOO\ DW
OHDVW� DV D SURSRVDO GLVWULEXWLRQ ZLWKLQ D 0HWURSROLV LQGHSHQGHQFH VDPSOHU� +RZHYHU�

FRPSXWLQJ WKH DFFHSWDQFH SUREDELOLW\ DOPRVW FHUWDLQO\ ZLOO UHTXLUH D VFDQ RI J�� ZKLFK

ZH KRSH WR KDYH WR GR DV IHZ WLPHV DV SRVVLEOH�

6R UDWKHU WKDQ VDPSOH IURP WKH SRVWHULRU FRQGLWLRQHG RQ DOO RI WKH GDWD� J� DQG

J�� ZKLFK VORZV WKH VDPSOLQJ SURFHGXUH� ZH QHHG RQO\ WR VDPSOH IURP WKH SRVWHULRU

FRQGLWLRQHG RQ J�� 7KH UHPDLQLQJ GDWD� J�� VLPSO\ DGMXVWV WKH VDPSOHG SDUDPHWHU

YDOXHV E\ UHZHLJKWLQJ� 7KH IRU ORRSV LQ VWHS � RI nJXUH ��� DUH LQWHUFKDQJHDEOH�

7KH WULFN KHUH LV WR KDYH WKH LQQHU ORRS VFDQ WKURXJK WKH GUDZV VR WKDW WKH RXWHU

ORRS RQO\ QHHGV WR VFDQ J� RQFH WR XSGDWH WKH ZHLJKWV� $OWKRXJK WKHRUHWLFDOO\ WKH

VDPH FRPSXWDWLRQV WDNH SODFH� LQ SUDFWLFH SK\VLFDOO\ VFDQQLQJ D PDVVLYH GDWDVHW LV IDU

PRUH H[SHQVLYH WKDQ VFDQQLQJ D SDUDPHWHU OLVW� +RZHYHU� PDVVLYH PRGHOV DV ZHOO DV

PDVVLYH GDWDVHWV H[LVW VR WKDW LQ WKHVH FDVHV VFDQQLQJ WKH GDWDVHW ZRXOG EH FKHDSHU
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�� /RDG DV PXFK GDWD LQWR PHPRU\ DV SRVVLEOH WR IRUP J�� WDNLQJ LQWR DFFRXQW

VSDFH UHTXLUHPHQWV IRU WKH 0RQWH &DUOR DOJRULWKP�

�� 'UDZP WLPHV IURP I�tMJ�� YLD GLUHFW VLPXODWLRQ� 0RQWH &DUOR� RU 0DUNRY &KDLQ
0RQWH &DUOR�

�� 3XUJH WKH PHPRU\ RI J��

�� &UHDWH D YHFWRU RI OHQJWK P WR VWRUH WKH ORJ�ZHLJKWV DQG LQLWLDOL]H WKHP WR ��

�� ,WHUDWH WKURXJK WKH UHPDLQLQJ REVHUYDWLRQV� )RU HDFK REVHUYDWLRQ� [M� XSGDWH

WKH ORJ�ZHLJKWV RQ DOO RI WKH GUDZV IURP I�tMJ���

)RU [M LQ WKH SDUWLWLRQ J� GR

I
IRU L LQ �� � � � �P GR

I
ORJZL � ORJZL � ORJ I�[MMtL�

J
J

�� 5HVFDOH WR FRPSXWH WKH ZHLJKWV

ZL � H[S �ORJZL bPD[�ORJZL��

ZL � ZL3P
L �ZL

)LJXUH ���� ,PSRUWDQFH VDPSOLQJ IRU PDVVLYH GDWDVHWV
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WKDQ VFDQQLQJ WKH VDPSOHG SDUDPHWHU YHFWRUV� , ZLOO FRQWLQXH WR DVVXPH WKDW VFDQQLQJ

WKH GDWDVHW LV WKH PDLQ LPSHGLPHQW WR WKH GDWD DQDO\VLV�

:H FHUWDLQO\ FDQ VDPSOH IURP I�tMJ�� PRUH HpFLHQWO\ WKDQ IURP I�tMJ�� J�� VLQFH
VLPXODWLQJ IURP I�tMJ�� ZLOO UHTXLUH D VFDQ RI D PXFK VPDOOHU SRUWLRQ RI WKH GDWDVHW�
)RU UHDVRQV GLVFXVVHG ODWHU� WKH DOJRULWKP ZRUNV EHVW ZKHQ J� LV DV ODUJH DV SRVVLEOH�

:H DOVR DVVXPH WKDW� IRU D JLYHQ YDOXH RI t� WKH OLNHOLKRRG LV UHDGLO\ FRPSXWDEOH

XS WR D FRQVWDQW� ZKLFK LV DOPRVW DOZD\V WKH FDVH� :KHQ VRPH GDWD DUH PLVVLQJ� WKH

SURFHVVLQJ RI DQ REVHUYDWLRQ LQ J� ZLOO UHTXLUH LQWHJUDWLQJ RXW WKH PLVVLQJ LQIRUPDWLRQ�

6LQFH WKH DOJRULWKP KDQGOHV HDFK REVHUYDWLRQ FDVH E\ FDVH� FRPSXWLQJ WKH REVHUYHG

OLNHOLKRRG DV DQ LPSRUWDQFH ZHLJKW ZLOO EH PXFK PRUH HpFLHQW WKDQ LI LW ZDV HPEHGGHG

DQG UHSHDWHGO\ FRPSXWHG LQ D 0HWURSROLV�+DVWLQJV UHMHFWLRQ SUREDELOLW\ FRPSXWDWLRQ�

3ODFLQJ REVHUYDWLRQV ZLWK PLVVLQJ YDOXHV LQ J� JUHDWO\ UHGXFHV WKH QXPEHU RI WLPHV

WKLV LQWHJUDWLRQ VWHS QHHGV WR RFFXU� HDVLQJ OLNHOLKRRG FRPSXWDWLRQV� $VLGH IURP

PLVVLQJ GDWD SUREOHPV� LQ WKH ORJLVWLF UHJUHVVLRQ FDVH� ZKHUH WKH IXOO FRQGLWLRQDOV DUH

QRW LQ D UHDGLO\ VDPSOHG IRUP� WKH OLNHOLKRRG LV VLPSOH WR FRPSXWH� , GHPRQVWUDWH

WKH LPSRUWDQFH VDPSOLQJ DOJRULWKP IRU SRVWHULRU LQIHUHQFH LQ OLQHDU ORJLVWLF UHJUHVVLRQ

PRGHOV LQ H[DPSOH ����

([DPSOH ��� �/RJLVWLF UHJUHVVLRQ� FRQWLQXHG�

7R LPSOHPHQW WKH VDPSOLQJ DOJRULWKP IRU ORJLVWLF UHJUHVVLRQ ZH VHOHFW REVHUYDWLRQV

WR IRUP SDUWLWLRQ J�� $JDLQ� WKLV SDUWLWLRQ LGHDOO\ FRQWDLQV DV PDQ\ REVHUYDWLRQV

DV SRVVLEOH VR WKDW WKH 0&0& DOJRULWKP FDQ SURGXFH HQRXJK GUDZV LQ D UHDVRQDEOH

DPRXQW RI WLPH� 8VLQJ DQ 0&0& DOJRULWKP ZH GUDZ D VDPSOH RI VL]H P IURP I�nMJ���
/HW n���� � � � � n�P� UHSUHVHQW WKRVH GUDZV� %8*6 �6SLHJHOKDOWHU� 7KRPDV� %HVW� DQG

*LONV ����� FDQ SHUIRUP WKLV UDWKHU VLPSO\ ZKHQ J� LV QRW WRR ODUJH� )RU ORJLVWLF

UHJUHVVLRQ WKH OLNHOLKRRG RI DQ REVHUYDWLRQ LV

/�nM\�[�  S�[�\��b S�[���b\ ������
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)LJXUH ���� 0DUJLQDO SRVWHULRU GLVWULEXWLRQ RI n�� n�� DQG n� EHIRUH �KLVWRJUDP� DQG
DIWHU �VPRRWKHG GHQVLW\� DGGLQJ DQ DGGLWLRQDO ������ REVHUYDWLRQV� 7KH YHUWLFDO OLQH
LQGLFDWHV WKH WUXH SDUDPHWHU YDOXH�
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,QLWLDOL]LQJ WKH ORJ�ZHLJKWV WR ]HUR ZH FDQ LWHUDWH WKURXJK WKH REVHUYDWLRQV LQ J�

WR XSGDWH WKH ZHLJKWV DVVRFLDWHG ZLWK HDFK RI WKH VDPSOHG n�L��

7KHQ IRU �\�[�M LQ WKH SDUWLWLRQ J� GR

IRU L LQ �� � � � �P GR

s  n
�L�
� �

3G
M � n

�L�
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ORJZL � ORJZL � \Ms b ORJ�� � Hs�

$IWHU UHVFDOLQJ WKH ZHLJKWV ZH KDYH D ZHLJKWHG VDPSOH IURP WKH SRVWHULRU GLVWUL�

EXWLRQ FRQGLWLRQHG RQ WKH HQWLUH GDWDVHW�

, LQLWLDOO\ WHVWHG WKLV DOJRULWKP RQ D VPDOO VLPXODWHG H[DPSOH� , JHQHUDWHG ������

REVHUYDWLRQV IURP D ORJLVWLF UHJUHVVLRQ PRGHO ZLWK FRHpFLHQWV n  I���� ���� ���J� ,
WKHQ REWDLQHG ������ GUDZV IURP WKH SRVWHULRU GLVWULEXWLRQ RI n XVLQJ DQ 0&0&

DOJRULWKP �YLD %8*6�� 7KLV VDPSOH IURP WKH SRVWHULRU UHSUHVHQWV WKH GUDZV IURP

I�tMJ��� , WKHQ VHTXHQWLDOO\ JHQHUDWHG ������ DGGLWLRQDO REVHUYDWLRQV IURP WKH ORJLVWLF
UHJUHVVLRQ PRGHO ZKLOH XSGDWLQJ WKH LPSRUWDQFH VDPSOLQJ ZHLJKWV RI WKH RULJLQDO
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)LJXUH ���� &RQYHUJHQFH SORWV RI n�� n�� DQG n� IRU WKH ORJLVWLF UHJUHVVLRQ H[DPSOH
ZLWK WKH DGGLWLRQ RI ������� REVHUYDWLRQV� 7KH KRUL]RQWDO OLQH LQGLFDWHV WKH WUXH YDOXH
RI WKH GDWD JHQHUDWLQJ SURFHVV� 7KH PLGGOH FXUYH LV WKH LPSRUWDQFH ZHLJKWHG PHDQ
HVWLPDWH DQG WKH RXWHU EDQGV LQGLFDWH h � VWDQGDUG GHYLDWLRQV�

GUDZV IURP WKH SRVWHULRU GLVWULEXWLRQ� )LJXUH ��� VKRZV KLVWRJUDPV RI WKH PDUJLQDO

SRVWHULRU GLVWULEXWLRQV FRQGLWLRQHG RQ WKH RULJLQDO ������ REVHUYDWLRQV� 7KH VPRRWKHG

GHQVLWLHV DUH WKH LPSRUWDQFH ZHLJKWHG GHQVLWLHV LQFRUSRUDWLQJ WKH DGGLWLRQDO ������

REVHUYDWLRQV�

)LJXUH ��� VKRZV WKH EHKDYLRU RI WKH SRVWHULRU PHDQ DV ZH LQFRUSRUDWH XS WR

������� DGGLWLRQDO REVHUYDWLRQV� :LWK WKH nUVW VHYHUDO WKRXVDQG DGGLWLRQDO REVHU�

YDWLRQV ZH VHH D ODUJH GHFUHDVH LQ WKH YDULDELOLW\ RI WKH SDUDPHWHU HVWLPDWHV� $IWHU

DGGLQJ ������ QHZ REVHUYDWLRQV WKH UDWH RI GHFUHDVH LQ YDULDQFH VORZV GRZQ� )URP

WKHUH RQ ZH VHHP XQDEOH WR H[WUDFW DQ\ PRUH LQIRUPDWLRQ IURP WKH DGGLWLRQDO REVHU�

YDWLRQV�

$V QRWHG HDUOLHU� LPSRUWDQFH VDPSOLQJ LV PRVW HpFLHQW ZKHQ WKH VDPSOLQJ GLVWUL�

EXWLRQ LV FORVH WR WKH GLVWULEXWLRQ IURP ZKLFK ZH ZLVK WR VDPSOH� 6LQFH WKH VDPSOLQJ

GLVWULEXWLRQ FRQGLWLRQV RQ D IDLUO\ ODUJH SRUWLRQ RI WKH GDWDVHW� LW OLNHO\ SODFHV PDVV

LQ VLPLODU UHJLRQV DV WKH WDUJHW GLVWULEXWLRQ� 6LQFH DOO RI WKH WHUPV DUH SRVLWLYH LQ WKH

IDPLOLDU YDULDQFH UHODWLRQVKLS

9DU�tMJ��  (�9DU�tMJ�� J��� � 9DU�(�tMJ�� J���� ������
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WKH SRVWHULRU YDULDQFH ZLWK WKH DGGLWLRQDO REVHUYDWLRQV LQ J� RQ DYHUDJH ZLOO EH VPDOOHU

WKDQ WKH SRVWHULRU YDULDQFH FRQGLWLRQHG RQO\ RQ J�� 7KH DGGLWLRQ RI J� FDQ LQFUHDVH WKH

YDULDQFH �VHH 6SLHJHOKDOWHU DQG &RZHOO ������ IRU DQ H[DPSOH� EXW ZH DVVXPH WKDW J� LV

ODUJH HQRXJK VR WKDW ZH DFKLHYH WKH DYHUDJLQJ HmHFW� 7KHUHIRUH� DOWKRXJK WKH ORFDWLRQ

RI WKH VDPSOLQJ GLVWULEXWLRQ VKRXOG EH FORVH WR WKH WDUJHW GLVWULEXWLRQ� LWV VSUHDG ZLOO

PRVW OLNHO\ EH ZLGHU WKDQ WKDW RI WKH WDUJHW� SUHYHQWLQJ XQVWDEOH LPSRUWDQFH ZHLJKWV�

$V PRUH DGGLWLRQDO REVHUYDWLRQV EHFRPH DYDLODEOH� WKDW LV� WKH VL]H RI J� JURZV�

WKH SRVWHULRU GLVWULEXWLRQ EHFRPHV PXFK QDUURZHU WKDQ WKH VDPSOLQJ GLVWULEXWLRQ�

I�tMJ��� 7KH UHVXOW RI WKLV QDUURZLQJ LV WKDW WKH ZHLJKWV RI PDQ\ RI WKH RULJLQDO GUDZV
IURP WKH VDPSOLQJ GLVWULEXWLRQ DSSURDFK � DQG VR ZH KDYH IHZ HmHFWLYH GUDZV IURP

WKH WDUJHW GHQVLW\�

.RQJ� /LX� DQG :RQJ ������ XVH LPSRUWDQFH VDPSOLQJ LQ D VLPLODU IDVKLRQ IRU

PLVVLQJ GDWD SUREOHPV� ,Q WKDW ZRUN WKH\ SURSRVH D UXOH RI WKXPE IRU PHDVXULQJ WKH

HmHFWLYH VDPSOH VL]H �(66� IURP DQ LPSRUWDQFH VDPSOHU DV
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ZKHUH 9DU�Z� LQGLFDWHV WKH YDULDQFH RI WKH LPSRUWDQFH VDPSOLQJ ZHLJKWV� ZL� :H

FDQ HVWLPDWH WKLV E\ VXEVWLWXWLQJ D YDULDQFH HVWLPDWH P�V�
t

ZL3
M
ZM

u
ZKHUH V��c� LV WKH

VDPSOH YDULDQFH RI WKH QRUPDOL]HG ZHLJKWV� )LJXUH ��� VKRZV WKH GHFD\ RI WKH HmHFWLYH

VDPSOH VL]H DV ZH DGG DGGLWLRQDO REVHUYDWLRQV� $IWHU ������ WKH HmHFWLYH VDPSOH VL]H

UHDFKHG ��� D KXJH GHFUHDVH IURP P  ��� ��� IURP ZKLFK LW VWDUWHG� )LJXUH ���

DOVR FRQWDLQV D SORW RI WKH QXPEHU RI GUDZV DFFRXQWLQJ IRU ��� RI WKH REVHUYDWLRQDO

ZHLJKW� $IWHU ������ DGGLWLRQDO ORJLVWLF UHJUHVVLRQ REVHUYDWLRQV� OHVV WKDQ �� RI WKH

GUDZV IURP I�nM\�[� DUH DFFRXQWLQJ IRU ��� RI WKH ZHLJKW IRU FRPSXWLQJ WKH SRVWHULRU
TXDQWLWLHV� 7KH QXPEHU RI LQLWLDO GUDZV� P� WKH UHODWLYH VL]H RI J� DQG J�� DQG WKH

QXPEHU RI SDUDPHWHUV DOO FRQWULEXWH WR ZKHWKHU WKH HmHFWLYH VDPSOH VL]H EHFRPHV

VPDOO HQRXJK WR EH SUREOHPDWLF�

7KH IROORZLQJ WKHRUHP FRQFHUQLQJ WKH YDULDQFH RI WKH LPSRUWDQW VDPSOLQJ ZHLJKWV
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additional observations
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)LJXUH ���� 7KH UHGXFWLRQ LQ HmHFWLYH VDPSOH VL]H ZLWK WKH DGGLWLRQ RI ������� REVHU�
YDWLRQV� 7KH ORZHU FXUYH FRPSXWHV (66 DQG WKH KLJKHU� OLJKWHU FXUYH LQGLFDWHV WKH
QXPEHU RI REVHUYDWLRQV DFFRXQWLQJ IRU ��� RI WKH REVHUYDWLRQDO ZHLJKW�
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FDQ KHOS XV JDXJH WKH HmHFW RI WKHVH SUREOHPV LQ SUDFWLFH� 7KH WKHRUHP DVVXPHV WKDW

ZH REVHUYH D nQLWH VHW RI PXOWLYDULDWH QRUPDO GDWD� \L� $V EHIRUH ZH ZLOO SDUWLWLRQ WKH

\L
V LQWR WZR JURXSV� J� DQG J�� 7R PDNH DFFXUDWH LQIHUHQFH IRU x ZH ZLOO EH FRQFHUQHG

DERXW WKH YDULDQFH RI WKH LPSRUWDQFH VDPSOLQJ ZHLJKWV� ��xMJ��J��h�

��xMJ��h�
� ZKHUH ��c� LV WKH

QRUPDO GHQVLW\ IXQFWLRQ� 7KH WKHRUHP JLYHV WKH YDULDQFH RI WKHVH LPSRUWDQFH VDPSOLQJ

ZHLJKWV DYHUDJHG RYHU DOO SRVVLEOH GDWDVHWV ZLWK D oDW SULRU IRU x�

7KHRUHP ��� ,I� IRU L  �� � � � � Q�

�� \L z 1G�x�h� ZLWK NQRZQ FRYDULDQFH h�

�� J�  I\�� � � � �\Q�J DQG J�  I\Q���� � � � �\Q��Q�J� DQG
�� x z 1G�x��e��
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3URRI� 6HH DSSHQGL[ $�

(

7KHRUHP ��� EDVLFDOO\ VD\V WKDW LQ WKH PXOWLYDULDWH QRUPDO FDVH ZLWK D oDW SULRU WKH

YDULDQFH RI WKH LPSRUWDQFH VDPSOLQJ ZHLJKWV LV
r
Q��Q�
Q�

sGb� RQ DYHUDJH� 7KHVH UHVXOWV
KROG DSSUR[LPDWHO\ LQ WKH QRQ�QRUPDO FDVH LI WKH SRVWHULRU GLVWULEXWLRQV LQYROYHG DUH

DSSUR[LPDWHO\ QRUPDO� RIWHQ WKH FDVH ZKHQ Q� DQG Q� DUH UHDVRQDEO\ ODUJH� $V ZH

VKRXOG H[SHFW� ZKHQ Q�  � WKH YDULDQFH RI WKH ZHLJKWV LV �� $V Q� LQFUHDVHV WKH

YDULDQFH LQFUHDVHV DW D UDWH RI 2�QG��� 7KLV LV XQIRUWXQDWH LQ RXU FDVH VLQFH ZH ZRXOG

OLNH WR XVH WKLV PHWKRG IRU ODUJH YDOXHV RI Q� DQG KLJK GLPHQVLRQDO SUREOHPV� /RRNLQJ

DW WKLV UHVXOW IURP WKH HmHFWLYH VDPSOH VL]H SRLQW RI YLHZ ZH VHH WKDW

(66� P
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,I ZH GUDZ P WLPHV IURP WKH VDPSOLQJ GLVWULEXWLRQ ZKHQ WKH VL]H RI WKH VHFRQG SDUWL�

WLRQ J� LV HTXDO WR WKH VL]H RI WKH nUVW SDUWLWLRQ J�� WKH HmHFWLYH VDPSOH VL]H LV GHFUHDVHG

E\ D IDFWRU RI �G� *LYHQ WKH ODUJHVW J� WKDW ZH FDQ KDQGOH FRPSXWDWLRQDOO\� LI ZH KDYH

DQ LGHD RI WKH UHGXFWLRQ LQ (66 WKDW ZH DUH ZLOOLQJ WR DFFRPPRGDWH� WKHQ ZH FDQ

XVH WKHRUHP ��� WR GHFLGH KRZ WR OLPLW WKH VL]H RI J�� ,I ZH DUH ZLOOLQJ WR KDQGOH D

UHGXFWLRQ RI S � ��� �� LQ RXU HmHFWLYH VDPSOH VL]H VR WKDW (66  SdP WKHQ ZH FDQ

FKRRVH Q� DV

Q�  

�
�
G
S
S
b �

�
Q�� ������

,Q WKH QH[W VHFWLRQ , SURSRVH D VLPSOH n[ WR WKH IHZ HmHFWLYH GUDZV SUREOHP� %\

DGDSWLQJ WKH LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ WR IRFXV RQ UHJLRQV RI WKH SDUDPHWHU

VSDFH ZLWK QRQ�WULYLDO SRVWHULRU PDVV� ZH FDQ FRQWURO RXU HmHFWLYH VDPSOH VL]H DV Q�

LQFUHDVHV�

����� $Q LPSURYHG DOJRULWKP XVLQJ DGDSWLYH LPSRUWDQFH VDPSOLQJ

$IWHU GUDZLQJ D VDPSOH RIP SDUDPHWHU YDOXHV IURP I�tMJ�� DQG VFDQQLQJ J� WR XSGDWH
WKH ZHLJKWV ZH PD\ UHDOL]H WKDW PDQ\ RI WKHVH GUDZV KDYH YHU\ VPDOO ZHLJKW� :KHQ

WKLV KDSSHQV WKH HmHFWLYH VDPSOH VL]H LV VPDOO DQG RXU 0RQWH &DUOR HVWLPDWHV KDYH KLJK

YDULDQFH� 8SRQ UHDOL]LQJ WKH VPDOO HmHFWLYH VDPSOH VL]H ZH PLJKW FKRRVH WR JHQHUDWH

PRUH GUDZV IURP I�tMJ�� LQFUHDVLQJ P� 6WLOO PDQ\ RI WKHVH QHZ GUDZV ZLOO KDYH ZHLJKW
FORVH WR �� 8QIRUWXQDWHO\� LQ RUGHU WR GHWHUPLQH WKH LPSRUWDQFH VDPSOLQJ ZHLJKW

DVVRFLDWHG ZLWK D SDUDPHWHU YDOXH ZH QHHG WR VFDQ J�� :KHQ WKH HmHFWLYH VDPSOH VL]H

LV VPDOO ZH ZLOO ZDVWH D VFDQ RI J� FRPSXWLQJ ZHLJKWV WKDW HQG XS H[WUHPHO\ FORVH

WR �� +RZHYHU� XVLQJ WKH LQIRUPDWLRQ IURP SUHYLRXV GUDZV ZH PD\ EH DEOH WR JXHVV

ZKHWKHU WKH LPSRUWDQFH ZHLJKW ZLOO EH VXEVWDQWLDO�

$VVXPH WKDW ZH KDYH DQ LQLWLDO VHW RI GUDZV IURP I�tMJ�� DQG WKHLU DVVRFLDWHG
ZHLJKWV� 7KLV LQLWLDO VHW RI GUDZV VKRXOG FRQWDLQ D ORW RI SUHGLFWLYH LQIRUPDWLRQ DV WR

ZKHWKHU D QHZ GUDZ ZLOO KDYH ZHLJKW ODUJHU WKDQ VRPH WKUHVKROG� ,I ZH FDQ FRQVWUXFW
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D SUHGLFWRU WKDW FDQ TXLFNO\ GHWHUPLQH WKDW D QHZ GUDZ LV VLPSO\ JRLQJ WR KDYH D

VPDOO ZHLJKW ZH FDQ HOLPLQDWH WKH ZDVWH RI FRPSXWDWLRQ RQ GUDZV IURP WKH WDLO RI

I�tMJ�� J���
$GDSWLYH LPSRUWDQFH VDPSOLQJ LV WKH SURFHVV RI OHDUQLQJ IURP SUHYLRXVO\ ZHLJKWHG

GUDZV WR DGMXVW WKH VDPSOLQJ GHQVLW\ WR GHFUHDVH WKH 0RQWH &DUOR HUURU LQ WKH HV�

WLPDWHV� 7KH 9(*$6 DOJRULWKP �/HSDJH ����� /HSDJH ������ XVHG H[WHQVLYHO\ LQ

FRPSXWDWLRQDO SK\VLFV IRU �� \HDUV� FRQVWUXFWV D VDPSOLQJ GHQVLW\ ZKHUH HDFK GLPHQ�

VLRQ RI WKH SDUDPHWHU YHFWRU LV LQGHSHQGHQW� )RU H[DPSOH� DVVXPH WKDW ZH ZLVK WR

FRPSXWH WKH LQWHJUDO

= = =
I�[� \� ]� G] G\ G[�

)XUWKHU DVVXPH WKDW ZH ZLOO XVH D VHSDUDEOH LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ RI WKH

IRUP J�[� \� ]�  J[�[�J\�\�J]�]�� 9(*$6 DGDSWV WKH FRPSRQHQWV RI J�[� \� ]� WR

EULQJ WKH LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ FORVHU WR SURSRUWLRQDOLW\ ZLWK MI M� 7KH
RSWLPDO VHSDUDEOH VDPSOLQJ GLVWULEXWLRQ LV

J[�[� �
�= =

I��[� \� ]�

J\�\�J]�]�
G] G\

� �
�

� ������

DQG VLPLODUO\ IRU J\�\� DQG J]�]�� (TXDWLRQ ���� VXJJHVWV KRZ WR DGDSW WKH VDPSOLQJ

GHQVLW\ WR EH PRUH HpFLHQW� :H FDQ HVWLPDWH WKH FRPSRQHQWV RI J�[� \� ]� E\ VXEGL�

YLGLQJ HDFK GLPHQVLRQ LQWR . ELQV DQG XVH ���� WR XSGDWH WKH PDVV LQ HDFK RI WKRVH

ELQV� 9(*$6 UDSLGO\ FRQFHQWUDWHV ZHLJKW RQ WKH LPSRUWDQW GLPHQVLRQV DQG UHJLRQV�

&OHDUO\ WKLV DOJRULWKP ZLOO SHUIRUP EHVW ZKHQ WKH RSWLPDO VDPSOLQJ GLVWULEXWLRQ LV

VHSDUDEOH DQG SHUIRUPDQFH GHWHULRUDWHV DV WKH VDPSOLQJ GLVWULEXWLRQ GHSDUWV IURP VHS�

DUDELOLW\� $OWKRXJK WKLV DOJRULWKP LV SRSXODU LQ HOHPHQWDU\ SDUWLFOH SK\VLFV LW VHHPV

WR KDYH UHFHLYHG OLWWOH DWWHQWLRQ LQ %D\HVLDQ DQDO\VLV�

2WKHU UHVHDUFKHUV KDYH FRQVLGHUHG DGDSWLYH LPSRUWDQFH VDPSOLQJ �2K DQG %HUJHU

����� :HVW ����� :HVW ����� *LYHQV DQG 5DIWHU\ ������ 7KH\ RmHU DOJRULWKPV WKDW

VDPSOH IURP D SDUDPHWULF RU QRQ�SDUDPHWULF GHQVLW\ WKDW RQ RFFDVLRQ DGDSWV WR WKH
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GUDZV REWDLQHG VR IDU� +RZHYHU� WKH\ DOO FRQIHVV WR ZRUN RQO\ LQ ORZ GLPHQVLRQV� OHVV

WKDQ ��� DQG DUH QRW FRQFHUQHG ZLWK D ODUJH GDWDVHW LQ DGGLWLRQ�

$IWHU RQH URXQG RI VDPSOLQJ IURP I�tMJ�� DQG RQH SDVV WKURXJK WKH UHVW RI WKH
GDWDVHW� ZH KDYHP SDLUV �t� Z�L ZKHUH WKH ZL DUH QRUPDOL]HG WR VXP WR �� 7R PLQLPL]H

WKH DPRXQW RI ZDVWHG FRPSXWDWLRQ� ZH ZRXOG OLNH WR EXLOG D VLPSOH SUHGLFWLYH PRGHO WR

LGHQWLI\ QHZ GUDZV WKDW DUH OLNHO\ WR KDYH ZHLJKW QHDU ]HUR� 7KDW LV� ZH FDQ FRQVWUXFW

D FODVVLnHU WKDW SUHGLFWV WKH LQGLFDWRU ,�Z ! W�� ZKHUH W LV D WKUHVKROG SDUDPHWHU�

ZLWK WKH FRPSRQHQWV RI t DV SUHGLFWRUV� ,Q WKLV SUREOHP WKH PLVFODVVLnFDWLRQ RI D

GUDZ ZLWK D ODUJH ZHLJKW LV FRVWO\� 2XU PDLQ PRWLYDWLRQ LV WR WULP PDQ\ RI WKH GUDZV

ZLWK QHJOLJLEOH ZHLJKW� , SURSRVH D WUHH�EDVHG DQG GLUHFW WULPPLQJ PHWKRG DQG DUJXH

WKDW WKH GLUHFW WULPPLQJ FODVVLnHUV PLJKW KDYH WKH DGYDQWDJH�

*LYHQ WKH FODVVLnFDWLRQ WDVN DW KDQG� LQLWLDOO\ ZH PLJKW EHOLHYH WKDW FRQVWUXFWLQJ D

FODVVLnFDWLRQ WUHH ZRXOG EH LGHDO� ,I WKH SRVWHULRU LV FRPSOH[� SRVVLEO\ EDQDQD VKDSHG

LQ D KLJK�GLPHQVLRQDO VSDFH� WKH WUHH PLJKW VWLOO EH DEOH WR FDSWXUH WKH KLJKO\ ZHLJKWHG

UHJLRQV� 6LQFH ZH DUH FRPSHWLQJ DJDLQVW D SHQDOW\ WKDW LV JURZLQJ DW D UDWH RI 2�QG�

ZLWK WKH DGGLWLRQ RI REVHUYDWLRQV� ZH QHHG DQ DGDSWDWLRQ WKDW LV OHDUQLQJ WKH UHJLRQV

RI QHJOLJLEOH ZHLJKW DW WKH VDPH UDWH� +RZHYHU� WR DFKLHYH WKLV JRDO WKH WUHH PLJKW QRW

HYHQ QHHG WR EH YHU\ GHHS� ,Q IDFW� WKH EHVW FODVVLnFDWLRQ WUHH ZLWK RQO\ WZR WHUPLQDO

QRGHV� WKDW LV D VSOLW RQ RQO\ RQH GLPHQVLRQ RI t� LV OLNHO\ WR HOLPLQDWH PDQ\ RI WKH

QHJOLJLEOH GUDZV� ,Q IDFW ZH FRXOG nW D RQH�VSOLW GHFLVLRQ WUHH WR HDFK RI WKH G D[HV�

(DFK D[LV
 WUHH ZRXOG GHWHUPLQH D UHJLRQ WKDW LW SUHGLFWHG WR KDYH OLWWOH SRVWHULRU PDVV�

)LJXUH ��� GHPRQVWUDWHV WKLV LGHD� WKH VKDGHG UHJLRQV EHLQJ WKH UHMHFWLRQ UHJLRQV� $

QHZ GUDZ FRXOG QRW EH LQ DQ\ RI WKHVH UHJLRQV LQ RUGHU WR EH DGPLWWHG WR WKH 0RQWH

&DUOR VDPSOH� 7KLV W\SH RI PDUJLQDO FRPSXWDWLRQ LV LQ WKH VDPH VW\OH DV WKH 9(*$6

DOJRULWKP� %RWK SHUIRUP FRPSXWDWLRQV RQ WKH PDUJLQ WR FRQVHUYH FRPSXWDWLRQ DQG

VWRUDJH DQG DVVXPH WKDW ZRUNLQJ RQ WKH PDUJLQ DORQH \LHOGV DQ DGHTXDWH VDPSOLQJ

GHQVLW\�

)RU ZHOO�EHKDYHG �XQLPRGDO� QHDU HOOLSWLFDO� SRVWHULRU GLVWULEXWLRQV� EXLOGLQJ D WUHH
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)LJXUH ���� $Q H[DPSOH D[LV FODVVLnHU DQG WKH UHMHFWLRQ UHJLRQV RQ HDFK SDUDPHWHU
D[LV
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RQ HDFK D[LV PLJKW EH VXpFLHQW WR RYHUFRPH WKH2�QG� UDWH� $OWKRXJK WKH WUHH PHWKRG

VHHPV DWWUDFWLYH VLQFH LW LV HDVLO\ FRPSXWDEOH DQG DXWRPDWHG� LW PD\ EH RYHUNLOO IRU

RXU GHVLJQV� &RQVLGHU WKH IROORZLQJ SURSRVHG DOJRULWKP IRU GHYHORSLQJ D UHMHFWLRQ

UHJLRQ� )LUVW� , VRUW WKH 0RQWH &DUOR GUDZV RQ WKH MWK GLPHQVLRQ RI t� 7KHQ , UHFRUG

WKH m DQG � b m ZHLJKWHG TXDQWLOHV RI t�M�� ZKHUH WKH ZHLJKWV DUH WKH LPSRUWDQFH

VDPSOLQJ ZHLJKWV� DQG WULP YDOXHV RXWVLGH RI WKHVH ERXQGV� ,I� IRU H[DPSOH� , OHW

m  ����� WKHQ , KDYH RQO\ WULPPHG �� RI WKH REVHUYDWLRQDO ZHLJKW EXW� DFFRUGLQJ

WR nJXUH ���� DIWHU ������ LWHUDWLRQ WKLV FRXOG PHDQ IUHHLQJ WKH PHPRU\ RI ��� RI WKH

0RQWH &DUOR GUDZV� 5HSHDWLQJ WKLV SURFHVV RQ WKH RWKHU SDUDPHWHU GLPHQVLRQV FRXOG

UHDOL]H SRO\QRPLDO VDYLQJV WR FRPSHWH ZLWK WKH 2�QG� LPSRUWDQFH VDPSOLQJ SHQDOW\

LQ HTXDWLRQ �����

1RWH WKDW WKH WDLO WULPPLQJ FODVVLnHU GRHV DVVXPH WKDW WKH SRVWHULRU LV XQLPRGDO WR

PDNH WKH SHUIRUPDQFH JDLQV� D UHDVRQDEOH DVVXPSWLRQ IRU PRVW PRGHOV FRQGLWLRQHG RQ

PDVVLYH GDWDVHWV� )XUWKHUPRUH� WKH FODVVLnHU IRUPV GHFLVLRQ ERXQGDULHV SHUSHQGLFXODU

WR WKH D[HV� )RU VWURQJO\ FRUUHODWHG GDWD WKLV LV QRW LGHDO� :KHQ WKH GDWD DUH VWURQJO\

FRUUHODWHG� RQH FRXOG SHUIRUP WKH TXDQWLOH WULPPLQJ RQ WKH SULQFLSDO FRPSRQHQW D[HV

RI WKH GDWD GLVWULEXWLRQ� +RZHYHU� WKLV FOHDUO\ UHTXLUHV PRUH FRPSXWDWLRQ ERWK LQ

WKH WULPPLQJ DQG ODWHU LQ DVVHVVLQJ ZKHWKHU WR UHMHFW D 0RQWH &DUOR GUDZ� 7KLV

PHWKRG ZRXOG EH LQHpFLHQW DQG IDLUO\ XVHOHVV LQ WKH FDVH RI D VWURQJO\ EDQDQD VKDSHG

SRVWHULRU LQ KLJK GLPHQVLRQV� 6XFK GLVWULEXWLRQV ZLWK D ORW RI FXUYDWXUH FDQ WDNH XS

OLWWOH PDVV LQVLGH WKH K\SHUFXEH IRUPHG E\ WKH TXDQWLOH OLPLWV� )RU WKH PRVW FRPPRQ

VLWXDWLRQV� TXDQWLOH WULPPLQJ RQ WKH D[HV LV OLNHO\ WR EH DFFXUDWH DQG LV DOZD\V IDVW

�2�GQ ORJ Q� DOWKRXJK D FRPSOHWH VRUW LV QRW QHFHVVDU\�� &RPSHWLQJ DJDLQVW WKLV NLQG

RI FRPSXWDWLRQDO HpFLHQF\ ZRXOG EH GLpFXOW�

)URP KHUH RQ , ZLOO DVVXPH WKDW WKH DGDSWDWLRQ RI WKH LPSRUWDQFH VDPSOHU LQFRU�

SRUDWHV WKH ZHLJKWHG m�TXDQWLOHV IURP HDFK GLPHQVLRQ RI t� /HW ,�t� LQGLFDWH ZKHWKHU

D SDUDPHWHU YDOXH IDOOV LQVLGH ��� RU RXWVLGH ��� WKH ZHLJKWHG m�TXDQWLOH ERXQGV RQ

HDFK D[LV� :H FDQ JHQHUDWH D QHZ VHW RI FDQGLGDWH GUDZV DQG XVH ,�t� WR HOLPLQDWH
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WKRVH ZLWK H[SHFWHG QHJOLJLEOH ZHLJKW� 7KLV ZLOO VDYH XV IURP KDYLQJ WR XVH I�J�Mt�
WR GHWHUPLQH ZKHWKHU D GUDZ ZLOO KDYH VXEVWDQWLDO ZHLJKW� +RZHYHU� ZH PD\ VWLOO EH

ZDVWLQJ H[SHQVLYH 0RQWH &DUOR LWHUDWLRQV SURGXFLQJ GUDZV LQ WKH WDLOV RI I�tMJ�� J���
5DWKHU WKDQ XVH D GUDZ�FKHFN�GUDZ�FKHFN PHWKRG� ZH FRXOG PRGLI\ RXU 0RQWH &DUOR

VDPSOLQJ VFKHPH WR GUDZ LQVWHDG IURP Im�tMJ��� D PL[WXUH RI I�tMJ�� DQG D WUXQFDWHG
YHUVLRQ RI LW ZKHUH m KHUH LV WKH PL[LQJ SURSRUWLRQ�

Im�tMJ��  m
I�tMJ��,�t�5
I�tMJ��,�t�Gt � ��b m�I�tMJ�� ������

6HWWLQJ m WR EH ODUJH WR IDYRU WKH WUXQFDWHG YHUVLRQ ZLOO FRQFHQWUDWH GUDZV LQ WKH UHJLRQ

WKDW PLJKW RmHU PRUH VXEVWDQWLDO LPSRUWDQFH ZHLJKWV� )RU D 0HWURSROLV�+DVWLQJV

0RQWH &DUOR DOJRULWKP� VDPSOLQJ IURP WKH WUXQFDWHG SRUWLRQ RI WKH PL[WXUH VLPSO\

DOWHUV WKH SURSRVDO PHFKDQLVP�

5HFRPSXWLQJ WKH LPSRUWDQFH ZHLJKWV IRU WKHWD
V GUDZQ IURP WKH PL[WXUH VDPSOLQJ

GLVWULEXWLRQ LQ ���� \LHOGV

ZL  
I�J�MtL�

m,�tL� � ��b m�
5
I�tMJ��,�t�Gt ������

7KH LQWHJUDO LQ WKH DERYH H[SUHVVLRQ LV WKH SUREDELOLW\ RI JHQHUDWLQJ D GUDZ IURP

I�tMJ�� WKDW WKH ZHLJKW WULPPLQJ SUHGLFWRU� ,�t�� DFFHSWV� :H FDQ XVH WKH RULJLQDO
XQZHLJKWHG GUDZV IURP I�tMJ�� DV DQ HVWLPDWH� ,I WKLV SUREDELOLW\ LV VPDOO WKHQ ,�t�

VHOHFWHG D UHJLRQ WKDW I�tMJ�� GRHV QRW IUHTXHQWO\ VDPSOH� $OVR QRWH WKDW LI m  �

WKHQ ZH ZLOO DOZD\V VDPSOH IURP WKH WUXQFDWHG I�tMJ��� ,�t� ZLOO DOZD\V EH �� DQG
WKH ZL ZLOO UHPDLQ DV EHIRUH� $OWKRXJK VHWWLQJ WKH PL[LQJ SURSRUWLRQ m  � GRHV

QRW FRQVWLWXWH D SUHFLVH VDPSOLQJ VFKHPH� LI WKH TXDQWLOH WULPV DUH VPDOO� DV WKH GDWD

DFFXPXODWHV WKH GLmHUHQFH VKRXOG EH LQFRQVHTXHQWLDO�

7KHVH UHVXOWV VXJJHVW WKH DGDSWLYH VDPSOLQJ DOJRULWKP VKRZQ LQ nJXUH ���� $IWHU

DQ LQLWLDO VHW RI P GUDZV tM IURP D SRVWHULRU GLVWULEXWLRQ FRQGLWLRQHG RQ D VPDOO

GDWDVHW� I�tMJ��� WKH DOJRULWKP ZLOO FRQWLQXH DGGLQJ REVHUYDWLRQV IURP J� XQWLO WKH



���

3DUWLWLRQ WKH GDWDVHW RI 1 REVHUYDWLRQV [L LQWR J� DQG J�� 2EWDLQ DQ LQLWLDO VHW RI P

GUDZV tM IURP I�tMJ�� ZLWK DVVRFLDWHG ORJ�ZHLJKWV ORJZM  �� ,QLWLDOL]H L  �� m DV

WKH WULPPLQJ IDFWRU� DQG p DV WKH PLQLPXP DFFHSWDEOH HmHFWLYH VDPSOH VL]H IUDFWLRQ�

ZKLOH L � 1 GR

ZKLOH (66I ! p DQG L � 1 GR

6HOHFW [L IURP J�

)RU M  �� � � � �P GR

ORJZM � ORJZM � I�[LMtM�
L � L� �

&RPSXWH WKH ZHLJKWHG m�TXDQWLOHV RQ HDFK GLPHQVLRQ RI t�

'LVFDUG tM RXWVLGH WKH TXDQWLOH ERXQGV�

6DPSOH UHSODFHPHQW tM IURP I�tMJ�� WUXQFDWHG DW WKH TXDQWLOHV�
5HZHLJKW WKH QHZ GUDZV IRU N LQ �� � � � � L GR

6HOHFW [N IURP J�

)RU M � QHZ GUDZV GR
ORJZM � ORJZM � I�[NMtM�

5HWXUQ WKH tM
V ZHLJKWHG E\ ZM�

)LJXUH ���� $GDSWLYH LPSRUWDQFH VDPSOLQJ IRU LQIHUHQFH LQ PDVVLYH GDWDVHWV
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0.20 0.25 0.30 0.35 0.55 0.60 0.65 0.70 0.75 -1.55 -1.50 -1.45 -1.40 -1.35

)LJXUH ���� $GDSWLYH LPSRUWDQFH VDPSOLQJ HVWLPDWHV RI n�� n�� DQG n� IURP WKH ORJLV�
WLF UHJUHVVLRQ H[DPSOH� 7KH KLVWRJUDP LV WKH LPSRUWDQFH ZHLJKWHG HVWLPDWH RI I�nM[��
7KH GDUN YHUWLFDO OLQH RXWVLGH WKH PLGGOH RI WKH KLVWRJUDP LQGLFDWHV WKH WUXH SDUDP�
HWHU YDOXH� 7KH YHUWLFDO OLQH QHDU WKH FHQWHU RI WKH KLVWRJUDP PDUNV WKH SRVWHULRU
H[SHFWDWLRQ� 7KH VXSHULPSRVHG GHQVLW\ SORW LV WKH POH QRUPDO DSSUR[LPDWLRQ WR WKH
SRVWHULRU� LWV PHDQ SDUWLDOO\ REVFXUHG E\ WKH SRVWHULRU H[SHFWDWLRQ�

HmHFWLYH VDPSOH VL]H IUDFWLRQ ���� GURSV EHORZ D FHUWDLQ WKUHVKROG� p�

(66I  
�
3

ZM�
�

P
3

Z�M
������

$W WKDW SRLQW ZH FDQ H[WUDFW WKH ZHLJKWHG PDUJLQDO m�TXDQWLOHV IURP HDFK D[LV� $IWHU

UHMHFWLQJ WKRVH tM ZKLFK DUH RXWVLGH RI WKHVH ERXQGV� ZH FDQ UHSODFH WKHP ZLWK GUDZV

IURP WKH LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ WUXQFDWHG DW WKH TXDQWLOHV� 7KH QHZ GUDZV

QHHG UHZHLJKWLQJ XVLQJ WKH VXEVHW RI J� DOUHDG\ H[DPLQHG� 7KLV GRHV UHTXLUH D VFDQ

RI WKRVH REVHUYDWLRQV SUHYLRXVO\ VFDQQHG� $JDLQ ZH FRQWLQXH XQWLO WKH (66 IUDFWLRQ

GURSV WRR ORZ� 7KH DOJRULWKP SURFHHGV XQWLO DOO WKH REVHUYDWLRQV LQ J� DUH LQFRUSRUDWHG

ZKLOH SUHVHUYLQJ WKH ORZHU ERXQG RQ WKH (66 IUDFWLRQ� $W WKH HQG ZH ZLOO KDYH D VHW RI

ZHLJKWHG GUDZV IURP WKH SRVWHULRU I�tMJ�� J�� �DSSUR[LPDWHO\ GXH WR WKH SUHVXPDEO\
QHJOLJLEOH WUXQFDWLRQ ZKHQ m  ���
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)LJXUH ���� (mHFWLYH VDPSOH VL]H DV D IXQFWLRQ RI WKH DGGLWLRQDO REVHUYDWLRQV GXULQJ
DGDSWLYH LPSRUWDQFH VDPSOLQJ� 7KH XSSHU FXUYH LQGLFDWHV WKH (66 ZLWK HDFK DGGL�
WLRQDO REVHUYDWLRQ� PDLQWDLQHG DERYH WKH ��� WKUHVKROG� 7KH ORZHU FXUYH LV WKH (66
ZLWKRXW DGDSWLQJ WKH LPSRUWDQFH VDPSOHU� $GDSWDWLRQ SRLQWV DUH PDUNHG E\ WKH UXJ
SORW�



���

����� (YDOXDWLRQ DQG PRGLnFDWLRQV WR WKH DGDSWLYH VDPSOLQJ DOJRULWKP

, WHVWHG WKH DGDSWLYH LPSRUWDQFH VDPSOLQJ DOJRULWKP RQ WKH ORJLVWLF UHJUHVVLRQ H[DP�

SOH� , JHQHUDWHG ������ REVHUYDWLRQV DFFRUGLQJ WR

[�� [� z 8��� ��

\ z %HUQ�ORJLWb����� � ���[� b ���[����

$OWKRXJK , ZDQW WR GUDZ IURP WKH SRVWHULRU FRQGLWLRQHG RQ DOO ������ REVHUYDWLRQV�

, XVHG D 0HWURSROLV�+DVWLQJV DOJRULWKP WR VDPSOH IURP WKH SRVWHULRU FRQGLWLRQHG RQ

RQO\ WKH nUVW ����� REVHUYDWLRQV� 7KH DGDSWLYH LPSRUWDQFH VDPSOLQJ SURFHGXUH LQ�

FRUSRUDWHG WKH UHPDLQLQJ ������ REVHUYDWLRQV� , VHW WKH ORZHU ERXQG RQ WKH HmHFWLYH

VDPSOH VL]H IUDFWLRQ DW ���� DQG DOZD\V PDLQWDLQHG ������ GUDZV IURP WKH LPSRUWDQFH

VDPSOLQJ GLVWULEXWLRQ� )LJXUH ��� VKRZV D KLVWRJUDP RI WKH PDUJLQDO SRVWHULRU GLVWUL�

EXWLRQ RI WKH WKUHH UHJUHVVLRQ FRHpFLHQWV XVLQJ DGDSWLYH LPSRUWDQFH VDPSOLQJ� 7KH

RYHUODLG GHQVLW\ LV WKH QRUPDO DSSUR[LPDWLRQ WR WKH PDUJLQDO SRVWHULRU FRQGLWLRQHG

RQ DOO ������ REVHUYDWLRQV� 7KHVH SORWV LQGLFDWH WKDW ZH FDQ SHUIRUP 0&0& VWHSV�

GUDZLQJ IURP WKH SRVWHULRU FRQGLWLRQHG RQ D VPDOO DPRXQW RI GDWD� DQG LQFRUSRUDWH

�� WLPHV WKDW DPRXQW XVLQJ RQO\ D IHZ SDUWLDO VFDQV RI WKH GDWDVHW� 5HVFDQQLQJ LV QRW

FRPSOHWHO\ LQH[SHQVLYH� ,Q WKLV H[DPSOH WKH\ DUH HTXLYDOHQW WR VFDQQLQJ WKH GDWDVHW

�� WLPHV�

7KH HmHFWLYH VDPSOH VL]H LV VWLOO RI LQWHUHVW� )LJXUH ��� VKRZV WKH WUHQG RI WKH

HmHFWLYH VDPSOH VL]H IUDFWLRQ DV PRUH GDWD HQWHU WKH SRVWHULRU� (YHU\ WLPH (66 GURSV

EHORZ ��� WKH DOJRULWKP DGDSWV WKH LPSRUWDQFH VDPSOHU E\ WUXQFDWLQJ WKH FRQVHUYD�

WLYH m  ����� ZHLJKWHG TXDQWLOH IURP HDFK D[LV� 7KH UXJ SORW PDUNV WKH DGDSWDWLRQ

SRLQWV� ZKLFK RFFXUV ZLWK HYHU\ ��� DGGLWLRQDO REVHUYDWLRQV RQ DYHUDJH� :LWKRXW WKH

DGDSWDWLRQ VWHSV� (66 FRQWLQXHV WR GURS WRZDUG ]HUR DV WKH ORZHU FXUYH LQGLFDWHV�

7KH DGDSWDWLRQ� KRZHYHU� UHPRYHV REVHUYDWLRQV ZLWK OLWWOH ZHLJKW� ,Q WKLV H[DPSOH

HDFK DGDSWDWLRQ HOLPLQDWHG EHWZHHQ �� DQG ��� RI WKH 0RQWH &DUOR GUDZV� 7KHLU



���

UHPRYDO VWDELOL]HG WKH YDULDQFH RI WKH LPSRUWDQFH VDPSOLQJ ZHLJKWV DQG PDLQWDLQHG

DQ DGHTXDWH (66� $OWKRXJK , REWDLQ ������ GUDZV IURP WKH SRVWHULRU FRQGLWLRQHG RQ

����� REVHUYDWLRQV� DW WKH HQG RI WKH SURFHVV , KDYH ZKDW DPRXQWV WR ����� GUDZV

IURP WKH SRVWHULRU FRQGLWLRQHG RQ DOO ������ REVHUYDWLRQV�

7KHUH DUH WZR ZD\V LQ ZKLFK ZH PLJKW ZDQW WR RSWLPL]H WKH DOJRULWKP� )LUVW�

DOWKRXJK LW LV HDV\ WR PDLQWDLQ (66 DW DERXW ���� DW WKLV OHYHO WKH LPSRUWDQFH VDPSOHU

LV PLOGO\ LQHpFLHQW� 6HFRQG� WKH DGDSWDWLRQ LV QRW HQWLUHO\ FKHDS DQG VR ZH ZRXOG OLNH

WR UHGXFH WKH IUHTXHQF\ RI DGDSWDWLRQV� 7KHVH WZR DUH FRPSHWLQJ JRDOV� , IRXQG WKDW

LQFUHDVLQJ WKH ORZHU ERXQG RQ (66 LQFUHDVHG WKH IUHTXHQF\ RI DGDSWDWLRQ� VRPHWLPHV

DIWHU DGGLQJ HDFK QHZ REVHUYDWLRQ� +RZHYHU� ZH QRW RQO\ KDYH FRQWURO RYHU (66 EXW

ZH FDQ DOVR DOWHU WKH WULPPLQJ VWHS E\ WXQLQJ WKH TXDQWLOH SDUDPHWHU m DQG WKH

WULPPLQJ SURFHVV� 7KH IHDU LQ VHWWLQJ DQ DJJUHVVLYH m LV WKDW WKH DOJRULWKP PLJKW

WULP DZD\ WKH UHJLRQV ZLWK KLJK SRVWHULRU PDVV� ,W PD\ EH SRVVLEOH WR OHDUQ ZKHQ

DQG ZKHUH ZH FDQ EH PRUH DJJUHVVLYH�

1RWLFH WKDW LQ ERWK WKH UHFHQW UHVXOWV VKRZQ LQ nJXUH ��� DQG WKH LOOXVWUDWLRQ RI

WKH WUXQFDWLRQ VDPSOHU LQ nJXUH ���� ZDVWHG GUDZV IURP WKH LPSRUWDQFH VDPSOLQJ

GLVWULEXWLRQ WHQG WR EH FRQFHQWUDWHG LQ RQH WDLO� 7KLV LPSOLHV WKDW WULPPLQJ GLmHUHQW

TXDQWLOHV IURP HDFK WDLO PLJKW EH PRUH VHQVLEOH� &RQVLGHU WKH IROORZLQJ PRGLnFDWLRQ

WR WKH DGDSWLYH LPSRUWDQFH VDPSOLQJ DOJRULWKP� $IWHU WKH (66 IUDFWLRQ EHFRPHV

WRR VPDOO ZH ZLOO FRPSXWH IRXU TXDQWLOHV� WZR ?ZHDN� TXDQWLOHV DQG WZR ?VWURQJ�

TXDQWLOHV� 2Q HDFK PDUJLQ ZH ZLOO FKRRVH RQH VLGH WR VWURQJO\ WUXQFDWH E\ UHPRYLQJ

mV ZHLJKW DQG RQ WKH RWKHU VLGH ZH ZLOO ZHDNO\ WUXQFDWH E\ UHPRYLQJ mZ ZHLJKW� ,

ZLOO XVH WKH KHXULVWLF RI VWURQJO\ WUXQFDWLQJ WKH WDLO IURP ZKLFK WULPPLQJ mV ZHLJKW

ZRXOG UHPRYH WKH ODUJHVW QXPEHU RI 0RQWH &DUOR GUDZV� 7KDW LV� , ZLOO FRPSXWH WKH

ZHLJKWHG mV�TXDQWLOH DQG WKH ��b mV��TXDQWLOH� ,I WKH QXPEHU RI GUDZV OHVV WKDQ WKH

mV�TXDQWLOH LV ODUJHU WKDQ WKH QXPEHU RI GUDZV JUHDWHU WKDQ WKH �� b mV��TXDQWLOH ,

ZLOO WUXQFDWH WKH OHIW WDLO DW WKH mV�TXDQWLOH DQG WKH ULJKW WDLO DW WKH ��bmZ��TXDQWLOH�

)LJXUH ��� GHPRQVWUDWHV WKLV SULQFLSOH� 7KH VKDGHG ER[HV FRYHU WKH UHJLRQV ZKHUH WKH
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)LJXUH ���� (mHFWLYH VDPSOH VL]H DV D IXQFWLRQ RI WKH DGGLWLRQDO REVHUYDWLRQV GXULQJ
DJJUHVVLYH DGDSWLYH LPSRUWDQFH VDPSOLQJ� ,W PDLQWDLQV D KLJKHU (66 IUDFWLRQ RI ���
ZLWK IHZHU DGDSWDWLRQV�

LPSRUWDQFH VDPSOLQJ ZHLJKWV DUH VPDOO EXW ZKLFK FRQWDLQ D ORW RI 0RQWH &DUOR GUDZV�

, UHSHDWHG WKH ORJLVWLF UHJUHVVLRQ H[SHULPHQW VHWWLQJ mV  ������ mZ  
�
P
�WKH

PLQLPXP�� DQG WKH ORZHU ERXQG RQ WKH (66 IUDFWLRQ DW p  ����� %\ DJJUHVVLYHO\

WULPPLQJ RQO\ RQH VLGH DQG QRW WULPPLQJ WKH RWKHU ZH PLJKW EH DEOH WR DFKLHYH

LQFUHDVH HmHFWLYH VDPSOH VL]H DQG OHVV IUHTXHQW DGDSWDWLRQV� $V RSSRVHG WR HYHU\

��� RQ WKH SUHYLRXV H[DPSOH� RQ DYHUDJH WKLV RQH DGDSWV ZLWK HYHU\ ����� DGGLWLRQDO

REVHUYDWLRQV� )LJXUH ��� VKRZV WKH HmHFWLYH VDPSOH VL]H IUDFWLRQ WUHQG� $V KRSHG IRU�

ZLWK WKHVH VHWWLQJV (66 VWD\V PXFK KLJKHU ZLWK IHZHU DGDSWDWLRQV� 7KLV JHQHUDWHV
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0.22 0.24 0.26 0.28 0.30 0.32 0.60 0.62 0.64 0.66 0.68 0.70 0.72 -1.55 -1.50 -1.45 -1.40

)LJXUH ����� $JJUHVVLYH DGDSWLYH LPSRUWDQFH VDPSOLQJ HVWLPDWHV RI n�� n�� DQG n�
IURP WKH ORJLVWLF UHJUHVVLRQ H[DPSOH� 7KH QRQ�FHQWUDO YHUWLFDO EODFN OLQHV LQGLFDWH WKH
WUXH SDUDPHWHU YDOXHV� 7KH GHQVLW\ SORW LV WKH POH QRUPDO DSSUR[LPDWLRQ�

D PRUH HpFLHQW LPSRUWDQFH VDPSOHU ZLWK OHVV FRPSXWDWLRQ� 7KLV H[DPSOH QHHGHG

WKH HTXLYDOHQW RI � VFDQV RI WKH GDWDVHW FRPSDUHG ZLWK �� VFDQV IURP WKH SUHYLRXV

H[DPSOH�

+RZHYHU� WKH DJJUHVVLYH WULPPLQJ LV QRW ZLWKRXW GDQJHUV� )LJXUH ���� VKRZV WKH

PDUJLQDO SRVWHULRU GLVWULEXWLRQV� 7KH HmHFW RI WKH WUXQFDWLRQ LV PXFK PRUH DSSDUHQW�

2I SDUWLFXODU FRQFHUQ LV WKH FHQWHU SLFWXUH� WKH PDUJLQDO GLVWULEXWLRQ IRU n�� :H VHH

WKDW WKH WUXQFDWLRQ SRLQW KDV FRPH FORVH WR WKH WUXH YDOXH RI ���� :LWK WKH GDWD WKDW

LW REVHUYHG VR IDU� DW OHDVW RQH RI WKH DGDSWDWLRQV FKRVH WR DJJUHVVLYHO\ WULP WKH OHIW

WDLO� 7KLV PD\ EH XQDYRLGDEOH XQGHU WKLV WUXQFDWLRQ VHOHFWLRQ VFKHPH� 6ROXWLRQV WR

WKLV SUREOHP LQFOXGH

�� GHFUHDVLQJ WKH VWURQJ WUXQFDWLRQ TXDQWLOH�

�� LQFUHDVLQJ WKH QXPEHU RI 0RQWH &DUOR GUDZV IRU PRUH DFFXUDWH TXDQWLOH HVWLPD�

WLRQ�

�� GHFUHDVLQJ WKH (66 IUDFWLRQ ERXQG WR DGG PRUH REVHUYDWLRQV EHWZHHQ DGDSWD�

WLRQV DQG WKHUHE\ GHFUHDVLQJ WKH YDULDELOLW\ RI WKH ZHLJKW RI D SDUWLFXODU GUDZ�



���

�� SHULRGLFDOO\ UHDGMXVWLQJ WKH ERXQGV DOORZLQJ WKH DFFHSWDQFH UHJLRQ WR H[SDQG

�H�J� HVWLPDWH WKH PDUJLQDO DV D WUXQFDWHG QRUPDO DQG UHDGMXVW WKH ERXQGV WR

xh �}��

�� UHSODFH WKH TXDQWLOH WUXQFDWLRQ ZLWK Axh �A} ZKHUH Ax DQG A} DUH PDUJLQDO LPSRU�
WDQFH ZHLJKWHG HVWLPDWHV RI WKH PHDQ DQG VWDQGDUG GHYLDWLRQ� DQG

�� VDPSOLQJ IURP WKH PL[WXUH LQ ���� ZLWK D PL[LQJ SDUDPHWHU OHVV WKDQ ��

��� /LNHOLKRRG FOXVWHULQJ

,Q WKLV VHFWLRQ , SUHVHQW VRPH SUHOLPLQDU\ LGHDV DQG UHVXOWV RQ D QHZ PHWKRG IRU

SHUIRUPLQJ LQIHUHQFH LQ D PDVVLYH GDWDVHW� :KHQ IDFHG ZLWK D PDVVLYH GDWDVHW WKH

OLNHO\ UHVSRQVH IURP D VWDWLVWLFLDQ LV WR VHOHFW D UDQGRP VDPSOH DQG nW D PRGHO WR WKH

VDPSOH� 7KH SRVVLELOLW\ H[LVWV� KRZHYHU� WKDW ZLWK D OLWWOH DGGLWLRQDO HmRUW RQH FRXOG

FRPSRVH D PRUH SULQFLSOHG� VWUDWLnHG VXEVDPSOH WKDW RXWSHUIRUPV VLPSOH UDQGRP

VDPSOLQJ EXW DYRLGV LWHUDWLQJ PDQ\ WLPHV RYHU WKH IXOO GDWDVHW WR nW WKH GHVLUHG

PRGHO�

7KH SULQFLSOH WKDW GULYHV WKLV ZRUN LV WKDW PDQ\ REVHUYDWLRQV LQ D PDVVLYH GDWDVHW

PLJKW EH UHGXQGDQW� HLWKHU FRSLHV RU QHDU FRSLHV RI RWKHU REVHUYDWLRQV� 'X0RXFKHO

HW DO� ������ SURSRVHG D PHWKRG WKDW EXLOGV D SVHXGR�GDWDVHW WKDW PDWFKHV WKH PR�

PHQWV RI WKH RULJLQDO GDWDVHW� 7KH\ VXJJHVW WKDW LI WKH OLNHOLKRRG LV VPRRWK WKHQ

?GDWD VTXDVKLQJ� ZLOO UHGXFH WKH UHGXQGDQF\ ZKLOH SUHVHUYLQJ PXFK RI WKH LQIRUPD�

WLRQ FRQWDLQHG LQ WKH IXOO GDWDVHW� 7KHLU PHWKRG LV LQGHSHQGHQW RI WKH PRGHO XQGHU

FRQVLGHUDWLRQ� EXW VKRZV RQO\ D PRGHUDWH LPSURYHPHQW RYHU VLPSOH UDQGRP VDPSOLQJ�

:LWK D OLNHOLKRRG�EDVHG PRGHO LQ PLQG ZH PD\ EH DEOH WR VWUDWLI\ WKH REVHUYDWLRQV

LQWR FOXVWHUV ZLWK VLPLODU OLNHOLKRRG� LPSURYLQJ XSRQ WKH GDWD VTXDVKLQJ DSSURDFK DV

ZHOO DV WKH VLPSOH UDQGRP VDPSOH� 0RUH SUHFLVHO\� LI PDQ\ REVHUYDWLRQV KDYH WKH

VDPH YDOXH RI WKH OLNHOLKRRG IXQFWLRQ IRU DOO YDOXHV RI WKH SDUDPHWHUV� ZH ZRXOG OLNH



���

WR FOXVWHU WKHP DQG FDUU\ RXW D OLNHOLKRRG EDVHG LQIHUHQFH XVLQJ D ZHLJKWHG OLNHOLKRRG

RI WKH FOXVWHUHG GDWD� $V LQ WKH SUHYLRXV VHFWLRQV , WU\ WR DYRLG WKH H[SHQVLYH VFDQV RI

WKH GDWDVHW� 7KH SURFHVV RI ?OLNHOLKRRG FOXVWHULQJ� UHGXFHV UHGXQGDQF\ LQ WKH PDVVLYH

GDWDVHW SURGXFLQJ D VPDOOHU ZHLJKWHG GDWDVHW IRU ZKLFK VWDQGDUG VWDWLVWLFDO WRROV DUH

WUDFWDEOH�

����� 0RWLYDWLRQ IRU OLNHOLKRRG FOXVWHULQJ

%RWK %D\HVLDQ DQG OLNHOLKRRG LQIHUHQFH UHO\ RQ FRPSXWDWLRQV LQYROYLQJ WKH IDPLOLDU

OLNHOLKRRG IXQFWLRQ�

/�tM[�  
1<
L �

I�[LMt� ������

)RU WKH PDVVLYH GDWDVHW SUREOHP WKLV LV GLpFXOW WR FRPSXWH IRU RQH YDOXH RI t DQG HYHQ

PRUH GLpFXOW WR PD[LPL]H� 2EVHUYDWLRQV LQ WKH PDVVLYH GDWDVHW PLJKW KDYH SDUWLDOO\

UHGXQGDQW LQIRUPDWLRQ� 7ZR REVHUYDWLRQV� [L DQG [M� KDYH UHGXQGDQW LQIRUPDWLRQ LI

IRU DOO YDOXHV RI t� I�[LMt�  I�[MMt�� 7KLV LV VXUHO\ WKH FDVH LI [L  [M� +RZHYHU� HYHQ

LI WKH WZR YDOXHV DUH QRW HTXDO WKH\ PD\ VWLOO KDYH WKH VDPH RU DSSUR[LPDWHO\ WKH

VDPH YDOXH IRU WKH OLNHOLKRRG DW DOO YDOXHV RI t� )XUWKHUPRUH� ZH DUH UDUHO\ LQWHUHVWHG

LQ DOO YDOXHV RI t EXW UDWKHU MXVW WKH UHJLRQ IRU ZKLFK WKH OLNHOLKRRG LV ODUJH RU WKH

SRVWHULRU PDVV LV KLJK�

7KH JRDO DW SUHVHQW WKHQ LV WR SDUWLWLRQ RU FOXVWHU WKH GDWD [ LQWR VPDOOHU VXE�

GDWDVHWV IRU ZKLFK WKH OLNHOLKRRG IXQFWLRQ HYDOXDWHG DW OLNHO\ YDOXHV RI t KDV DSSUR[L�

PDWHO\ WKH VDPH YDOXH� , ZLOO SDUWLWLRQ WKH GDWDVHW LQWR . VXEVHWV� J�� � � � � J. VR WKDW

IRU DOO [L LQ WKH FOXVWHU JN ZH KDYH

/�tMJN�  
<

[L�JN

I�[LMt� { I�[�N�Mt�QN ������

ZKHUH QN LV WKH QXPEHU RI REVHUYDWLRQV LQ JN DQG [�N� LV D SVHXGR�GDWDSRLQW UHSUH�

VHQWLQJ WKH NWK FOXVWHU� )URP D %D\HVLDQ SHUVSHFWLYH ZH PLJKW ZDQW WR VHOHFW WKH
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SVHXGR�GDWDSRLQWV [�N� VR WKDW

I[���� � � � � [�.�J  DUJPLQ
=
/
�

1<
L �

I�[LMt��
.<
N �

I�[�N�Mt�QN
�
I�tM[�Gt ������

ZKHUH /�c� c� LV VRPH IRUP RI ORVV IXQFWLRQ� 7KLV VD\V WKDW RQ DYHUDJH XQGHU WKH

SRVWHULRU WKH OLNHOLKRRG RI WKH HQWLUH GDWDVHW LV FORVH WR WKH ZHLJKWHG OLNHOLKRRG RI WKH

SVHXGR�GDWDVHW� ,Q WKH H[SHULPHQWV LQ WKLV VHFWLRQ , XVHG VTXDUHG HUURU ORVV IRU /�c� c��
, SURSRVH WKH IROORZLQJ PHWKRG WR DSSUR[LPDWH WKH VROXWLRQ WR ����� 6XSSRVH WKDW

ZH FDQ JHW D URXJK JXHVV IRU I�tM[�� VD\� E\ XVLQJ WKH QRUPDO�POH DSSUR[LPDWLRQ ZKHUH
WKH POH FRQGLWLRQV RQ D VPDOO GDWDVHW� )RU HDFK REVHUYDWLRQ ZH FDQ WKHQ FRPSXWH

WKH OLNHOLKRRG RI WKH REVHUYDWLRQ DW D KDQGIXO RI YDOXHV IRU WKH SDUDPHWHU t VHOHFWHG

UDQGRPO\ RU GHWHUPLQLVWLFDOO\ WKDW VHHP OLNHO\ XQGHU RXU URXJK DSSUR[LPDWLRQ WR WKH

SRVWHULRU� 7KHQ ZH FDQ FDOO XSRQ VWDQGDUG HpFLHQW FOXVWHULQJ DOJRULWKPV� VXFK DV

WKH N�PHDQV DOJRULWKP� WR JURXS WRJHWKHU REVHUYDWLRQV IRU ZKLFK WKHLU OLNHOLKRRGV DW

WKHVH SRLQWV DUH VLPLODU� 7KLV ZLOO IRUP WKH . SDUWLWLRQV J�� � � � � J. � /DVWO\ ZH FDQ

VHOHFW D UHSUHVHQWDWLYH SRLQW RU FRPSRVH D SVHXGR�GDWDSRLQW IURP WKH REVHUYDWLRQV LQ

WKH FOXVWHU�

)LJXUH ���� VXPPDUL]HV WKHVH LGHDV� RXWOLQLQJ WKH FRPSRQHQWV RI WKH OLNHOLKRRG

FOXVWHULQJ DOJRULWKP�

����� $ OLNHOLKRRG FOXVWHULQJ DOJRULWKP IRU VLPSOH OLQHDU UHJUHVVLRQ

,Q WKLV VHFWLRQ , ZLOO SUHVHQW DQ DOJRULWKP IRU OLNHOLKRRG FOXVWHULQJ IRU D VLPSOH OLQHDU

UHJUHVVLRQ PRGHO DQG HYDOXDWH LW RQ VLPXODWHG GDWD�

)RU VLPSOH OLQHDU UHJUHVVLRQ ZH DVVXPH WKDW

\L z 1�n� � n�[L� }
��� ������

/HDVW VTXDUHV DOJRULWKPV IRU WKLV PRGHO FDQ FROOHFW DOO WKH VXpFLHQW VWDWLVWLFV IRU An LQ

RQH SDVV WKURXJK WKH GDWDVHW� +RZHYHU� ZH ZLOO EH LQWHUHVWHG LQ VHHLQJ ZKHWKHU HVWL�

PDWHV IURP D VLPSOH UDQGRP VDPSOH RU HVWLPDWHV IURP D OLNHOLKRRG FOXVWHUHG VDPSOH

FRPH FORVHVW WR WKH OHDVW VTXDUHV HVWLPDWH�



���

/HW I�[LMt� EH WKH OLNHOLKRRG RI DQ REVHUYDWLRQ� 1 EH WKH WRWDO VDPSOH VL]H� DQG Q ~ 1

EH WKH ODUJHVW VDPSOH VL]H IRU ZKLFK ZH FDQ SHUIRUP LQIHUHQFH RQ t�

$ OLNHOLKRRG FOXVWHULQJ DOJRULWKP LV WKHQ

�� 5DQGRPO\ VDPSOH Q REVHUYDWLRQV IURP WKH IXOO GDWDVHW�

�� 6HOHFW G YDOXHV RI t WKDW DUH OLNHO\ JLYHQ WKH Q REVHUYDWLRQV�

�� )RU HDFK REVHUYDWLRQ FRPSXWH WKH OLNHOLKRRG DW HDFK RI WKH G t
V�

�� 3DUWLWLRQ WKH REVHUYDWLRQV LQ Q FOXVWHUV DFFRUGLQJ WR WKH YDOXH RI WKH OLNHOLKRRG

DW WKH G t
V� 7KLV PLJKW EH FRPSXWDEOH LQ FRQMXQFWLRQ ZLWK WKH SUHYLRXV VWHS�

�� &UHDWH D SVHXGR�GDWDSRLQW IURP HDFK FOXVWHU WR UHSUHVHQW LWV PHPEHUV�

�� 8VH VWDQGDUG VWDWLVWLFDO WHFKQLTXHV WR HVWLPDWH t IURP WKH Q SVHXGR�GDWDSRLQWV

ZKHUH HDFK UHFHLYHV ZHLJKW HTXDO WR WKH QXPEHU RI REVHUYDWLRQV LQ WKH UHVSHFWLYH

FOXVWHU�

)LJXUH ����� 7KH OLNHOLKRRG FOXVWHULQJ DOJRULWKP



���

x

y

0.0 0.2 0.4 0.6 0.8 1.0

-0
.2

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

1
.2

x

y

0.0 0.2 0.4 0.6 0.8 1.0

-0
.2

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

1
.2

)LJXUH ����� /LNHOLKRRG FOXVWHUV IRU WKH VLPSOH OLQHDU UHJUHVVLRQ H[DPSOH� 7KH OHIW SORW
VKDGHV D IHZ RI WKH OLNHOLKRRG FOXVWHUV� 6DPSOLQJ RQH REVHUYDWLRQ IURP HDFK FOXVWHU
SURGXFHV WKH SORW RQ WKH ULJKW�

)URP WKH SULQFLSOHV SURSRVHG LQ WKH SUHYLRXV VHFWLRQ , FDQ XVH WKH IROORZLQJ VWHSV

WR FRQVWUXFW D SVHXGR�GDWDVHW WKDW FRXOG RXWSHUIRUP VLPSOH UDQGRP VDPSOLQJ� ,I WKH

IXOO GDWD VHW FRQWDLQV 1 REVHUYDWLRQV WKHQ ZH FDQ JHW D URXJK HVWLPDWH RI WKH SRVWHULRU

PRGH E\ nWWLQJ D OHDVW VTXDUHV OLQH WKURXJK D UDQGRP VXEVDPSOH RI VL]H Q RI WKH IXOO

GDWDVHW� 7KLV SURGXFHV D SRLQW HVWLPDWH DQG VWDQGDUG HUURUV IRU An WKDW ZH FDQ XVH WR

DSSUR[LPDWH I�nM[� RU DW OHDVW JHW DQ LGHD ZKHUH WKH PRVW OLNHO\ UHJUHVVLRQ FRHpFLHQWV
OLH� (YDOXDWLQJ WKH OLNHOLKRRG IRU HDFK REVHUYDWLRQ DW D VPDOO QXPEHU RI WKHVH OLNHO\

SDUDPHWHU YDOXHV FUHDWHV D YHFWRU RI IHDWXUHV IRU HDFK REVHUYDWLRQV� :H FDQ WKHQ XVH

WKH N�PHDQV DOJRULWKP WR FOXVWHU WKH REVHUYDWLRQV DFFRUGLQJ WR WKHVH IHDWXUHV� , ZLOO

VHOHFW RQH SVHXGR�GDWDSRLQW E\ UDQGRPO\ VHOHFWLQJ RQH REVHUYDWLRQ IURP HDFK FOXVWHU�

$ ZHLJKWHG OHDVW VTXDUHV nW WR WKHVH SVHXGR�SRLQWV ZLWK ZHLJKWV HTXDO WR WKH VL]H RI

WKHLU FOXVWHU VKRXOG EH PRUH FRPSHWLWLYH WKDQ VLPSOH UDQGRP VDPSOLQJ�

7R WHVW WKLV , VLPXODWHG ����� REVHUYDWLRQV IURP D VLPSOH OLQHDU UHJUHVVLRQ PRGHO

ZLWK n  I�� �J� , XVHG ��� RI WKHP WR JHW DQ HVWLPDWH RI n DQG WKH VWDQGDUG HUURUV�
)RU HDFK RI WKH ����� REVHUYDWLRQV , FRPSXWHG WKH OLNHOLKRRG DW nYH SDUDPHWHU YDOXHV�

An DQG An h � AVH�An�� 7KHVH YDOXHV DUH URXJKO\ WKH SRVWHULRU PRGH DQG IRXU YDOXHV
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)LJXUH ����� (VWLPDWLRQ SHUIRUPDQFH RI VLPSOH UDQGRP VDPSOLQJ DQG OLNHOLKRRG FOXV�
WHULQJ� 7KH ER[SORWV VKRZ WKH UHVXOWV RYHU ��� VLPXODWLRQV RI WKH GLmHUHQFH EHWZHHQ
WKH POH XVLQJ WKH IXOO GDWDVHW DQG WKH POH XVLQJ HLWKHU VLPSOH UDQGRP VDPSOLQJ RU
OLNHOLKRRG FOXVWHULQJ� 7KH OHIW SORW LV IRU n� DQG WKH ULJKW IRU n��
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WKDW DUH WKUHH VWDQGDUG GHYLDWLRQV DZD\� , WKHQ XVHG WKH N�PHDQV DOJRULWKP WR nQG

��� FOXVWHUV DQG , UDQGRPO\ SLFNHG RQH REVHUYDWLRQ IURP HDFK FOXVWHU DV D SVHXGR�

GDWDSRLQW� 7KH OHIW SORW LQ nJXUH ���� KLJKOLJKWV D IHZ RI WKRVH FOXVWHUV� 7KH VHOHFWLRQ

VKRZQ LV LQWXLWLYH� /LNHOLKRRG FOXVWHULQJ WHQGHG WR JURXS WRJHWKHU REVHUYDWLRQV WKDW

ZHUH OLQHDU LQ D SUREDEOH GLUHFWLRQ RI n�� 7KH GDWD VTXDVKLQJ ZRXOG KDYH JURXSHG

WRJHWKHU REVHUYDWLRQV WKDW ZHUH FORVH LQ WHUPV RI [ DQG \ EXW ZRXOG PLVV RXU OLQHDU

PRGHOLQJ JRDO� 7KH ULJKW SLFWXUH LQ nJXUH ���� VKRZV WKH SRLQWV LQ WKH SVHXGR�GDWDVHW�

, nW D UHJUHVVLRQ PRGHO WR WKH ��� SVHXGR�GDWDSRLQWV HDFK ZHLJKWHG DFFRUGLQJ WR WKH

VL]H RI WKHLU FOXVWHU� , DOVR nW D UHJUHVVLRQ PRGHO WR D VLPSOH UDQGRP VDPSOH RI VL]H

����

)LJXUH ���� VKRZV WKH H[SHULPHQWDO UHVXOWV IRU HVWLPDWLQJ n� �OHIW� DQG n� �ULJKW�

RYHU ��� UHSHWLWLRQV� 7KH ER[SORWV VKRZ WKH GLmHUHQFH EHWZHHQ WKH HVWLPDWHV IURP D

VLPSOH UDQGRP VDPSOH DQG WKH OLNHOLKRRG FOXVWHULQJ� (VWLPDWHV FORVH WR WKH ]HUR OLQH

DUH EHVW� (VWLPDWHV EDVHG RQ VLPSOH UDQGRP VDPSOLQJ KDG YDULDQFH IRXU WLPHV ODUJHU

WKDQ WKRVH XVLQJ OLNHOLKRRG FOXVWHULQJ� ,Q WKLV H[DPSOH OLNHOLKRRG FOXVWHULQJ LPSURYHG

DFFXUDF\ RI WKH HVWLPDWHV E\ ��� LQ WHUPV RI DEVROXWH GHYLDWLRQ�

��� 'LVFXVVLRQ

,Q WKLV FKDSWHU , SUHVHQWHG VRPH QHZ LGHDV WR FUHDWH D JHQHUDWLRQ RI VWDWLVWLFDO SURFH�

GXUHV IRU XVH LQ PDVVLYH GDWDVHWV� 7KH nUVW LGHD LV WR XVH D GLVWULEXWLRQ FRQGLWLRQHG RQ

D VPDOO SRUWLRQ RI WKH GDWDVHW DV DQ LPSRUWDQFH VDPSOLQJ GHQVLW\� &RQYHQLHQWO\� WKH

LPSRUWDQFH ZHLJKWV UHGXFH WR WKH OLNHOLKRRG RI WKH UHPDLQLQJ REVHUYDWLRQV� D FRPSXWD�

WLRQ WKDW LV XVXDOO\ HDV\ WR FRPSXWH� , DOVR SURSRVHG PHWKRGV VSHFLnF WR WKLV SUREOHP

IRU DGDSWLQJ WKH LPSRUWDQFH VDPSOLQJ GLVWULEXWLRQ WR FRQWURO WKH HmHFWLYH VDPSOH VL]H�

, VKRZ WKDW , FDQ HmHFWLYHO\ VDPSOH IURP D SRVWHULRU GLVWULEXWLRQ FRQGLWLRQHG RQ D

GDWDVHW �� WLPHV ODUJHU WKDQ WKH RQH XVHG IRU WKH EDVH 0&0& DOJRULWKP�

7KH VHFRQG LGHD FOXVWHUV GDWD SRLQWV LQ WKH PDVVLYH GDWDVHW DFFRUGLQJ WR WKHLU
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OLNHOLKRRG HYDOXDWHG DW SUREDEOH YDOXHV RI WKH SDUDPHWHU� :HLJKWHG PD[LPXP OLNH�

OLKRRG RQ D VHW RI SVHXGR�GDWDSRLQWV JHQHUDWHG IURP WKH FOXVWHUV SURYLGHV HVWLPDWHV

WKDW RXWSHUIRUP WKRVH IURP D VLPSOH UDQGRP VDPSOH RI WKH GDWDVHW� 7KHVH UHVXOWV

VKRZ JUHDW SURPLVH IRU D JHQHUDO SXUSRVH SURFHGXUH IRU FRPSUHVVLQJ WKH GDWDVHW LQWR

D IRUP WKDW VWDQGDUG nWWLQJ SURFHGXUHV FDQ XVH� ,I DQDO\VWV GHVLUH PRUH SUHFLVLRQ

WKLV DSSUR[LPDWLRQ PD\ SURYLGH DQ LGHDO VWDUWLQJ SRLQW IRU WKH DGDSWLYH VDPSOLQJ

SURFHGXUH DOVR LQWURGXFHG LQ WKLV VHFWLRQ�

)XUWKHU UHVHDUFK ZLOO LQYHVWLJDWH RSWLPDO DQG OHVV KHXULVWLF FOXVWHULQJ DQG SVHXGR�

GDWDSRLQW VHOHFWLRQ PHWKRGV�



���

%,%/,2*5$3+<

$EGRQ� 3�� $� /LQGVWUDQG� DQG .� 7KRUQJUHQ ������� 6WDWLVWLFDO HYDOXDWLRQ RI WKH

GLDJQRVWLF FULWHULD IRU PHQLVFDO WHDUV� ,QWHUQDWLRQDO 2UWKRSDHGLFV �� ���� ���^

����

$LWNLQ� 0� DQG '� &OD\WRQ ������� 7KH nWWLQJ RI H[SRQHQWLDO� :HLEXOO� DQG H[�

WUHPH YDOXH GLVWULEXWLRQV WR FRPSOH[ FHQVRUHG VXUYLYDO GDWD XVLQJ */,0� $S�

SOLHG 6WDWLVWLFV ��� ���^����

$QGHUVRQ� $� DQG $� /LSVFRPE ������ -XO\�$XJXVW�� &OLQLFDO GLDJQRVLV RI PHQLV�

FDO WHDUV� 'HVFULSWLRQ RI D QHZ PDQLSXODWLYH WHVW� $PHULFDQ -RXUQDO RI 6SRUWV

0HGLFLQH �� ���� ���^����

%DUU\� 2�� +� 6PLWK� )� 0F0DQXV� DQG 3� 0DF$XOH\ ������ $SULO�� &OLQLFDO DV�

VHVVPHQW RI VXVSHFWHG PHQLVFDO WHDUV� ,ULVK -RXUQDO RI 0HGLFDO 6FLHQFH ��� ����

���^����

%DWHV� -� DQG &� *UDQJHU ������� 7KH FRPELQDWLRQ RI IRUHFDVWV�2SHUDWLRQV 5HVHDUFK

$TXDUWHUO\ ��� ���^����

%DXHU� (� DQG 5� .RKDYL ������� $Q HPSLULFDO FRPSDULVRQ RI YRWLQJ FODVVLnFDWLRQ

DOJRULWKPV� EDJJLQJ� ERRVWLQJ� DQG YDULDQWV� 0DFKLQH /HDUQLQJ �� ������ ���^

����

%HFNHU� %�� 5� .RKDYL� DQG '� 6RPPHUnHOG ������� 9LVXDOL]LQJ WKH VLPSOH %D\HVLDQ

FODVVLnHU� ,Q .'' ���� :RUNVKRS RQ ,VVXHV LQ WKH ,QWHJUDWLRQ RI 'DWD 0LQLQJ

DQG 'DWD 9LVXDOL]DWLRQ�

%LVKRS� &� 0� ������� 1HXUDO 1HWZRUNV IRU 3DWWHUQ 5HFRJQLWLRQ� &ODUHQGRQ 3UHVV�



���

%UHLPDQ� /� �����D�� %DJJLQJ SUHGLFWRUV� 0DFKLQH /HDUQLQJ ��� ���^����

%UHLPDQ� /� �����E�� +HXULVWLFV RI LQVWDELOLW\ LQ PRGHO VHOHFWLRQ� $QQDOV RI 6WDWLV�

WLFV ��� ����^�����

%UHLPDQ� /� �����F� 1RYHPEHU�� 2XW�RI�EDJ HVWLPDWLRQ� 7HFKQLFDO UHSRUW� 8QLYHU�

VLW\ RI &DOLIRUQLD� %HUNHOH\� 6WDWLVWLFV 'HSDUWPHQW�

%UHLPDQ� /� �����G� 1RYHPEHU�� 3DVWLQJ ELWHV WRJHWKHU IRU SUHGLFWLRQ LQ ODUJH

GDWDVHWV DQG RQOLQH� 7HFKQLFDO UHSRUW� 8QLYHUVLW\ RI &DOLIRUQLD� %HUNHOH\� 6WDWLV�

WLFV 'HSDUWPHQW�

%UHLPDQ� /� ������ 'HFHPEHU�� 3UHGLFWLRQ JDPHV DQG DUFLQJ DOJRULWKPV� 7HFKQLFDO

5HSRUW ���� 8QLYHUVLW\ RI &DOLIRUQLD� %HUNHOH\� 6WDWLVWLFV 'HSDUWPHQW�

%UHLPDQ� /� ������� $UFLQJ FODVVLnHUV� 7KH $QQDOV RI 6WDWLVWLFV �� ���� ���^����

%UHLPDQ� /� ������ )HEUXDU\�� 8VLQJ DGDSWLYH EDJJLQJ WR GHELDV UHJUHVVLRQV� 7HFK�

QLFDO 5HSRUW ���� 8QLYHUVLW\ RI &DOLIRUQLD� %HUNHOH\� 6WDWLVWLFV 'HSDUWPHQW�

%UHLPDQ� /�� -� +� )ULHGPDQ� 5� $� 2OVKHQ� DQG &� -� 6WRQH ������� &ODVVLnFDWLRQ

DQG 5HJUHVVLRQ 7UHHV� :DGVZRUWK�

%UHVORZ� 1� ������� 'LVFXVVLRQ RI ?5HJUHVVLRQ PRGHOV DQG OLIH WDEOHV� E\ '�5� &R[

������� -RXUQDO RI WKH 5R\DO 6WDWLVWLFDO 6RFLHW\ �6HULHV %� ��� ���^����

%UXWODJ� -� DQG 7� 5LFKDUGVRQ ������� $ EORFN VDPSOLQJ DSSURDFK WR GLVWLQFW YDOXH

HVWLPDWLRQ� 7HFKQLFDO 5HSRUW ���� 8QLYHUVLW\ RI :DVKLQJWRQ�

&KLSPDQ� +�� (� *HRUJH� DQG 5� 0F&XOORFK ������� %D\HVLDQ &$57 PRGHO VHDUFK

�ZLWK GLVFXVVLRQ�� -RXUQDO RI WKH $PHULFDQ 6WDWLVWLFDO $VVRFLDWLRQ ��� ���^����

&RSDV� -� �����D�� 3ORWWLQJ S DJDLQVW [� $SSOLHG 6WDWLVWLFV ��� ��^���

&RSDV� -� �����E�� 5HJUHVVLRQ� SUHGLFWLRQ DQG VKULQNDJH� -RXUQDO RI WKH 5R\DO 6WD�

WLVWLFDO 6RFLHW\� 6HULHV % �� ���� ���^����



���

&R[� '� ������� 5HJUHVVLRQ PRGHOV DQG OLIH WDEOHV� -RXUQDO RI WKH 5R\DO 6WDWLVWLFDO

6RFLHW\ �6HULHV %� ��� ���^����

&R[� '� ������� 3DUWLDO OLNHOLKRRG� %LRPHWULND ��� ���^����

&XUWLQ� :�� '� 2
)DUUHOO� )� 0F*ROGULFN� 0� 'RODQ� *� 0XOODQ� DQG 0� :DOVK

������ 0D\�� 7KH FRUUHODWLRQ EHWZHHQ FOLQLFDO GLDJQRVLV RI NQHH SDWKRORJ\ DQG

nQGLQJV DW DUWKURVFRS\� ,ULVK -RXUQDO RI 0HGLFDO 6FLHQFH ��� ���� ���^����

'H*URRW� 0� ������� 2SWLPDO 6WDWLVWLFDO 'HFLVLRQV� 1HZ <RUN� 0F*UDZ�+LOO�

'HQLVRQ� '�� %� 0DOOLFN� DQG $� 6PLWK ������� %D\HVLDQ &$57� 7HFKQLFDO UHSRUW�

'HSDUWPHQW RI 0DWKHPDWLFV� ,PSHULDO &ROOHJH�

'LFNVRQ� (�� 3� *UDPEVFK� 7� )OHPLQJ� /� )LVKHU� DQG $� /DQJZRUWK\ ������� 3URJ�

QRVLV LQ SULPDU\ ELOLDU\ FLUUKRVLV� PRGHO IRU GHFLVLRQ�PDNLQJ� +HSDWRORJ\ ���

�^��

'LHWWHULFK� 7� *� ������� $Q H[SHULPHQWDO FRPSDULVRQ RI WKUHH PHWKRGV IRU FRQ�

VWUXFWLQJ HQVHPEOHV RI GHFLVLRQ WUHHV� EDJJLQJ� ERRVWLQJ� DQG UDQGRPL]DWLRQ�

7HFKQLFDO UHSRUW� 'HSDUWPHQW RI &RPSXWHU 6FLHQFH� 2UHJRQ 6WDWH 8QLYHUVLW\�

'ROODUG� -� DQG &� )ULHGPDQ ������� 3URGXFW ,QWHJUDWLRQ ZLWK $SSOLFDWLRQV WR 'LI�

IHUHQWLDO (TXDWLRQV� $GGLVRQ�:HVOH\ 3XEOLVKLQJ &RPSDQ\�

'RPLQJRV� 3� DQG 0� 3D]]DQL ������� 2Q WKH RSWLPDOLW\ RI WKH VLPSOH %D\HVLDQ

FODVVLnHU XQGHU ]HUR�RQH ORVV� 0DFKLQH /HDUQLQJ ��� ���^����

'UXFNHU� +� ������� ,PSURYLQJ UHJUHVVRUV XVLQJ ERRVWLQJ WHFKQLTXHV� ,Q 3URFHHGLQJV

RI WKH )RXUWHHQWK ,QWHUQDWLRQDO &RQIHUHQFH RQ 0DFKLQH /HDUQLQJ� SS� ���^����

'X0RXFKHO� :�� &� 9ROLQVN\� 7� -RKQVRQ� &� &RUWHV� DQG '� 3UHJLERQ ������

0DUFK�� 6TXDVKLQJ oDW nOHV oDWWHU� 7HFKQLFDO UHSRUW� $7	7 /DEV�5HVHDUFK�

(IURQ� %� DQG 5� 7LEVKLUDQL ������� $Q ,QWURGXFWLRQ WR WKH %RRWVWUDS� &KDSPDQ 	

+DOO�



���

(OGHU� -� DQG '� 3UHJLERQ ������� $ VWDWLVWLFDO SHUVSHFWLYH RQ NQRZOHGJH GLVFRYHU\

LQ GDWDEDVHV� ,Q 8� 0� )D\\DG� *� 3LDWHWVN\�6KDSLUR� 3� 6P\WK� DQG 5� 8WKX�

UXVDP\ �(GV��� $GYDQFHV LQ .QRZOHGJH 'LVFRYHU\ DQG 'DWD 0LQLQJ� &KDSWHU ��

$$$,�0,7 3UHVV�

(ONDQ� &� ������ 6HSWHPEHU�� %RRVWLQJ DQG QD�rYH %D\HV OHDUQLQJ� 7HFKQLFDO 5HSRUW

&6������� 8QLYHUVLW\ RI &DOLIRUQLD� 6DQ 'LHJR�

)LQQH\� '� ������� 3URELW $QDO\VLV� &DPEULGJH 8QLYHUVLW\ 3UHVV�

)LVKHU� 5� ������� 7KH FDVH RI ]HUR VXUYLYRUV �DSSHQGL[ WR &�,� %OLVV ������ $QQDOV

RI $SSOLHG %LRORJ\ ��� ���^����

)OHPLQJ� 7� DQG '� +DUULQJWRQ ������� &RXQWLQJ SURFHVVHV DQG VXUYLYDO DQDO\VLV�

1HZ <RUN� :LOH\�

)UDQN� (�� /� 7ULJJ� *� +ROPHV� DQG ,� :LWWHQ ������ $SULO�� 1D�rYH %D\HV IRU UHJUHV�

VLRQ� 7HFKQLFDO 5HSRUW :RUNLQJ 3DSHU ������ 'HSDUWPHQW RI &RPSXWHU 6FLHQFH�

8QLYHUVLW\ RI :DLNDWR�

)UHXQG� <� ������� %RRVWLQJ D ZHDN OHDUQLQJ DOJRULWKP E\ PDMRULW\� ,QIRUPDWLRQ

DQG &RPSXWDWLRQ ��� ���� ���^����

)UHXQG� <� DQG 5� 6FKDSLUH ������� $ GHFLVLRQ�WKHRUHWLF JHQHUDOL]DWLRQ RI RQ�OLQH

OHDUQLQJ DQG DQ DSSOLFDWLRQ WR ERRVWLQJ� -RXUQDO RI &RPSXWHU DQG 6\VWHP 6FL�

HQFHV �� ���� ���^����

)ULHGPDQ� -� ������� 0XOWLYDULDWH DGDSWLYH UHJUHVVLRQ VSOLQHV �ZLWK GLVFXVVLRQ��

$QQDOV RI 6WDWLVWLFV �� ���� �^���

)ULHGPDQ� -� �����D� )HEUXDU\�� *UHHG\ IXQFWLRQ DSSUR[LPDWLRQ� $ JUDGLHQW ERRVW�

LQJ PDFKLQH� 7HFKQLFDO UHSRUW� 6WDQIRUG 8QLYHUVLW\� 6WDWLVWLFV 'HSDUWPHQW�

)ULHGPDQ� -� �����E� 0DUFK�� 6WRFKDVWLF JUDGLHQW ERRVWLQJ� 7HFKQLFDO UHSRUW� 6WDQ�

IRUG 8QLYHUVLW\� 6WDWLVWLFV 'HSDUWPHQW�



���

)ULHGPDQ� -�� (� *URVVH� DQG :� 6WXHW]OH ������� 0XOWLGLPHQVLRQDO DGGLWLYH VSOLQH

DSSUR[LPDWLRQ� 6,$0 -RXUQDO RQ 6FLHQWLnF DQG 6WDWLVWLFDO &RPSXWLQJ �� ����

)ULHGPDQ� -� DQG 3� +DOO ������ 0D\�� 2Q EDJJLQJ DQG QRQOLQHDU HVWLPDWLRQ� 7HFK�

QLFDO UHSRUW� 'HSDUWPHQW RI 6WDWLVWLFV� 6WDQIRUG 8QLYHUVLW\�

)ULHGPDQ� -�� 7� +DVWLH� DQG 5� 7LEVKLUDQL ������ $XJXVW�� $GGLWLYH ORJLVWLF UH�

JUHVVLRQ� D VWDWLVWLFDO YLHZ RI ERRVWLQJ� 7HFKQLFDO UHSRUW� 6WDQIRUG 8QLYHUVLW\�

6WDWLVWLFV 'HSDUWPHQW�

)ULHGPDQ� -� DQG :� 6WXHW]OH ������� 3URMHFWLRQ SXUVXLW UHJUHVVLRQ� -RXUQDO RI WKH

$PHULFDQ 6WDWLVWLFDO $VVRFLDWLRQ ��� ���^����

)ULHGPDQ� 1�� '� *HLJHU� DQG 0� *ROGV]PLGW ������� %D\HVLDQ QHWZRUN FODVVLnHUV�

0DFKLQH /HDUQLQJ ��� ���^����

)ULHGPDQ� 1� DQG 0� *ROGV]PLGW ������� %XLOGLQJ FODVVLnHUV XVLQJ %D\HVLDQ QHW�

ZRUNV� ,Q 3URFHHGLQJV RI WKH 1DWLRQDO &RQIHUHQFH RQ $UWLnFLDO ,QWHOOLJHQFH�

0HQOR 3DUN� &$� SS� ����^����� $$$, 3UHVV�

*HOPDQ� $�� -� &DUOLQ� +� 6WHUQ� DQG '� 5XELQ ������� %D\HVLDQ 'DWD $QDO\VLV�

1HZ <RUN� &KDSPDQ +DOO�

*HRUJH� (� DQG 5� 0F&XOORFK ������� 9DULDEOH VHOHFWLRQ YLD *LEEV VDPSOLQJ� -RXUQDO

RI WKH $PHULFDQ 6WDWLVWLFDO $VVRFLDWLRQ ��� ���^����

*HZHNH� -� ������� %D\HVLDQ LQIHUHQFH LQ HFRQRPHWULF PRGHOV XVLQJ PRQWH FDUOR

LQWHJUDWLRQ� (FRQRPHWULFD ��� ����^�����

*LEVRQ� 7�� -� 'DYLHV� -� &UDQH� DQG $� +HQU\ ������ 6HSWHPEHU�� .QHH SDLQ LQ

VSRUWV SHRSOH^D SURVSHFWLYH VWXG\� %ULWLVK -RXUQDO RI 6SRUWV 0HGLFLQH �� ����

���^��

*LYHQV� *� DQG $� 5DIWHU\ ������� /RFDO DGDSWLYH LPSRUWDQFH VDPSOLQJ IRU PXOWL�

YDULDWH GHQVLWLHV ZLWK VWURQJ QRQOLQHDU UHODWLRQVKLSV� -RXUQDO RI WKH $PHULFDQ



���

6WDWLVWLFDO $VVRFLDWLRQ ��� ���^����

*O\PRXU� &�� '� 0DGLJDQ� '� 3UHJLERQ� DQG 3� 6P\WK ������� 6WDWLVWLFDO WKHPHV

DQG OHVVRQV IRU GDWD PLQLQJ� 'DWD 0LQLQJ DQG .QRZOHGJH 'LVFRYHU\ � ���� ��^���

*RRG� ,� -� ������� 7KH (VWLPDWLRQ RI 3UREDELOLWLHV� $Q (VVD\ RQ 0RGHUQ %D\HVLDQ

0HWKRGV� 0,7 3UHVV�

*RUGRQ� /� DQG 5� 2OVKHQ ������� $OPRVW VXUHO\ FRQVLVWHQW QRQSDUDPHWULF UHJUHV�

VLRQ IURP UHFXUVLYH SDUWLWLRQLQJ VFKHPHV� -RXUQDO RI 0XOWLYDULDWH $QDO\VLV ���

���^����

*UDPEVFK� 3�� (� 'LFNVRQ� 0� .DSODQ� *� /H6DJH� 7� )OHPLQJ� DQG $� /DQJZRU�

WK\ ������� ([WUDPXUDO FURVV�YDOLGDWLRQ RI WKH 0D\R SULPDU\ ELOLDU\ FLUUKRVLV

VXUYLYDO PRGHO HVWDEOLVKHV LWV JHQHUDOL]DELOLW\� +HSDWRORJ\ ��� ���^����

*UHHQ� 3� ������� ,WHUDWLYHO\ UHZHLJKWHG OHDVW VTXDUHV IRU PD[LPXP OLNHOLKRRG HV�

WLPDWLRQ DQG VRPH UREXVW DQG UHVLVWDQW DOWHUQDWLYHV �ZLWK GLVFXVVLRQ�� -RXUQDO

RI WKH 5R\DO 6WDWLVWLFDO 6RFLHW\ �VHULHV %� ��� ���^����

+DVWLH� 7� DQG 5� 7LEVKLUDQL ������� *HQHUDOL]HG $GGLWLYH 0RGHOV� &KDSPDQ DQG

+DOO�

+RHWLQJ� -�� '� 0DGLJDQ� $� 5DIWHU\� DQG &� 9ROLQVN\ ������� %D\HVLDQ PRGHO

DYHUDJLQJ� $ SUDFWLFDO WXWRULDO� 6WDWLVWLFDO 6FLHQFH�

+XEHU� 3� ������� 5REXVW HVWLPDWLRQ RI D ORFDWLRQ SDUDPHWHU� $QQDOV RI 0DWKHPDW�

LFDO 6WDWLVWLFV ��� ��^����

,QWUDWRU� 2� DQG &� .RRSHUEHUJ ������� 7UHHV DQG VSOLQHV LQ VXUYLYDO DQDO\VLV� 6WD�

WLVWLFDO 0HWKRGV LQ 0HGLFDO 5HVHDUFK �� ���^����

.DOEoHLVFK� -� '� DQG 5� /� 3UHQWLFH ������� 7KH 6WDWLVWLFDO $QDO\VLV RI )DLOXUH

7LPH 'DWD� :LOH\�



���

.HRJK� (� -� DQG 0� -� 3D]]DQL ������� /HDUQLQJ DXJPHQWHG %D\HVLDQ FODVVL�

nHUV� D FRPSDULVRQ RI GLVWULEXWLRQ�EDVHG DQG FODVVLnFDWLRQ�EDVHG DSSURDFKHV�

,Q '� +HFNHUPDQ DQG -� :KLWWDNHU �(GV��� $UWLnFLDO ,QWHOOLJHQFH DQG 6WDWLVWLFV

��� 6DQ )UDQFLVFR� &$� SS� ���^���� 0RUJDQ .DXIPDQQ 3XEOLVKHUV�

.RQJ� $�� -� /LX� DQG :� :RQJ ������� 6HTXHQWLDO LPSXWDWLRQ DQG %D\HVLDQ PLVVLQJ

GDWD SUREOHPV� -RXUQDO RI WKH $PHULFDQ 6WDWLVWLFDO $VVRFLDWLRQ ��� ���^����

.RQRQHQNR� ,� ������� &RPSDULVRQ RI LQGXFWLYH DQG QD�rYH %D\HVLDQ OHDUQLQJ DS�

SURDFKHV WR DXWRPDWLF NQRZOHGJH DFTXLVLWLRQ� ,Q %� :LHOLQJD �(G��� &XUUHQW

WUHQGV LQ .QRZOHGJH $FTXLVLWLRQ� $PVWHUGDP� 7KH 1HWKHUODQGV� ,26 3UHVV�

/DQJOH\� 3�� :� ,ED� DQG .�7KRPSVRQ ������� $Q DQDO\VLV RI %D\HVLDQ FODVVLnHUV�

,Q 3URFHHGLQJV RI WKH 7HQWK 1DWLRQDO &RQIHUHQFH RQ $UWLnFLDO ,QWHOOLJHQFH� 6DQ

-RVH� &$� 86$� SS� ���^���� $$$, 3UHVV�

/H &DP� /� DQG *� <DQJ ������� $V\PSWRWLFV LQ 6WDWLVWLFV� 6RPH %DVLF &RQFHSWV�

1HZ <RUN� 6SULQJHU�9HUODJ�

/HSDJH� *� 3� ������� $ QHZ DOJRULWKP IRU DGDSWLYH PXOWLGLPHQVLRQDO LQWHJUDWLRQ�

-RXUQDO RI &RPSXWDWLRQDO 3K\VLFV ��� ���^����

/HSDJH� *� 3� ������� 9(*$6� $Q DGDSWLYH PXOWLGLPHQVLRQDO LQWHJUDWLRQ SURJUDP�

7HFKQLFDO 5HSRUW &/16�������� &RUQHOO 8QLYHUVLW\�

/LWWOHVWRQH� 1� DQG 0� :DUPXWK ������� 7KH ZHLJKWHG PDMRULW\ DOJRULWKP� ,QIRU�

PDWLRQ DQG &RPSXWDWLRQ ��� ���� ���^����

/RDGHU� &� ������ $SULO�� /2&),7� $Q LQWURGXFWLRQ� 6WDWLVWLFDO &RPSXW�

LQJ DQG *UDSKLFV 1HZVOHWWHU � $YDLODEOH DW KWWS���FP�EHOO�ODEV�FRP�FP�PV�

�GHSDUWPHQWV�VLD�SURMHFW�

0DGLJDQ� '�� .� 0RVXUVNL� DQG 5� $OPRQG ������� ([SODQDWLRQ LQ EHOLHI QHWZRUNV�

-RXUQDO RI &RPSXWDWLRQDO DQG *UDSKLFDO 6WDWLVWLFV �� ���^����



���

0DGLJDQ� '�� $� (� 5DIWHU\� &� 9ROLQVN\� DQG -� +RHWLQJ ������� %D\HVLDQ PRGHO

DYHUDJLQJ� ,Q $$$, :RUNVKRS RQ ,QWHJUDWLQJ 0XOWLSOH /HDUQHG 0RGHOV� SS� ��^

��� $$$, 3UHVV�

0DUNXV� %�� (� 'LFNVRQ� 3� *UDPEVFK� 7� )OHPLQJ� 9� 0D]]DIHUUR� *� .OLQW�

PDOP� 5� :LHVQHU� '� 9� 7KLHO� DQG 7� 6WDU]O ������� (pFLHQF\ RI OLYHU WUDQV�

SODQWDWLRQ LQ SDWLHQWV ZLWK SULPDU\ ELOLDU\ FLUUKRVLV� 1HZ (QJODQG -RXUQDO RI

0HGLFLQH ��� ����� ����^�����

0DVRQ� /�� -� %D[WHU� 3� %DUWOHWW� DQG 0� )UHDQ ������ 0D\�� %RRVWLQJ DOJRULWKPV

DV JUDGLHQW GHVFHQW LQ IXQFWLRQ VSDFH� 7HFKQLFDO UHSRUW� 5HVHDUFK 6FKRRO RI ,Q�

IRUPDWLRQ 6FLHQFHV DQG (QJLQHHULQJ� $XVWUDOLDQ 1DWLRQDO 8QLYHUVLW\�

0F&XOODJK� 3� DQG -� 1HOGHU ������� *HQHUDOL]HG /LQHDU 0RGHOV �VHFRQG HG��� &KDS�

PDQ DQG +DOO�

0HU]� &� DQG 3� 0XUSK\ ������� 8&, UHSRVLWRU\ RI PDFKLQH OHDUQLQJ GDWDEDVHV�

KWWS���ZZZ�LFV�XFL�HGX� POHDUQ�0/5HSRVLWRU\�KWPO� ,UYLQH� &$� 8QLYHUVLW\ RI

&DOLIRUQLD� 'HSDUWPHQW RI ,QIRUPDWLRQ DQG &RPSXWHU 6FLHQFH�

1HOGHU� -� DQG 5� :HGGHUEXUQ ������� *HQHUDOLVHG OLQHDU PRGHOV� -RXUQDO RI WKH

5R\DO 6WDWLVWLFDO 6RFLHW\ �6HULHV $� ���� ���^����

1REOH� -� DQG .� (UDW ������ )HEUXDU\�� ,Q GHIHQFH RI WKH PHQLVFXV� D SURVSHF�

WLYH VWXG\ RI ��� PHQLVFHFWRP\ SDWLHQWV� -RXUQDO RI %RQH DQG -RLQW 6XUJHU\ ^

%ULWLVK 9ROXPH ���%���� �^���

2K� 0� DQG -� %HUJHU ������� $GDSWLYH LPSRUWDQFH VDPSOLQJ LQ 0RQWH &DUOR LQWH�

JUDWLRQ� -RXUQDO RI 6WDWLVWLFDO &RPSXWDWLRQ DQG 6LPXODWLRQ ��� ���^����

2
.DQH� -�� *� 5LGJHZD\� DQG '� 0DGLJDQ ������� 6WDWLVWLFDO DQDO\VLV RI FOLQLFDO

YDULDEOHV WR SUHGLFW WKH RXWFRPH RI VXUJLFDO LQWHUYHQWLRQ LQ SDWLHQWV ZLWK NQHH

FRPSODLQWV� ,Q VXEPLVVLRQ�
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3HQURVH� .�� $� 1HOVRQ� DQG $� )LVKHU ������� *HQHUDOL]HG ERG\ FRPSRVLWLRQ SUH�

GLFWLRQ HTXDWLRQ IRU PHQ XVLQJ VLPSOH PHDVXUHPHQW WHFKQLTXHV� 0HGLFLQH DQG

6FLHQFH LQ 6SRUWV DQG ([HUFLVH � ���� ����

5DIWHU\� $�� '� 0DGLJDQ� DQG &� 9ROLQVN\ ������� $FFRXQWLQJ IRU PRGHO XQFHUWDLQW\

LQ VXUYLYDO DQDO\VLV LPSURYHV SUHGLFWLYH SHUIRUPDQFH� ,Q -� %HUQDUGR� -� %HUJHU�

$� 'DZLG� DQG $� 6PLWK �(GV��� %D\HVLDQ 6WDWLVWLFV� 9ROXPH �� SS� ���^����

2[IRUG 8QLYHUVLW\ 3UHVV�

5LGJHZD\� *�� '� 0DGLJDQ� DQG 7� 5LFKDUGVRQ ������� %RRVWLQJ PHWKRGRORJ\ IRU

UHJUHVVLRQ SUREOHPV� ,Q '� +HFNHUPDQ DQG -� :KLWWDNHU �(GV��� 3URFHHGLQJV RI

$UWLnFLDO ,QWHOOLJHQFH DQG 6WDWLVWLFV 
��� SS� ���^����

5LGJHZD\� *�� '� 0DGLJDQ� 7� 5LFKDUGVRQ� DQG -� 2
.DQH ������� ,QWHUSUHWDEOH

ERRVWHG QD�rYH %D\HV FODVVLnFDWLRQ� ,Q 5� $JUDZDO� 3� 6WRORU]� DQG *� 3LDWHWVN\�

6KDSLUR �(GV��� 3URFHHGLQJV� )RXUWK ,QWHUQDWLRQDO &RQIHUHQFH RQ .QRZOHGJH

'LVFRYHU\ DQG 'DWD 0LQLQJ� SS� ���^����

5LSOH\� %� DQG 5� 5LSOH\ ������� 1HXUDO QHWZRUNV DV VWDWLVWLFDO PHWKRGV LQ VXU�

YLYDO DQDO\VLV� ,Q 5� '\ERZVNL DQG 9� *DQW �(GV��� $UWLnFLDO 1HXUDO 1HWZRUNV�

3URFHVVRUV IRU 0HGLFLQH� 9ROXPH ��� /DQGHV %LRVFLHQFHV 3XEOLVKHUV�

6FKDSLUH� 5� (� ������� 7KH VWUHQJWK RI ZHDN OHDUQDELOLW\� 0DFKLQH /HDUQLQJ � ����

���^����

6FKDSLUH� 5� (� �����D�� $ EULHI LQWURGXFWLRQ WR ERRVWLQJ� ,Q 3URFHHGLQJV RI WKH

6L[WHHQWK ,QWHUQDWLRQDO -RLQW &RQIHUHQFH RQ $UWLnFLDO ,QWHOOLJHQFH� $$$, 3UHVV�

6FKDSLUH� 5� (� �����E�� 7KHRUHWLFDO YLHZV RI ERRVWLQJ� ,Q &RPSXWDWLRQDO /HDUQLQJ

7KHRU\� )RXUWK (XURSHDQ &RQIHUHQFH� (XUR&2/7
��� SS� �^���

6FKDSLUH� 5� (�� <� )UHXQG� 3� %DUWOHWW� DQG :� 6� /HH ������� %RRVWLQJ WKH PDUJLQ�

$ QHZ H[SODQDWLRQ IRU WKH HmHFWLYHQHVV RI YRWLQJ PHWKRGV� $QQDOV RI 6WDWLV�



���

WLFV �� ���� ����^�����

6FKDSLUH� 5� (� DQG <� 6LQJHU ������� ,PSURYHG ERRVWLQJ DOJRULWKPV XVLQJ

FRQnGHQFH�UDWHG SUHGLFWLRQV� ,Q 3URFHHGLQJV RI WKH (OHYHQWK $QQXDO &RQIHUHQFH

RQ &RPSXWDWLRQDO /HDUQLQJ 7KHRU\�

6HJDO� 0� ������� 5HJUHVVLRQ WUHHV IRU FHQVRUHG GDWD� %LRPHWULFV ��� ��^���

6SLHJHOKDOWHU� '� ������� 3UREDELOLVWLF SUHGLFWLRQ LQ SDWLHQW PDQDJHPHQW DQG FOLQ�

LFDO WULDOV� 6WDWLVWLFV LQ 0HGLFLQH �� ���^����

6SLHJHOKDOWHU� '� DQG 5� &RZHOO ������� /HDUQLQJ LQ SUREDELOLVWLF H[SHUW V\VWHPV�

,Q -� %HUQDUGR� -� %HUJHU� $� 'DZLG� DQG $� 6PLWK �(GV��� %D\HVLDQ 6WDWLVWLFV�

9ROXPH �� SS� ���^���� &ODUHQGRQ 3UHVV� 2[IRUG�

6SLHJHOKDOWHU� '� DQG 5� .QLOO�-RQHV ������� 6WDWLVWLFDO DQG NQRZOHGJH�EDVHG DS�

SURDFKHV WR FOLQLFDO GHFLVLRQ�VXSSRUW V\VWHPV� ZLWK DQ DSSOLFDWLRQ LQ JDVWURHQ�

WHURORJ\ �ZLWK GLVFXVVLRQ�� -RXUQDO RI WKH 5R\DO 6WDWLVWLFDO 6RFLHW\ �6HULHV

$� ���� ��^���

6SLHJHOKDOWHU� '�� $� 7KRPDV� 1� %HVW� DQG :� *LONV ������ -XQH�� %XJV� %D\HVLDQ

LQIHUHQFH XVLQJ *LEEV VDPSOLQJ� YHUVLRQ ����� 7HFKQLFDO UHSRUW� 05& %LRVWDWLV�

WLFV 8QLW� &DPEULGJH�

6ZDUWRXW� :� ������� ;3/$,1� $ V\VWHP IRU FUHDWLQJ DQG H[SODLQLQJ H[SHUW FRQ�

VXOWLQJ SURJUDPV� $UWLnFLDO ,QWHOOLJHQFH ��� ���^����

7LEVKLUDQL� 5� DQG .� .QLJKW ������ 1RYHPEHU�� 0RGHO VHDUFK DQG LQIHUHQFH E\

ERRWVWUDS ?EXPSLQJ�� 7HFKQLFDO UHSRUW� 6WDQIRUG 8QLYHUVLW\� 7R DSSHDU LQ WKH

-RXUQDO RI &RPSXWDWLRQDO DQG *UDSKLFDO 6WDWLVWLFV�

:HVW� 0� ������� 0RGHOOLQJ ZLWK PL[WXUHV� ,Q -� %HUQDUGR� -� %HUJHU� $� 'DZLG�

DQG $� 6PLWK �(GV��� %D\HVLDQ 6WDWLVWLFV� 9ROXPH �� &ODUHQGRQ 3UHVV� 2[IRUG�



���

:HVW� 0� ������� $SSUR[LPDWLQJ SRVWHULRU GLVWULEXWLRQV E\ PL[WXUHV� -RXUQDO RI

WKH 5R\DO 6WDWLVWLFDO 6RFLHW\� 6HULHV % ��� ���^����

:KLWHKHDG� -� ������� )LWWLQJ &R[
V UHJUHVVLRQ PRGHO WR VXUYLYDO GDWD XVLQJ */,0�

$SSOLHG 6WDWLVWLFV �� ���� ���^����

:ROSHUW� '� ������� 6WDFNHG JHQHUDOL]DWLRQ� 1HXUDO 1HWZRUNV �� ���^����

<DWHV� -� ������� ([WHUQDO FRUUHVSRQGHQFH� GHFRPSRVLWLRQ RI WKH PHDQ SUREDELOLW\

VFRUH� 2UJDQLVDWLRQDO %HKDYLRXU DQG +XPDQ 3HUIRUPDQFH ��� ���^����

=KHQJ� =� DQG *� :HEE ������� /D]\ %D\HVLDQ UXOHV� 7HFKQLFDO 5HSRUW &������

6FKRRO RI &RPSXWLQJ DQG 0DWKHPDWLFV� 'HDNLQ 8QLYHUVLW\� *HHORQJ� 9LFWRULD�

$XVWUDOLD�



���

$SSHQGL[ $
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/HPPD $�� ,I� IRU L  �� � � � � Q� \LMx�h z 1G�x�h� ZLWK NQRZQ h DQG x z
1G�x��e�� WKHQ

xM\�h z 1G�xQ�eQ�

ZKHUH

xQ  
r
eb�� � Qhb�

sb�
�eb�� x� � Qhb�\�

eb�Q  eb�� � Qhb�

3URRI� 'LVFXVVLRQ RI /HPPD $�� LV LQ *HOPDQ� &DUOLQ� 6WHUQ� DQG 5XELQ �������

(

)RU WKH PDLQ UHVXOW� ZH ZLOO DVVXPH D QRQ�LQIRUPDWLYH SULRU IRU x� 7KDW LV� ZH

ZLOO DVVXPH WKDW e� WDNHV RQ VRPH YDOXH w IRU WKH GLDJRQDO HOHPHQWV DQG � IRU WKH

Rm�GLDJRQDO HOHPHQWV� eb�� WKHQ LV DOVR D GLDJRQDO PDWUL[ ZLWK WKH YDOXH �
w
RQ WKH

GLDJRQDO� $ QRQ�LQIRUPDWLYH SULRU UHVXOWV ZKHQ w EHFRPHV DUELWUDULO\ ODUJH DQG VR

eb�� EHFRPHV WKH � PDWUL[� 7KH SRVWHULRU VLPSOLnHV XQGHU WKLV SULRU WR

xM\�h z 1G

t
\�
�

Q
h
u
� �$���

7KHRUHP $�� �9DULDQFH RI WKH LPSRUWDQFH VDPSOLQJ ZHLJKWV� ,I�
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3URRI RI 7KHRUHP $���

7KLV LV D PXOWLYDULDWH UHVXOW� ,Q WKH VWDWHPHQW RI WKH WKHRUHP DQG LQ WKH SURRI \L� x�
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*UHJ 5LGJHZD\ ZDV ERUQ -XO\ �� ���� LQ $QQDSROLV� 0DU\ODQG� +H UHFHLYHG KLV

%DFKHORU RI 6FLHQFH LQ 6WDWLVWLFV ZLWK D FRQFHQWUDWLRQ LQ 0DWKHPDWLFV LQ 0DUFK ����

IURP WKH &DOLIRUQLD 3RO\WHFKQLF 6WDWH 8QLYHUVLW\ LQ 6DQ /XLV 2ELVSR� &DOLIRUQLD� &RQ�

FXUUHQW ZLWK KLV XQGHUJUDGXDWH HGXFDWLRQ KH ZRUNHG DV DQ GDWD DQDO\VW IURP ���� WR

���� LQ SV\FKRPHWULF UHVHDUFK DW WKH $WDVFDGHUR 6WDWH +RVSLWDO� &DOLIRUQLD 'HSDUW�

PHQW RI 0HQWDO +HDOWK DQG IURP ���� WR ���� IRU 8& %HUNHOH\
V ,QWHJUDWHG +DUGZRRG

5DQJH 0DQDJHPHQW 3URJUDP� +H ZRUNHG DV D VWDWLVWLFLDQ IRU 0LFURVRIW 5HVHDUFK LQ

5HGPRQG� :DVKLQJWRQ IURP ���� WR ���� ZKLOH DWWHQGLQJ JUDGXDWH VFKRRO� ,Q 'H�

FHPEHU RI ���� KH UHFHLYHG KLV 0DVWHU RI 6FLHQFH IURP WKH 'HSDUWPHQW RI 6WDWLVWLFV DW

WKH 8QLYHUVLW\ RI :DVKLQJWRQ� ,Q $XJXVW RI ���� KH UHFHLYHG KLV 'RFWRU RI 3KLORVRSK\

IURP WKH 'HSDUWPHQW RI 6WDWLVWLFV DW WKH 8QLYHUVLW\ RI :DVKLQJWRQ�


